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ABSTRACT 
 

In this paper, the effective parameters on the ductility demand of the seismically base isolated 

structure are investigated, and then a relation between the strength reduction factor and the 

target ductility is presented. The investigation has been conducted by modelling the base 

isolated structure as a two degree of freedom model in the OpenSees software, and the 

possibility of yielding in the superstructure has been considered in the model. Results show 

that the period of isolator and superstructure have the most effect on the ductility demand, 

therefore these two parameters beside the strength reduction factor and the target ductility 

have been used as variables of 𝑅 − 𝜇 relation. A nonlinear regression model has been 

developed for forecasting the relation and the constant parameters of the proposed scheme has 

been obtained based on an optimization model solved by modified artificial bee colony (ABC) 

algorithm. A database including 224 models under 20 earthquake records with 2% probability 

of exceedance in 50 years have been generated for this purpose. Since there is not any explicit 

closed form formula to calculate the strength reduction factor for a specific target ductility; 

another optimization model has been developed to calculate the data used as input of the 

nonlinear regression model. The proposed relation includes two nonlinear functions and it is 

able to quantify the inelastic performance of base isolated structures for a wide range of 

earthquake records accurately. 
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1. INTRODUCTION 
 

Passive vibration control methods provide an alternative to conventional design methods, 

which are based on ductile response. For instance, in the passive control methods the ground 

seismic waves can be dissipated by properly engineered dampers instead of non-elastic 

displacement in the structure. In other words, vibration control methods can help to reduce 

the seismic response of main structure and therefore less damages are expected to occur in 

the main structural members. 

Many passive control devices such as tuned mass dampers, fluid viscous dampers, 

viscoelastic dampers, friction dampers, seismic base isolation (BI) systems, metallic yield 

dampers and tuned liquid mass dampers have been proposed, tested and implemented to 

mitigate structural vibration effects due to earthquake as well as wind. Meanwhile; seismic 

base isolation system, which is divided in to two main categories include elastomeric type 

and friction type, is one of the most practical and economical methods for preventing 

structural damages under horizontal component of earthquakes. The interest in the 

application of BI in the seismic control of structures is pervasive throughout the civil 

engineering over the last three decades. In fact, the optimum design of various types of BI 

systems in seismic vibration mitigation are well known [1-2]. The basic goal of seismic 

isolation is to move the fundamental period of a structure away from the predominant period 

of the earthquake ground motion through the introduction of flexible supports, usually at the 

foundation level of the structure. 

The current design code criteria for seismically based isolated structures lead to elastic 

behavior of superstructure, therefore most of researches on BI are conducted based on 

nonlinear response of superstructure. Although this assumption can be reasonable, Ordonez 

et al. [3], Kikuchi et al. [4] and Thiravechyan et al. [5] showed that more precisely study on 

BI system based on nonlinear behavior of superstructure is necessary, since the deformations 

in the superstructure with base isolator can be much more than expected deformation for 

elastic response. 

Inelastic response of a structure will be dictated, in part, by the real structure strength and 

ductility capacity. Real structure strength, which includes the effects of overstrength, varies 

considerably as a function of number of stories, structural system, and tributary area, as well as 

other factors. So with relations between the strength reduction factor and the displacement 

ductility, the seismic response of the structure can be predicted more precisely, while the 

effects of these different parameters in the response of the structure can be investigated. These 

relations have been extensively studied for fixed-base structures by numerous researchers in 

the past. In general, the proposed relations can be classified into three categories in terms of 

equation formats. For the first time Newmark et al. [6], and then Lai et al. [7] and Riddel et al. 

[8] suggested relations in the form of multiline equations. After that Riddel et al. [9] and Vidic 

et al. [10] forecasted the relation in the format of bilinear equations, and finally Elgadamsi and 

Mohraz, Arias and Hidalgo, Nassar and Krawinkler, Miranda and Miranda and Bertero 

proposed nonlinear equations [11-15]. But so far, only Anastasios Tsiavos [16] investigated in 

similar relations for base-isolated structures. The relation proposed by Anastasios Tsiavos is a 

bilinear equation for friction isolator with linear superstructure. 
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In this paper, the relations between strength reduction factor 𝑅, target ductility of 

structure  , period of structure 𝑇𝑠 and period of base isolation 
bT is proposed, while 

possibility of yielding in the superstructure and its nonlinear behavior is considered in the 

model. 

The investigation has been conducted using a two-degree-of-freedom model of a base-

isolated structure, and a nonlinear regression model has been developed for forecasting the 

relation. Nonlinear regression modelling is an important tool for determination of a suitable 

relation and best fitted parameters. This method is widely used in civil engineering [17-19]. 

In this paper, the constant parameters of nonlinear regression model has been obtained 

based on optimization model solved by artificial bee colony (ABC) algorithm. For the 

structural modeling, the open system for earthquake engineering simulation software 

(OpenSees) has been used, and optimization problem has been coded in the MATLAB 

software environment. 

A database include 224 points has been generated as input for nonlinear regression model 

optimization. This data has been obtained via nonlinear time history analysis of two degree 

of freedom model in OpenSees software. Indeed, seismic response of different models under 

ground motion records have been investigated based on nonlinear time history analysis. 

Since there is not any certain relation between target ductility and strength reduction factor, 

another optimization model is proposed for generation of required data. Therefore, accurate 

strength reduction factor for a specific ductility can be achieved based on this optimization 

model to use later as input in regression model optimization. 

In general, the studies in this paper can be divided into three parts: At first, the effective 

parameters on the demand ductility of base isolated structures are investigated, then an 

optimization model is developed to determine the reduction factor of superstructure for 

different specific target ductility, and finally a relation for μR   is proposed based on 

nonlinear regression model. For finding the constant parameters of regression model, 

another optimization model has been proposed, solved by ABC algorithm. 

 

 

2. MODIFIED ARTIFICIAL BEE COLONY ALGORITHM 
 

Artificial bee colony algorithm (ABC) was first proposed by Dervis Karaboga [20]. This 

algorithm provides an iterative process to search for the optimal solution based on the 

principles of the natural behavior of a group of bees working together to find food. In this 

algorithm, bees are divided into three groups of employed bees, onlooker bees, and scout 

bees. In mathematical models, each solution includes a number of independent variables 

which have been already specified due to the nature of the problem. Every food source in the 

algorithm is a possible solution to the problem in the mathematical model.  

In first iteration of ABC algorithm, the main food sources are generated randomly. After 

it the new candidate food position from the old one is generated using Equation (1): 

 

𝑣𝑖𝑗 =  𝑥𝑖𝑗 +  𝜑𝑖𝑗   𝑥𝑖𝑗 −  𝑥𝑘𝑗   (1) 
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where v represents the new candidate for food source i, index k ϵ {1 , 2 ,... , SN} is 

randomly chosen from the numbers of food sources, and j ϵ {1 , 2 , … , D} represents the 

number of the considered variable to impose changes. j is selected randomly too. SN is the 

number of food sources, D is the number of independent variables, and 𝜑𝑖𝑗  is a random 

number within [-1, 1]. In this equation, 𝑥𝑖𝑗  represents the jth variable from the ith food 

source. 

Both employed and onlooker bees try to improve the solution by selecting a food source 

and making changes in the selected solution according to Equation (1). The main difference 

in the working process of employed and onlooker bees is in the selection of food sources. 

Employed bees examine all the food sources, but onlooker bees are going for food sources 

with more chance (probability). The probability of each food source is calculated by 

Equation (2). 

 

𝑝𝑖 =  
𝑓𝑖𝑡𝑖

 𝑓𝑖𝑡𝑛
𝑆𝑁
𝑛=1

 (2) 

 

where 𝑝𝑖  represents the numerical value of the probability of the ith food source, 𝑓𝑖𝑡𝑖  

represents fitness for the ith food source, and SN is the number of food sources. 

If the examination of a food source by a specific number (𝑙𝑖𝑚𝑖𝑡) leads to finding no 

better solution, this food source shall be removed and a new food source shall be randomly 

generated and substituted. This action is performed by scout bees.  

The above-mentioned steps are performed by the number of determined iterations and the 

solution with the best objective function value is introduced as the solution of the problem.  

In order to achieve an optimum solution of a problem, two essential features of 

exploitation and exploration must be considered. Exploitation is the ability to develop the 

available answers in order to get better results and is to be sure of spending time for refining 

an answer, classic approaches in this field perform well. In this situation, there is a 

possibility of being trapped in local optima (convergence before maturity). The second 

feature, exploration, means ability of making new and, of course, different answers. Random 

exploration is needed to be done well in all possible space. 

Any of previous cases is not valuable lonely, a method which makes an equivalent of 

those two cases would be suitable. A procedure is suitable which considers all answers 

approximately and not exact then converges gradually to the zone with better answer 

because we cannot have both cases simultaneously. 

In ABC algorithm, exploration is performed by scout bees, which is important in the 

global searching of the search space. Employed and onlooker bees also properly implement 

exploitation by the local search of space. The important tunable parameters of ABC 

algorithm are as follows: 

BN is the number of bees, MCN is the number of iterations, Ndim is the number of 

independent variables that change at each time of generating a new solution compared with 

the initial solution, and Limit is the maximum allowable number of non-improvement of a 

source [21-22]. 
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To improve the convergence speed of the ABC algorithm, two new features are added to 

original version of the ABC algorithm as follow: 

1- Neighborhood radius factor: This factor is added to Equation (1). In Equation (3), the 

effect of neighborhood radius factor is shown. 

 

𝑣𝑖𝑗 =  𝑥𝑖𝑗 +  𝑅𝐶𝑖
× 𝜑𝑖𝑗   𝑥𝑖𝑗 −  𝑥𝑘𝑗    (3) 

 

𝑅𝐶𝑖
 is the neighborhood radius factor for i th iteration. This factor is decreased with the 

iterations as shown in Equation (4). 

 

𝑅𝐶𝑖
= 𝐹𝑟 × 𝑅𝐶𝑖−1

 (4) 

 

where 0 < 𝐹𝑟 ≤ 1 is the radius reduction factor. Based on these equations, bees search 

domain is limited with iterations, therefore the new food position is generated due to the 

limited changes on the previous food position. This factor is applied, since it is expected that 

the bees are close enough to the optimal solution after certain number of iteration and then it 

is necessary to apply small changes to improve the solution gradually. 

2- Shock operator: This operator would result to modify some of food sources, if the bees 

cannot improve the best so far solution anymore after some certain iterations. In fact, this 

operator defines to raise the algorithm ability to escape from local optimum trap. After n 

iterations, this proposed operator comes into play such that if the bees cannot improve the 

best so far solution after 𝑚 consecutive iterations, then half of the worst food source are 

removed and replaced randomly. 

 

 

3. DESCRIPTION OF THE ANALYTICAL MODEL 
 

As shown in Fig. 1, a model with two degrees of freedom (2DOF) is used in order to 

simulate the response of seismically base isolated structure.  

 

 
Figure 1. 2DOF model of a seismically base isolated structure 
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In this model, the base isolation system behavior is considered as linear viscoelastic, and 

the superstructure is modelled with elastoplastic behavior. As it is shown in Fig. 2. 

 

 
Figure 2. Model of force–displacement relations for a) the isolation system and b) the 

superstructure 

 

By selecting the damping ratio (𝜉𝑆 and 𝜉𝑏) and also the fundamental period (𝑇𝑆  and 𝑇𝑏 ) 

for the superstructure and the base isolation system, the mass and the stiffness of 

superstructure and isolation system can be obtained using Equations (5). 

 

𝑇𝑏 = 2𝜋 
𝑚𝑏 + 𝑚𝑠

𝑘𝑏
𝑇𝑠 = 2𝜋 

𝑚𝑠

𝑘𝑠
𝜉𝑏 =

𝐶𝑏𝑇𝑏

4𝜋(𝑚𝑏 + 𝑚𝑠)
 𝜉𝑠 =

𝐶𝑠𝑇𝑠

4𝜋𝑚𝑠
 (5) 

 

where Csand Cb is damping coefficient of super structure and base isolation system 

respectively.  

 

 

4. GROUND MOTION SET 
 

To both facilitate the development of statistical descriptions of engineering demand 

parameters and to consider a variety of seismic characteristics, an ensemble of ground motions 

was selected to represent possible realizations of ground motion at a site. Usually, number of 

real ground motions which have been recorded in the site, is not enough for doing accurate 

calculations, therefore the SAC ground motions collection which has been developed by 

Somerville et al. [23] is used in this paper. In this collection as part of the SAC steel project 

several ensembles of ground motions include both real and artificial accelerograms, have been 

developed for the Los Angeles basin. Since the objective of these studies is to identify demand 

parameter sensitivities to inputs having multiple frequencies of occurrence, two ground-

motions ensembles have been selected. Each of the two ensembles contains 10 pairs of 

acceleration records, and have been developed for return periods of 475 years, and 2475 years. 

The ground motion records have been scaled so that those are matched to NEHRP1997 [24] 
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spectra for stiff soil. Fig. 3a and 3b show the spectra for mentioned records and their median 

(bold line). In this paper, all seismic analyses have been performed under median of these 10 

pairs of acceleration records with return periods of 2475 years, to obtain 𝑅 − 𝜇 relation, and 

then the median of these 10 pairs of acceleration records with return periods of 475 years has 

been used for the control of the proposed relation. 

 

 
(a)           (b) 

Figure 3. Linear response spectra a) return periods of 475 years, b) return periods of 2475 

years 

 

 

5. PARAMETRIC STUDY FOR EVALUATION OF THE DUCTILITY 

DEMAND 
 

Based on Equation (6), strength reduction factor of a structure is defined as ratio of the 

maximum force in the linear situation to the yield strength. 

 

𝑅 =
𝑓𝑠0,𝑒𝑙

𝑓𝑠𝑦
 (6) 

 

In this equation, 𝑅 is the strength reduction factor due to ductility, fs0,el  is the maximum 

force in the linear situation and fsy  is the yield strength of structure. 

In order to make earthquake losses quantitative, damage indices are defined 

corresponding to damages occurred in the structure as possible. In general, structural 

damages due to earthquake occurs because of the large permanent deformations in the 

structure. Therefore, the ductility 𝜇 which is defined as the ratio of the maximum 

deformation of the structure in the non-linear situation to the displacement of the yield point, 

is selected as one of the conventional forms of the damage indices. The ductility can be 

calculated based on Equation (7). 
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𝜇 =
𝑢𝑠0

𝑢𝑠𝑦

 (7) 

 

where μ is ductility, us0 is the maximum displacement in the non-linear situation of structure 

and usy  is the displacement of the yield point. 

Based on Equation (8), which determines the relation between ductility and strength 

reduction factor, if the superstructure behavior is perfect plastic (𝑅 = 1), then ductility μ 

will equal to 1, and if the strength reduction factor is greater than one (𝑅 > 1), the ductility 

μ will be greater than 1 too. 

 

𝜇 =
𝑅. 𝑢𝑠0

𝑢𝑠0,𝑒𝑙

 (8) 

 

where us0,el  is the maximum displacement of the structure in the elastic situation.  

In order to achieve a better understanding about ductility demand of seismically base 

isolated structure, the sensitivity analyses have been performed such that a parameter is 

selected and to changed, while the other parameters are fixed, and the effects of these 

changes on the system are investigated.  

The initial properties of the superstructure have been assumed as 0.02 for damping ratio 

and 0.5 seconds for period, and 0.1 and 2 seconds have been selected as the damping ratio 

and period of the isolation system respectively. 

To investigate the effect of nonlinear behavior of superstructure, strength reduction factor 

has been changed from 1 to 4 as shown. In Fig. 4, the strength reduction factor versus the 

demand ductility of superstructure has been shown. In the figure, bold line shows median 

response. According to Fig. 4, and as it is expected, the ductility demand of superstructure 

increases by increasing in the strength reduction factor. This means that by considering 

linear behavior for the superstructure, the most portion of earthquake energy will be 

absorbed by the isolator and therefore the earthquake can have less effect on the structure. 

But the efficiency of the isolator decreases by making super structure weaker, because the 

ductility demand has increased 10 times only with decreasing super structure strength by 

0.66. 

 

 
Figure 4. The effect of strength reduction factor of superstructure on the ductility demand 
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In the Fig. 5, the effect of changing in the strength of superstructure based on 4 different 

kinds of isolator with periods of 1, 2, 3, and 4 seconds have been investigated. According to 

Fig. 5, the ductility demand increases in all cases by increasing of the strength reduction 

factor. But for a more flexible isolator (period increasing), ductility demand increases more. 

Therefore, in the case of the superstructure with strength reduction factor of 1.5, the 

structure based on an isolator with 4 seconds period compared to which with 1 second 

period has ductility demand 5 times greater. 

 

 
Figure 5. The effect of base isolation system stiffness on the ductility demand 

 

To investigate the effect of base isolation system damping ratio on the ductility demand, 

values of 0.02, 0.06 and 0.1 have been selected. In Fig. 6, the effect of increasing in damping 

ratio of base isolation system is shown for weak up to stiff superstructure. As it is shown, 

although changing in the damping ratio of base isolation system does not have much effect 

on the ductility demand of the superstructure, especially when the strength reduction factor 

is less than 2, use of the isolator with higher damping ratio in the week structures can cause 

an increase in the ductility demand of superstructure. 

 

 
Figure 6. The effect of base isolation system damping ratio on the ductility demand of 

superstructure 

 

As another important parameter is the fundamental period of structure, therefore the 

effect of superstructure stiffness (via changing the fundamental period of superstructure) on 

the ductility demand has been investigated in the Fig. 7. For this purpose, 0.5, 1.0, and 1.5 
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seconds have been chosen for the period of superstructure. The changes of the ductility 

demand versus the strength reduction factor in these three situation have been shown by Fig. 

7. As it is shown, the ductility demand increases for the stiffer superstructure (decreasing in 

the fundamental period). 

 

 
Figure 7. The effect of superstructure stiffness on the ductility demand 

 

According to Fig. 7, it can be concluded that the ratio of isolator stiffness to 

superstructure stiffness has significant effect on the ductility demand of superstructure. 

Therefore, the effect of ratio of the isolator stiffness to the superstructure stiffness on the 

ductility demand has been investigated by Fig. 8. The ratio of the isolator stiffness to the 

superstructure stiffness has been considered from 0.1 to 1. According to Fig. 8, there are two 

spectrum regions for the base isolated structure. In the first region, which relates to the 

stiffer superstructure, ductility demand increases significantly by decreasing in the strength 

reduction factor of the superstructure. This region can be regarded as acceleration sensitive 

region. In the second region, the ductility demand decreases by increasing the stiffness of the 

superstructure and tends to the strength reduction factor approximately. Transformation 

from the first region to the second region occurs for the superstructure which its period is 

half of the isolator period. Therefore, the distinctive criterion Tc  of these two spectrum 

regions equals to 2Ts = Tb . 

 

 
Figure 8. The effect of ratio of the isolator stiffness to the superstructure stiffness on the ductility 

demand 
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Since the effect of the isolation system damping on the ductility demand is little, only the 

periods of base isolation system and superstructure have been considered as variables to 

calculate the strength reduction factor for a specific target ductility. 

 

 

6. AN OPTIMIZATION MODEL TO CALCULATE THE STRENGTH 

REDUCTION FACTOR 
 

Since there is not any explicit closed form formula to calculate the strength reduction factor 

for a specific target ductility, and also the relation between the strength reduction factor and 

the target ductility is not always direct, so it is necessary to apply a lot of trial and error 

iterations to obtain the exact strength reduction factor related to a specific target ductility.  

Therefore, in this paper an optimization model has been developed instead of applying 

trial and error method to obtain more accurate strength reduction factor for a specific target 

ductility rapidly. 

In the proposed optimization model, the strength reduction factor is the decision variable, 

which is a continuous variable between 1 and 10, and the objective function is defined by 

Equation (9). 

 

𝑂. 𝐹 = 𝑚𝑖𝑛    
𝑅. 𝑢𝑠𝑜

𝑢𝑠𝑜 ,𝑒𝑙
− 𝜇𝑡𝑎𝑟𝑔𝑒𝑡    (9) 

 

To calculate Equation (9), it is required that two models are generated by OpenSees 

software and the time history analysis is performed for these model. The first model is 

simulated for the elastic behavior of superstructure, and the last model for nonlinear 

superstructure. 

In the first model, the time history analysis under each record of earthquakes is 

performed in order to calculate the maximum elastic force and the maximum displacement 

u𝑠𝑜 ,𝑒𝑙  of superstructure. Then the obtained maximum elastic force is used as strength of 

superstructure in the second model in order to calculate the maximum displacement of non-

linear superstructureus0. 

This process has been repeated for 4 target ductilities μ𝑡𝑎𝑟𝑔𝑒𝑡  includes 1, 2, 3, and 4. And 

the following models (for each value of target ductility) have been studied: 

For the fundamental period of the base isolation system values of 1, 1.5, 2, 2.5, 3, 3.5, 

and 4 seconds have been considered. For the fundamental period of the superstructure values 

of 0.1, 0.5, 1, 1.5, 2, 3, 4, and 5 seconds have been considered. The mass ratio of isolator to 

superstructure has been assumed 0.1, and the damping ratio for isolator and superstructure 

have been considered 0.1 and 0.02 respectively. 

As result, 224 optimization problems have been generated and solved to find 224 points, 

which are inputs for nonlinear regression model. The modified ABC algorithm has been 

applied to obtain optimal solution. Based on parameters tuning of ABC algorithm, number 

of food source has been considered 20, maximum iteration number 80, 𝑙𝑖𝑚𝑖𝑡 6, and 𝑛𝑑𝑖𝑚 1. 
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To clarify the total procedure of the proposed optimization method, it is shown by flow 

chart in the Fig. 9. 

 

 
Figure 9. Flowchart of the proposed optimization model for strength reduction factor calculation 
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7. GENERAL SCHEME OF THE PROPOSED NONLINEAR REGRESSION 

MODEL 
 

Determination of a suitable model and best fitted parameters has a widespread application in 

various aspects of engineering. In statistical modelling, regression analysis is a statistical 

process for estimating the relationships among variables. Regression analysis is used to 

understand which among the independent variables are related to the dependent variable, 

and to explore the forms of these relationships. Nonlinear regression is a form of regression 

analysis in which observational data are modelled by a function which is a nonlinear 

combination of the model parameters and depends on one or more independent variables. 

In this paper, the regression analysis has been used to estimate the relation between 

𝑅 − 𝜇. For adapting regression model parameters, a heuristic method has been proposed via 

solving an optimization model by ABC algorithm.  

Based on the results of previous section, initial scheme of 𝑅 − 𝜇 relation shall be satisfied 

the following equations:  

 

 {𝑅𝑆 → 1.0 ∀ 𝜇 , 𝑇𝑠 → 0} (10) 

 {𝑅𝑆 = 1.0   𝜇 = 1.0 ,  ∀ 𝑇𝑠} (11) 

 

According to Equation (10), for any target ductility value the strength reduction factor 

tends to 1 when the superstructure becomes stiff (𝑇𝑠 → 0). On the other hand, based on 

Equation (11) when the superstructure behaves linearly (𝜇 = 1.0), the related strength 

reduction factor will equal 1. 

Furthermore, to obtain a proper scheme of 𝑅 − 𝜇 relation, effect of different parameters 

on the value of strength reduction factor have been investigated, while one parameter is 

changed and others are constant. Some of the obtained results are shown in the Fig. 10. 

 

 
 

(a)         (b)         (c) 

 

Figure 10. Effect of different parameters on the strength reduction factor 

(a) Superstructure period: 𝜇 = 2 and 𝑇𝑏 = 2 𝑠𝑒𝑐, (b) Isolator period: 𝜇 = 2 and 𝑇𝑠 = 0.5 𝑠𝑒𝑐, (c) 

Target ductility with 𝑇𝑏 = 2 𝑠𝑒𝑐 and 𝑇𝑠 = 0.5 𝑠𝑒𝑐 
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As shown in the Fig. 10, the strength reduction factor has direct relation with target 

ductility and superstructure period, while it is inversely related to isolator period.  

According to all of these properties, general scheme of 𝑅 − 𝜇 relation has been 

considered as Equation (12). 

 

𝑓 𝑥 =
𝑓1 𝑥 . 𝑓2 𝑥 

𝑓3 𝑥 
+ 1 (12) 

 

where 𝑓1 𝑥 , 𝑓2 𝑥 , and 𝑓3 𝑥  are functions related to target ductility, superstructure period 

and isolator period; respectively. These functions based on their corresponding variables has 

been considered as Equation (13). 

 

𝑓1 𝑥 = (𝜇 − 1)𝑥1  

(13) 𝑓2 𝑥 = (𝑥2𝑇𝑠 + 𝑥3)𝑥4  

𝑓3 𝑥 = (𝑥5𝑇𝑏 + 𝑥6)𝑥7  

 

In Equation (13), unknown parameters of 𝑥1 to 𝑥7 are constant parameters of the 

nonlinear regression model, which are considered as decision variables for the proposed 

optimization model. Indeed, the parameter of 𝑥1 to 𝑥7 are obtained via solving the proposed 

optimization model by modified ABC algorithm. The considered upper bound and lower 

bound for each 𝑥𝑖  are mentioned in Table (1). 

 
Table 1: The upper bound and lower bound of decision variables 

 1x  2x  3x  4x  5x  6x  7x  

Lower Bound 0 -1 -1 0 -1 -1 0 

Upper Bound 2 2 2 2 2 2 2 

 

 

8. AN OPTIMIZATION MODEL FOR FINDING μR   RELATION 

 

To define the proper objective function for this problem, there is a need in quantifying the 

validity of a fit by some measure which discriminates a good from a bad fit. Different fitness 

functions are proposed for evaluating a nonlinear regression model. In this paper, two kind 

of fitness function has been considered. For the first objective function, the sum of the 

absolute values of errors (differences between the actual values and the predicted values by 

relation) has been used to be minimized as mentioned in Equation (14). 

 

𝑂. 𝐹. 1 = 𝑚𝑖𝑛   𝑓 𝑥 − 𝑅   (14) 
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Although the total errors in the model is minimized based on Equation (14), and it can be 

a good criteria from this aspect, but high and low errors are similar weight (effect) in the 

fitness function. In other words, minimum of sum can be obtained due to large number of 

small errors or a few number of big errors. Therefore another objective function has been 

considered too, as Equation (15). 

 

𝑂. 𝐹. 2 = 𝑚𝑖𝑛(𝑚𝑎𝑥  𝑓 𝑥 − 𝑅  ) (15) 

 

In Equation (15), the maximum error (difference between the actual value and the 

predicted value by relation) is minimized, therefore it is expected that the errors for all the 

points become approximately uniform. It shall be mentioned that the total error (sum of the 

errors) may be larger than what is obtained from the previous objective function. 

Since 
 Tb

2
 was obtained as the spectrum distinctive criterion, the data were divided based 

on this criterion. Indeed, it is expected that there are two different μR   relations for Ts  

larger than 
 Tb

2
 and for Ts  smaller than 

 Tb

2
. Therefore, the data have been divided in two 

groups, and the proposed optimization model has been solved two times by the modified 

ABC algorithm for each group of data. 

Based on parameters tuning of ABC algorithm, number of food source has been 

considered 60, maximum iteration number 300, 𝑙𝑖𝑚𝑖𝑡 50, and 𝑛𝑑𝑖𝑚 7. In definition of 

neighbourhood radius factor operator, the initial neighbourhood radius factor 𝑅𝐶𝑖
 and the 

radius reduction factor Fr  have been considered as 1 and 0.9 respectively. 

The shock operator has been considered such that after pass the half of maximum 

iteration number (150), if the best so far solution cannot be improved by bees after pass 30 

consecutive new iterations, then half of the worst food source are removed and replaced 

randomly. 

Fig. 11 shows the convergence histories of objective function in two cases with and 

without shock operator.  

 

 
Figure 11. Convergence history of the proposed optimization model 
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As shown in the Fig. 11, the use of shock operator helps the algorithm to improve the 

solution in the iteration number of 170.  

Finally, the proposed μR   relation was obtained as two nonlinear functions shown in 

Equation (16). The   value in this equation are mentioned in the Table (2) based on target 

ductility. 

 

𝑅 =

 
 
 

 
 

 1.9𝑇𝑠 
1.2 𝜇 − 1 

 1.3𝑇𝑏 + 0.8 1.9
+ 1           , 𝑓𝑜𝑟 𝑇𝑠 ≤

𝑇𝑏
2 

 1.1𝑇𝑠 − 0.94 0.43 𝜇 − 1 𝛼

 𝑇𝑏 − 0.15 0.7
+ 1                         

  (16) 

 
Table 2:   value in equation (16) based on target ductility 

  Target ductility 

0.94 3 

0.90 4 

 

It shall be noted that since the codes suggest that the period of base isolation system must 

be at least twice of the superstructure period to get proper structural performance (𝑇𝑠 ≤
𝑇𝑏

2 ), therefore the first part of proposed Equation (16) would be more practical. 

For the first part of Equation (16), the maximum absolute error and the mean of absolute 

errors are 6% and 2% respectively. And for the second part of Equation (16), the maximum 

absolute error and the mean of absolute errors are 10% and 6% respectively. 

For better evaluation, the proposed relation and the points of actual values are shown in 

Fig. 12. 

In Fig. 12, bold points show the spectrum distinctive criterion, which is limit between the 

first part and the second part of Equation (16). 

 

 

9. EVALUATION OF THE PROPOSED μR   RELATION 

 

As it was discussed before, a database was generated to use as input of regression model. In 

order to evaluate the efficiency of the proposed μR   relation for the different probability 

levels of earthquakes, a new data collection was generated related to the acceleration records 

with return periods of 475 and then for this data the calculated actual values were compared 

with the corresponding values obtained from the proposed relation.  

To generate new data, the target ductility and the isolator period were assumed 2 and 2 

seconds respectively, and then the actual strength reduction factors were calculated based on 

flowchart shown in Fig. 9 for acceleration records with return periods of 475 and 2475 

years. The results are shown in Fig. 13. 
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(a) 

 
(b) 

Figure 12. Comparison between the proposed relation and the actual points 

 

As it is shown, the relation can calculate the strength reduction factor with good 

accuracy, even for the acceleration records with return periods of 475. 

From the other aspect, the accuracy of the proposed relation is compared with those 

proposed by Tsiavos et al. [16]. 

Tsiavos and et al. [16] have suggested a μR  relation for the isolated structure based on 

bilinear behaviour of isolator. This relation is as mentioned in: 

 

𝑅 =  

1                                                                                    
 𝜇 − 1 𝛼𝑇𝑠

𝑇𝑏 + 1
+ 1              , 𝑓𝑜𝑟 𝑇𝑠 ≤  𝜇 − 1 1−𝛼(𝑇𝑏

𝜇                                                                                    

 + 1)   (17) 

 

The comparison between the proposed relation (Equation (16)) and the Tsiavos relation 

(Equation (17)) is shown by Fig. 14. This figure has been prepared for the case with target 

ductility 2 and isolator period 3 seconds. In the Fig. 14-a, the proposed relation has been 

drawn by the continuous line and the Tsiavos relation by the dash line. The actual values 

have been shown by separate points. Fig. 14-b shows the error percentage. As it is shown, 

the maximum absolute error for the proposed relation is 6% and the maximum absolute error 
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for the Tsiavos relation is 11%. For all the points, the proposed relation has been able to 

calculate the strength reduction factor more accurate than the Tsiavos relation. 

 

                                               

 
(a)           (b) 

Figure 13. (a) Comparison between results of the proposed relation and the actual values related 

to acceleration records with return periods of 475 and 2475 years, (b) Comparison based on error 

percentages 

 

 

 
(a)          (b) 

Figure 14. (a) Comparison between results of the proposed relation and the Tsiavos relation, 

(b) Comparison based on error percentages 
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 , period of structure 𝑇𝑠 and period of base isolation 
bT  is proposed, while possibility of 

yielding in the superstructure is considered in the model. The proposed relation includes two 

nonlinear functions and the distinctive criterion Tc  of these two spectrum regions equals to 

2Ts = Tb . Compared to the fixed base structures, the acceleration sensitive region of the 

response of inelastic base isolated structures extends towards longer periods. 

The proposed relation is able to quantify the inelastic performance of base isolated 

structures for a wide range of earthquake records. The accuracy of the proposed relation is 

significantly improved compared with the previous relation by Tsiavos. 
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