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Preface to the
First Edition†

I have assembled in this book the notes prepared for my advanced class in
engineering thermodynamics, which is open to students who have had previous
contact with the subject. I decided to present this course in book form for the
same reasons that I organized my own notes for use in the classroom. Among
them is my impression that the teaching of engineering thermodynamics is
dominated by an abundance of good introductory treatments differing only
in writing style and quality of graphics. For generation after generation,
engineering thermodynamics has flowed from one textbook into the next,
essentially unchanged. Today, the textbooks describe a seemingly “classical”
engineering discipline, that is, a subject void of controversy and references,
one in which the step-by-step innovations in substance and teaching method
have been long forgotten.

Traveling back in time to rediscover the history of the discipline and looking
into the future for new frontiers and challenges are activities abandoned by all
but a curious few. This situation presents a tremendous pedagogical opportunity
at the graduate level, where the student’s determination to enter the research
world comes in conflict with the undergraduate view that thermodynamics is
boring and dead as a research arena. The few textbooks that qualify for use
at the graduate level have done little to alleviate this conflict. On the theoreti-
cal side, the approach preferred by these textbooks has been to emphasize the
abstract reformulation of classical thermodynamics into a sequence of axioms
and corollaries. The pedagogical drawback of overemphasizing the axiomatic
approach is that we do not live by axioms alone and the axiomatic reformula-
tion seems to change from one revisionist author to the next. Of course, there
is merit in the simplified phrasing and rephrasing of any theory: This is why a

†Abbreviated.

xvii



Trim Size: 6.125in x 9.25in Bejan fpref.tex V2 - 08/10/2016 10:19am Page xviii�

� �

�

xviii PREFACE TO THE FIRST EDITION

comparative presentation of various axiomatic formulations is a component of
the present treatment. However, I see additional merit in proceeding to show
how the theory can guide us through the ever-expanding maze of contemporary
problems. Instead of emphasizing the discussion of equilibrium states and rela-
tions among their properties, I see more value in highlighting irreversible pro-
cesses, especially the kind found in practical physical systems.

With regard to the presentation of thermodynamics at the graduate level,
I note a certain tendency to emphasize physics research developments and
to deemphasize engineering applications. I am sure that the engineering
student—his† sense of self-esteem—has not been well served by the impli-
cation that the important and interesting applications are to be found only
outside the domain chosen by him for graduate study. If he, like Lazare and
Sadi Carnot two centuries earlier, sought to improve his understanding of what
limits the “efficiency” of machines, then he finished the course shaking his
head wondering about the mechanical engineering relevance of, say, negative
absolute temperatures.

These observations served to define my objective in designing the present
treatment. My main objective is to demonstrate that thermodynamics is an
active and often controversial field of research and encourage the student to
invest his creativity in the future growth of the field.

The other considerations that have contributed to defining the objective of
the present treatment are hinted at by the title Advanced Engineering Thermo-
dynamics. The focus is being placed on “engineering” thermodynamics, that is,
on that segment of thermodynamics that addresses the production of mechani-
cal power and refrigeration in the field of engineering practice. I use the word
thermodynamics despite the campaign fought on behalf of thermostatics as the
better name for the theory whose subjects are either in equilibrium or, at least,
in local equilibrium. I must confess that I feel quite comfortable using the word
thermodynamics in the broad sense intended by its creator, William Thomson
(Lord Kelvin): This particular combination of the Greek words therme (heat)
and dynamis (power) is a most appropriate name‡ for the field that united the
“heat” and “work” lines of activity that preceded it (Table 1.2).

Finally, I view this as an “advanced” course in engineering thermodynamics
because it is the natural outcome of my own interaction with the research arena
and with students who were previously acquainted with the subject of classi-
cal thermodynamics. There are at least two ways in which every subject can be
advanced by a second course such as this. One is a “horizontal” expansion into
the more remote fields intersected by the subject; the other is a “vertical” expan-
sion, that is, a deepening of our understanding of the most basic concepts that

†Masculine pronouns are used throughout this treatment only for succinctness. They are intended
to refer to both males and females.
‡The appetite for the “thermostatics” nomenclature is stimulated by comparisons with the dynamics/
statics differentiation that is practiced in the field of mechanics: I believe that the contemporary
mechanics meaning of “dynamics” is being mistakenly viewed as the origin of “-dynamics” in
“thermodynamics.”
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PREFACE TO THE FIRST EDITION xix

define the subject. In the present treatment, I have followed the second approach
because I see it as a more effective means of conveying a bird’s-eye view of
engineering thermodynamics. An exhaustive coverage of the horizontal type
already exists in the “handbooks”; and justice to each peripheral domain can
be done only in specialized courses such as compressible fluid dynamics, com-
bustion, turbomachinery, refrigeration and air conditioning, cryogenics, etc.

I have followed the vertical approach in order to make a statement of what
I consider effective as a pedagogical tool. Although it has become fashionable
to associate completeness and volume with “goodness,” in this course I have
made a conscious effort to focus on the structure of the field. I invite the research
student to make his own contributions to this structure. For this last reason, the
more applied segments of the present treatment are dominated by the topics that
have attracted my own interest as a researcher.

To summarize, the combined research and pedagogical mission of this effort
is to take a second look at the field and to make this view accessible in a
one-semester course taken by individuals whose initial understanding of the
subject is by no means homogeneous. Depth is provided through a compara-
tive discussion of the various ways in which the fundamentals have been stated
over the years and by reestablishing the connection between fundamentals and
contemporary research trends such as the “exergy” methodology.

Adrian Bejan
Durham, North Carolina
October 1987
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Preface to the
Second Edition†

In the first edition I urged the student not to regard thermodynamics as fin-
ished, but to invest his or her creativity in the future growth of the field. That
was a call to action—a manifesto, really—to replace present-day thermody-
namics with something better and more useful. I was repeating a call made in
my first book (1982), where I noted that we already possess deterministic means
with which to attack realistic (irreversible) processes and systems. By sketch-
ing Fig. 1, I predicted a merger of thermodynamics with transport phenomena
(e.g., heat transfer), to produce a more powerful thermodynamics of irreversible
devices by the year 2000.

As I look back at Fig. 1 and the activity published since the first edition
(1988), I think it is time to claim a small victory and to accept a new and greater
challenge. The victory is that the combined method of thermodynamics and
heat transfer has sold itself over the wide spectrum of engineering and physics.
Today the method is best known as entropy generation minimization (EGM),
thermodynamic optimization, or finite-time thermodynamics. This method
brings systematically into thermodynamics both modeling and optimization.
The systems and processes that are analyzed are realistic: Their irreversibilities
are due to transport processes, which are described in terms of practical
(concrete) notions such as materials, shapes, relative positions, and size and
time constraints.

The simplest models and the most basic trade-offs (optima) revealed by EGM
have enriched the discipline of thermodynamics. These trade-offs are funda-
mental: Since they rule the operation of the simplest model that is still realistic,
they are certainly present in the most complex (industrial R & D) models, where
they deserve to be identified and exploited.

†Abbreviated.

xxi
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Figure 1 Predicted merger of thermodynamics and heat transfer. (Reprinted from
A. Bejan, Entropy Generation through Heat and Fluid Flow, Wiley, New York, 1982.)

The newer and greater challenge is to extend our deterministic powers to
the class of naturally organized systems, living and not living. Such systems
are all around us and inside ourselves. Their organization is in space and
in time. The networks visible in trees, roots, leaves, lungs, vascularized tissues,
dendrites in rapid solidification, axonal arbors, river basins, deltas, lightning,
streets, and other paths of telecommunication are spatially organized. Tem-
poral organization is evident in the finely tuned frequencies of respiration,
circulation, and pulsating and meandering flows (e.g., rivers, and many other
turbulent flows).

My first steps in this new direction were purely by accident, as I now recount
in Section 13.1. I saw this direction as a challenge to me (a provocation) only
after I did the work: It was then that I discovered the voluminous material
that physicists and biologists had published on “self-organization,” a huge and
diverse ensemble of macroscopic phenomena that they consider to be nondeter-
ministic: that is, the result of chance. The challenge was to construct a theory—a
deterministic approach—to predict, explain, and in this way unify the naturally
organized phenomena. There had to be a reason for all the geometric form and
similarity that we see in nature.

In Chapter 13 I show that the tree-shaped networks can in fact be predicted
in an amazingly simple and direct way, by geometrically optimizing the access
between one point and a finite volume (an infinite number of points). The
existence of at least two access routes (flow regimes) is essential: a slow
regime without shape (diffusion, disorganization) placed at the volumetric
level, accompanied by a faster flow regime with shape (streams, organization)
along channels positioned optimally in assemblies of large sizes. Through
this geometric construction and the other results assembled in Chapter 13,
configuration, morphing, and time are made a part of our thermodynamics.

To attempt a deterministic theory of organization in Nature is to reach for
things sacred: a better understanding of how we fit in this world and how the
world holds together. Organization and the beauty that it sets free are at the
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center of every religion. In science and philosophy, the organization of Nature
captivated man’s imagination and served as centerpiece in the dispute between
randomness and determinism. The subject has experienced a resurgence in
physics during the past two decades.

Here is why engineers are the ones who should be developing the thermo-
dynamics of naturally organized systems. The history reviewed in Chapters 1
and 2 shows that the thermodynamics pioneers were engineers, military men,
doctors, and amateurs. The physicists contributed later. The reason is that the
defining problem of thermodynamics—the heat engine—was a macroscopic
system with purpose. From its very beginning, thermodynamics was formulated
and aimed at irreversible processes and systems and at ways of optimizing (i.e.,
improving) operation. The tools needed for this work have been developed and
used by engineers for the past 200 years. They have been used with enormous
success as separate disciplines, but they are now coming together (Fig. 1). Our
standard of living today is a measure of this success (e.g., Fig. 8.1).

Now, if we examine closely the problems solved in Chapter 13, we will see
that to predict natural organization we do not need thermodynamics. To min-
imize the resistance to heat or fluid flow was possible in the early 1800s. To
minimize the time of travel between a finite area and one point was a problem
for the time of Galilei and even earlier. This delay to roughly 150 years after
the birth of thermal science (Fourier, Carnot) is due to a coincidence on which
I focus next.

The development of principles of engineering science (including thermal sci-
ence) began with the establishment of the modern engineering schools (Paris,
1795; Prague, 1806; Vienna, 1815; Karlsruhe, 1825). The coincidence is that
this was also the era in which differential calculus was beginning to spread as
the language of science and engineering. Even though Carnot and the other pio-
neers were stating their thermodynamics views with reference to macrosystems
of arbitrary size and unmentioned internal complexity, the second generation
of thermodynamicists sought to make its own contribution by using the newly
learned language of infinitesimal calculus.

The infinitesimal and microscopic facets of thermodynamics were almost
exclusively the contribution of nonengineers (physicists, chemists, mathemati-
cians), at a time when engineers continued on the geometric and macroscopic
(finite-size system) path. The emphasis on the frontier shifted to the differential
geometry of surfaces that relate the properties of simple or nearly simple
systems at equilibrium. Equilibrium (classical, Gibbsian, or analytical) thermo-
dynamics is one lasting result of this emphasis (Chapters 4–7). The steps made
in this century away from equilibrium thermodynamics, in what has become
known as irreversible thermodynamics or nonequilibrium thermodynamics
(Chapter 12), were also wedded to the infinitesimal, zero-size approach.
Unwittingly, these steps were a yearning for a return to the realistic processes
and systems targeted by the pioneers.

The 150-year delay to which I referred is the result of a common behavioral
trend in science. It takes only one or two truly creative pioneers (e.g., Gibbs)
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for an entire crowd to form and mimic these pioneers and to start believing in
its own material. Next, the even larger group that comes to be educated by the
crowd knows nothing—applauds nothing—other than the material regurgitated
by Gibbs’ epigones. This is why today we read the absurd claim that what we
inherited from Carnot and his period is strictly a thermodynamics of reversible
processes. We also read that the engineers’ interests and abilities are limited to
reversible phenomena and that in engineering, irreversibility is regarded as a
“nuisance.”

Yes, most certainly, irreversibility is to be decreased when the constructor’s
objective is to improve thermodynamic performance. The giant steps (ideas)
illustrated in Figs. 2.1, 8.1, and 10.28, however, did not occur “by chance” to
men who had neither interest in, nor an understanding of, irreversibility. On
the contrary. From Lazare Carnot, through to our own century (e.g., Stodola,
Claude, Keenan), irreversibility minimization has been the main issue. That
issue is even better known as efficiency increase, performance improvement,
or, simply, good engineering.

It is time that we engineers reclaim our own field—thermodynamics—so that
we may expand its deterministic powers in the direction of naturally organized,
living and not living systems. We are the ones to do this work because nature
is engineered.

Adrian Bejan
Durham, North Carolina
July 1996
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Thermodynamics has reached an impasse similar to the development of the
heat engine two centuries ago. The need is great, the value of research and
education is obvious, and valuable improvements are occurring every day. What
is missing is a scientific base, a fundamental framework that ties together what is
being achieved, and guides us into the future. We all know the headlines: chaos
vs. order, darwinism vs. design in nature, globalization, diminishing energy
resources, environmental impact, and sustainable development. Confusion and
doom prevail in society and academia.

An impasse is a historic opportunity for science. It is the moment to spring
into a new direction, and to march loudly against the crowd. Two centuries
ago, such a jolt was produced by Sadi Carnot. His vision became the disci-
pline of thermodynamics, which has been serving all our inquiries concerning
energy transformations in well specified (“given”) fuel resources and configu-
rations surrounded by “infinite” environments: e.g., the transformation of fuel
into work in a power plant or in a component, and the transformation of food
into work in an animal organ.

Today, thermodynamics has hit a wall. Fuels are not given, environments are
not infinite, and energy transformations do not occur in isolation. Furthermore,
flow systems are not black boxes with inflows and outflows and no structure
internally.

The real world (nature, physics) has structure, organization, pattern. Until
now, thermodynamics was not concerned with the architecture (the drawings)
of the systems that inhabit its black boxes. It should have been.

The route to historic impact is paved with fundamentals. In the thermody-
namics that emerges, the readjustment of fossil and renewable fuel streams
(i.e., new equilibria of how to flow) will be predicted and optimized based
on principles. In this new science, the shrinking of the environment (i.e.,

xxv
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new equilibria between our flows and the external ones) will be predicted
and optimized based on principles. Thermodynamic systems will have new
properties such as configuration, objective, svelteness and freedom to morph.
The new science will be, by its very nature, transdisciplinary—a science of
systems of systems.

No flow system is an island. No river exists without its wet plain. No city
thrives without its farmland and open spaces. Everything that flowed and lived
to this day to “survive” is in an optimal balance with the flows that surround
it and sustain it. The air flow to the alveolus is optimally matched to the blood
that permeates through the vascularized tissue, and vice versa.

Yes, vascularized is a good way to describe the systems that the new sci-
ence of thermodynamics will cover. The tissues of energy flows, like the fabric
of society and all the tissues of biology, are optimized architectures. Not just
“any” architectures, as in the black boxes of classical thermodynamics, but the
optimal, or the near-optimal architectures. The climbing to this high podium
of performance is the transdisciplinary effort—the balance between seemingly
unrelated flows, territories, and disciplines. This balancing act—the optimal
distribution of imperfection—generates the very design of the process, power
plant, city, geography, and economics.

And so, I arrive at the essence of this new edition, which is the union that
it forges between physics, engineering science, and life sciences. This union
had its start in the second edition, as the constructal theory of organization in
nature. Now this theory is the basis for the thermodynamics of nonequilibrium
(flow) systems with configuration.† The news is that there are two time arrows
in physics, not one. The old is the time arrow of the second law of thermody-
namics, the arrow of irreversibility: every thing flows from high to low. The
new is the time arrow of the constructal law, the arrow of how every flowing
thing acquires architecture. The “how” is condensed in the constructal law:
existing configurations assure their survival by morphing in time toward easier
flowing configurations. The constructal time arrow unites physics with biology
and engineering (after all, engineering is the biology and medicine of “man +
machine species”).

We see this union in Fig. 1, which expresses the vision that I proposed in
Fig. 3.16. The earth with its solar heat input, heat rejection, and wheels of atmo-
spheric and oceanic circulation, is a heat engine without shaft: its maximized
(but not ideal) mechanical power output cannot be delivered to an extraterres-
trial system. Instead, the earth engine is destined to dissipate through air and
water friction and other irreversibilities (e.g., heat leaks) all the mechanical
power that it produces. It does so by “spinning in its brake” the fastest that it can
(hence the winds and the ocean currents, which proceed along easiest routes).

†A. Bejan and S. Lorente, The constructal law and the thermodynamics of flow systems with con-
figuration, Int. J. Heat Mass Transfer, Vol. 47, 2004, pp. 3203-3214.
A. Bejan and S. Lorente, La Loi Constructale, L’Harmattan, Paris, 2005
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Everything that flows and moves

More
power
generation

More
dissipation

Less
dissipationUseful energy:

fuel, food, solar
(“exergy”)

Constructal engines,
natural & man made

Constructal law:
generation of
flow configuration

Brakes

Figure 1 Every nonequilibrium (flow) component of the earth functions as an engine
that drives a brake. The constructal law governs “how” the system functions: by generat-
ing a flow architecture that distributes imperfections optimally to fill the flow space. The
“engine” part evolves in time toward generating maximum power (or minimum dissipa-
tion) and, as a consequence, the “brake” part exhibits maximum dissipation. Evolution
means that each flow system assures its persistence in time by freely morphing into eas-
ier and easier flow structures under finiteness constraints. The arrows proceed from left
to right because this is the general drawing for a flow (nonequilibrium) system, in steady
or unsteady state. When equilibrium is reached, all the flows cease, and the arrows dis-
appear. Note: this figure is not a “model.” It is not a simplified facsimile of something
that we see around us. It is not empiricism. It is theory: a purely mental viewing of how
things should be even when we do not see them.

Because the flowing earth is a constructal heat engine, its flow configuration
has evolved in such a way that it is the least imperfect that it can be. It pro-
duces maximum power, which it then dissipates at maximum rate. A principle
of maximum dissipation is now being invoked ad-hoc in geophysics: all such
writings refer only to what goes on in the brake, and are already covered by the
constructal law.

The heat engines of engineering and biology (power plants, animal motors)
have shafts, rods, legs, and wings that deliver the mechanical power to external
entities that use the power (e.g., vehicles and animal bodies needing propul-
sion). Because the engines of engineering and biology are constructal, they
morph in time toward flow configurations that make them the least imperfect
that they can be. Therefore, they evolve toward producing maximum mechani-
cal power (under finiteness constraints), which, for them, means a time evolu-
tion toward minimum dissipation (minimum entropy generation rate).

If we look outside an engineering or biology engine, we see that all the
mechanical power that the engine delivers is destroyed through friction and
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other irreversibility mechanisms (e.g., transportation and manufacturing for
man, animal locomotion and body heat loss to ambient). The engine and
its immediate environment (the brake), as one thermodynamic system, are
analogous to the whole earth (Fig. 1). After everything is said and done, the
flowing earth (with all its engine + brake components, rivers, fish, turbulent
eddies, etc.) accomplishes as much as any other flow architecture, animate or
inanimate: it mixes the earth’s crust most effectively—more effectively than
in the absence of constructal phenomena of generation of flow configuration.
Irrefutable evidence of this accomplishment is how all the large eddies of
biological matter have morphed and spread over larger areas and altitudes, in
this sequence in time: fish in water, walking fish and other animals on land,
flying animals in the atmosphere, flying man + machine species, and man +
machine species in the outer space.

The balanced and intertwined flows that generate our engineering, eco-
nomics and social organization are no different than the natural flow
architectures of biology (animal design) and geophysics (river basins, global
circulation). This time, and in this book in particular, we do not copy from
nature in order to do engineering. There is no biomimetics here! This time we
proclaim engineering as the science that would have made Sadi Carnot proud.
With this science we join ranks with biologists, physicists and economists in
explaining how to generate better flowing architectures, that is how to construct
what will be (i.e., how to predict the future).

* * *

Adrian Bejan
September 2005
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Science, like writing, technology, and the rule of law, is an evolutionary add-on
that empowers humanity, from one book to the next.† Thermodynamics is no
exception. Its contemporary evolution is in full view in the four editions of this
book. What in the first edition began as a unification of thermodynamics with
heat transfer, fluid mechanics, and thermal design has become thermodynamics
endowed with two muscular chapters, entropy generation minimization and the
constructal law of evolution as physics (bio, nonbio, geo, socio, techno), Fig. 1.

The constructal law accounts for the human urge to innovate, invent, and cre-
ate contrivances, which include science and new methods to invent even better
and faster. Science is about us, after all. This new edition draws attention to
this truth. The growth of the constructal law field, which is documented in this
new edition, is an illustration of the much broader phenomenon of how and

Evolution

Mechanics

Caloric theory

Heat transfer

1851

Thermodynamics

1982

Thermal
sciences

1996

Constructal
thermodynamics

Figure 1 The evolution and spreading of thermodynamics during the past two cen-
turies, as a continuation of Fig. 1 in the Preface to the second edition of this book.

†A. Bejan, The Physics of Life: The Evolution of Everything, St. Martin’s Press, New York, 2016.

xxix
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why science evolves and improves. Science is an evolutionary design in which
what we know—what is true, what works—becomes simpler, more accessible,
and easier to transmit in order to facilitate human movement, which is life and
sustainability.

The constructal law is a new law of physics that broadens significantly the
reach of thermodynamics. The merger of mechanics with caloric theory into
thermodynamics in 1851 was not the end of this morphing by simplification and
replacement. The caloric line continued to this day as thermometry, calorimetry,
and heat transfer. Although mechanics and caloric theory were incorporated in
thermodynamics, heat transfer developed into a self-standing discipline, with
major impact on applied mathematics, fluid mechanics, and aerodynamics. Still,
its proper place is in thermodynamics, along with all the other caloric teachings.

The merger of heat transfer with thermodynamics was predicted in 1982 in
the preface to my book Entropy Generation through Heat and Fluid Flow, and
the prediction came true in the two decades that followed. Heat transfer journals
became journals of “thermal sciences” (which means heat transfer + thermody-
namics), and in many leading universities the heat transfer and thermodynamics
courses were combined into a single course on thermal sciences or thermal
engineering.

Thermal sciences expanded in new directions, most vigorously now because
of the constructal law, which does what a law of physics does: It unifies science
(physics, biology, engineering, social sciences). Constructal thermodynamics
places the concepts of life, organization, and evolution in physics. It constitutes
a wide-open door to new advances, especially in areas where design evolution
is key to performance, for example, in logistics, biological evolution, art, and
business and economics.

The constructal law runs against reductionism and empowers the mind to see
the whole, its organization, performance, and future. In modern times, physics
grew on a course tailored to infinitesimal effects. The constructal law is a jolt the
other way, against the march of the crowd, a means to rationalize macroscopic
design, objective, and behavior.

This fourth edition also teaches what thermodynamics is. Thermodynam-
ics is brief, simple, unambiguous, and improving. Yet, confusion reigns in the
field. The word entropy is pasted on almost any new thing, without any respect
for its proper definition in thermodynamics. Every author bows to his own
maximum or minimum principle, even when it contradicts English, not just
thermodynamics. Minimizing resistance cannot be the same as maximizing
resistance. Minimizing entropy generation cannot be the same as maximizing
entropy generation.

Because of the word entropy, many believe that entropy generation mini-
mization and maximization are covered by the second law, which is incorrect,
twice. Because for an isolated system (or an adiabatic closed system) the second
law states that the system entropy inventory increases during changes inside the
system, many believe that the second law accounts for organization, evolution,
and the arrow of time. This too is incorrect. In this new edition I invite the reader
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to take a look at nature, at the physics, at the science of all the natural things
that “happen.”

Law is not theory. The human observation that certain things happen innu-
merable times the same way is one natural tendency (i.e., one phenomenon).
To observe the phenomenon is empiricism. The law of physics is the compact
statement (text, or formula) that summarizes the innumerable observations of
the same kind. To rely on the law to experience a purely mental viewing of how
some things should be (i.e., to predict future observations) is a theory.

The law is one, and the theories underpinned by the law are as numerous as
the things that are contemplated.

The phenomenon covered by the first law of thermodynamics is the “what
goes up must come down.” Today, we recognize this more generally as the con-
servation of energy, from kinetic to potential when a body is thrown upward to
the energy flow (e.g., heat into work, or work into heat) through a thermody-
namic system such as a power plant or a brake.

The phenomenon covered by the second law is the one-way flow, such as the
flow of water under the bridge. Today, we recognize this natural tendency as
irreversibility. Every flow, by itself, proceeds from high to low. Fluid through
a duct flows from high pressure to low pressure. Heat through an insulation
leaks from high temperature to low temperature. If you do not know beforehand
which is the high and which is the low, then the direction of the flow will tell
you. Why, because it is the law, and all systems obey the law.

The phenomenon covered by the constructal law is natural organization, evo-
lution, and life: the occurrence and evolution of freely morphing configurations
in every thing that flows and moves more easily over time. Observations of this
kind are everywhere: river basin evolution, lung architecture evolution, city traf-
fic evolution, aircraft evolution. These observations reveal the arrow of time†

of evolution in nature, which points from existing flow configurations to new
configurations through which the flowing is easier. Not the other way around.
Why, because it is the law, and all systems obey the law.

Thermodynamics before 1996 is the thin book comprising the first law
and the second law. It is an all-encompassing science story written in very
few words. The two laws apply to “any system” imaginable. Their few
words are system, boundary, environment, state, properties, equilibrium, and
nonequilibrium. The any system is the most general system with flows in it,
the nonequilibrium system, the flow system. This most general system can
have nonuniformities internally (pressure, temperature, concentration) that
drive currents through its various subsystems. It can have any configuration
(organization, design), which is not specified.

The first law and the second law have equal standing. Each is a “first princi-
ple.” The permanence and extreme generality of the two laws are consequences
of the fact that in thermodynamics the any system is a black box. It is a region

†A. Bejan, Maxwell’s demons everywhere: Evolving design as the arrow of time, Sci. Rep., Vol. 4,
No. 4017, Feb. 2014, doi:10.1038/srep04017.
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of space or a collection of matter without specified shape and structure. The two
laws are global statements about the balance or imbalance of the flows (mass,
heat, work, entropy) into and out of the black box. They say absolutely nothing
about design, organization, and evolution.

Nature is full of organization and evolution, and science is not far behind.
Science began with principle-based rationalizations of the images (designs) that
humans perceive all around. It began with geometry and mechanics, which are
about configurations, their principles, and the contrivances made based on con-
figurations and principles. Science has always been about the human urge to
make sense out of what we discern: numerous observations that we tend to store
compactly as phenomena and, later, even more compactly as laws that account
for the phenomena.

Nature is not made of boxes without configuration. The systems that we
identify in nature have shape, structure, and evolution. They are resoundingly
macroscopic, finite size, and recognizable as lines drawn on a background.
They have organization, construction, configuration, pattern, rhythm, and
sound. The very fact that they have names (river basins, blood vessels, trees)
indicates that they have unmistakable appearances and meanings.

In 1996† and in the book the following year‡ I pointed out that the laws
of thermodynamics do not account completely for the systems of nature, even
though scientists have built thermodynamics into thick books in which the two
laws are just the introduction. The body of the doctrine is devoted to contriving,
describing, and improving designs that seem to correspond to systems found in
nature and can be used by humans to make life easier.

If physics was to account for the systems of nature completely, then thermo-
dynamics had to be enlarged with an additional self-standing law—with another
first principle—that covers all phenomena of design occurrence and evolution.
To achieve this, the constructal law states briefly that “for a finite-size flow sys-
tem to persist in time (to live), it must evolve in such a way that it provides
easier access to the imposed (global) currents that flow through it.” The new
research direction defined by the constructal law is documented in a growing
literature, review articles, and books.

The constructal law is the definition of life§ in the broadest possible sense,
which is physics: To be alive, a system must flow and be free to morph in time
so that its currents flow more and more easily. “Live” are the water streams in
the river basins and the streams of animal mass flowing on the landscape, which
are better known as animal locomotion and migration. Live are the animate and
the inanimate systems that flow, move, and change configuration to flow better.
The constructal law commands that the changes in configuration must occur in
a particular direction in time (toward designs that allow currents to flow more

†A. Bejan, Constructal-theory network of conducting paths for cooling a heat generating volume,
Int. J. Heat Mass Transfer, Vol. 40, 1997, pp. 799–816.
‡A. Bejan, Advanced Engineering Thermodynamics, 2nd ed., Wiley, New York, 1997.
§T. Basak, The law of life: The bridge between Physics and Biology, Phys. Life Rev., Vol. 8, 2011,
pp. 249–252.
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easily). The constructal law places the concepts of design and evolution and life
centrally in physics.

The constructal law is not a statement of maximization, minimization, or any
other mental image of “end design” or “destiny.” There is no such thing, in spite
of loud claims that it exists (fascism, communism, religious fundamentalism).
The constructal law is about the direction of evolution in time and the fact that
design in nature is not static: It is dynamic, ever changing, like the images on
the screen at the cinema. This is what design and evolution are in nature, and
the constructal law captures them. Evolution never ends.

There have been many proposals of end design in science, but each
addresses a narrow domain. The body of statements that have emerged is self-
contradictory, and the claim that each is a general principle is easy to refute.
Even though these statements are contradictory, local, and disunited, they
demonstrate that the interest in placing design phenomena deterministically in
science is old, broad, and thriving.

Many confuse “pattern” with organization (or design) in nature. The highly
ordered atoms in a crystal at equilibrium with the ambient have pattern, but they
constitute a dead system. The snowflake, on the other hand, is alive with heat
currents (from ice to ambient), which is why the snowflake morphs as it grows.
This is why the snowflake “movie” is predictable from the constructal law. To
confuse pattern with organization (flowing design) is to confuse death with life.

People like to say that we cannot witness evolution because the time scale of
evolution is immensely longer than human lifetime. The fact is that “evolution”
is not about biology. It is a much broader concept and a universal phenomenon.
Evolution means change in configuration, which occurs in a discernible (pur-
poseful) direction in time.

Liberated as we think about evolution, we can witness evolution in our life-
time. How, by looking at river basin evolution, turbulent jet and plume evolu-
tion, sports evolution, writing evolution, and all the other evolutionary designs
that facilitate flow everywhere.

Technology evolution is the most familiar movie to watch and to predict its
plot. One movie to watch is the evolution of commercial aviation. Another is the
evolution toward miniaturization in flow systems and components used across
all technologies. In the evolutionary design of cooling technologies for electron-
ics packages, it turns out that (in time and at smaller dimensions) the cooling
by natural convection must be replaced by forced convection and, in the future,
by conduction (thermal diffusion). The prediction is that stepwise transitions
must occur between configurations (and their performance levels) in this time
sequence: natural convection, forced convection, conduction. Stepwise transi-
tions in configuration and performance are also predictable for the evolution of
vascular designs of all scales and across the entire range of sciences.

The constructal law is a contribution to physics and evolutionary biology
because it simplifies and clarifies the terminology that is in use and unifies
it with the biology-inspired terminology that is in use in many other fields
such as geophysics, economics, technology, education and science, books,
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and libraries. This unifying power is both useful and potentially controversial
because it runs against current dogma.

For example, the constructal designs of the river basin, the distribution of
trees in the forest, the animal distribution and “animal flow” on the landscape,
and all the other “few large and many small” designs such as the food chain,
demography, and transportation are viewed as whole architectures in which
what matters is the better and better flow over the global system. In all such
architectures, the few large and many small flow together. They collaborate,
adjust, and collaborate again toward a better flowing whole, which is better for
each subsystem of the whole. They do not compete. They do not kill each other.
They flow together with organization and time arrow.

This holistic view of design phenomena represents a new step for scientific
method. The concept of “better” is defined in physics terms, along with direc-
tion, organization, free morphing, and evolution. This step places in physics
the notions of natural selection, freedom to change and adapt, survival, and
the idea that there exist better designs and the future should be different from
the past.

In sum, the constructal law is not an optimality statement about freeze-frame
design. This is especially important because it inspires the mind to fast-forward
the design evolution process. This is what the human mind does with any law
of physics: The mind uses the law to predict the future—future natural behavior
and features of future phenomena of organization.

The power to predict the future is why we are attracted to science and edu-
cation. Knowing ahead is also an expression of the constructal law, because all
animal design is about moving more and more easily on the landscape, and this
includes the phenomenon of cognition—the urge to get smarter, understand and
remember faster, so that the animal can get going and place itself out of danger.

Many believe that the arrow of time in nature is imprinted on one-way (irre-
versible) phenomena and is accounted for by the second law of thermodynam-
ics. That arrow of time points toward “nothing moves” in an isolated system,
and nothing moves means the dead state. The arrow of time is painted much
more visibly on the live state: the occurrence and change (evolution in time) of
flow organization throughout nature, animate and inanimate.

In human flow systems, “knowledge” is the human ability to effect design
changes that facilitate life: human flows on the landscape. Knowledge spreads
naturally because it facilitates flow access.

The spreading of design change on the human landscape is known as sci-
ence, knowledge, security, automobile technology, health care, and many more.
Knowledge means flow design change that is useful and the ability to make
it happen. Knowledge spreads on a territory naturally. The boundary between
those who know more and those who know less is advancing in time. The high
is invading the low. In the high are the knowledgeable, those who move more
than those in the low.
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The physical effect of evolving design is more movement and greater access
for all movers. This is the complete design of all animate or inanimate flow sys-
tems, from water flowing in river basins to animal locomotion and urban traffic
and atmospheric and oceanic circulation. This is life and evolution, as physics.

Adrian Bejan
September 2016
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The First Law

1.1 TERMINOLOGY

The first step in the thermodynamic analysis of anything must be the definition
of the entity that is being subjected to analysis.We refer to this entity (collection
of matter, the region in space) as the system. Although the need for execut-
ing this first move and for doing it once and unambiguously is obvious, the
temptation is great to assume that the system definition is obvious and omit
it. This is a source of confusion, if not outright error. Paradoxical differences
between two results claimed by two experts who attack “the same problem” are
often explained by the realization that the two problem solvers were addressing
different systems.

The tendency to forget to define the system is due mainly to tradition.
In considerably older disciplines such as solid-body mechanics, the system
is indeed obvious, as the mere sketching of a body focuses the attention of
both the problem solver and the audience. In fluid mechanics and heat transfer,
the system is understood once the boundary conditions necessary for solving
the Navier–Stokes equations are specified. However, even in fluid mechanics
and heat transfer, the unambiguous definition of the system is necessary if
the method is order of magnitude or scale analysis [1]—that is, if the analyst
replaces the Navier–Stokes equations with approximate algebraic statements
that cannot be subjected to boundary conditions.

Defining the system also means sharply identifying the system’s environ-
ment, or surroundings. The environment is the portion of matter or region in
space that resides outside the system selected for analysis. What differentiates
between the system and its environment is the surface called the boundary.
The boundary is a surface, not another system (note that the thickness of a
surface is zero; therefore, the boundary can neither contain matter nor fill a
volume in space). Said another way, the value of a property that is measured
at a point on the surface called a boundary must be shared by both the system
and the environment because the system and the environment are in contact at
that point.

1
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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To see the importance of this observation, consider the heat interaction Q
between two fluid masses whose absolute temperatures are different, TH > TL.
The thermal conductivities of the two fluids (or their states of agitation) are such
that each fluid can be regarded as isothermal. The temperature drop TH − TL
occurs through the wall. If the wall thickness is small relative to the size of
the fluid masses (e.g., the skin of a hot-air balloon), it is tempting to regard
the wall as the boundary between, say, the system (TH) and the environment
(TL). This incorrect choice is shown in Fig. 1.1. Its drawback is that, unlike the
heat transfer Q, the entropy transfer Q∕T is not conserved as it passes through
the boundary. If made, this choice serves as a permanent source of confusion:
The unexperienced analyst has trouble deciding whether to use TH or TL in
the denominator of Q∕T , and the engineering component that is responsible
for the generation of entropy (Sgen) is effectively hidden from view. The capri-
cious augmentation of entropy transfer through “boundaries” of the kind shown
in Fig. 1.1 perpetuates the mystery that surrounds three different concepts:
entropy, entropy transfer, and entropy generation.

Proper ways to select a system boundary between the masses TH and TL
are exhibited in Figs. 1.2a–c. Because the temperature varies continuously
across each boundary, the heat transfer and the entropy transfer are conserved.
In Fig. 1.2a the wall (the temperature drop) is situated outside the TH system,
and for this reason the entropy generation due to the system–environment heat
interaction can be termed “external.” The opposite choice is made in Fig. 1.2b,
where the entropy generation effect is “internal” relative to the TH system.
Figure 1.2c shows that the system can be divided further into subsystems if the
precise identification of the source of entropy generation (the wall) is one of
the objectives of the thermodynamic analysis.

The observation that properties must vary continuously across the surface
chosen as the boundary is general. The discontinuity of absolute temperature
was used in Fig. 1.1 only for the purpose of illustration.

Figure 1.1 Discontinuity of entropy transfer through an incorrect boundary.
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Figure 1.2 Continuity of entropy transfer, heat transfer, and temperature through
correct boundaries.

The boundary and the interactions that are present at the boundary play roles
in the analysis devoted to solving a problem. One feature is whether the bound-
ary is crossed by the flow ofmass. A system defined by a boundary impermeable
to mass flow is a closed system. Most of the systems discussed in connection
with the establishment of relationships between thermodynamic properties at
equilibrium are closed systems (Chapters 4, 6, and 7). Conversely, systems
whose defining boundaries can be crossed by the flow of mass are open sys-
tems, or flow systems. The thermodynamics of open systems often relies on a
special terminology; for example, the thermodynamic system itself is referred
to as the control volume, the system boundary is the control surface, and the
particular patches of the boundary that are crossed by mass flow are the inlet
and outlet ports.

The condition, or the being, of a thermodynamic system at a particular
point in time is described by an ensemble of quantities called thermodynamic
properties. We refer to the condition described by properties as the state.
Thermodynamic properties are only those quantities whose numerical values
do not depend on the history of the system, as the system evolves between
two different states. Quantities such as pressure and temperature are properties
because their values depend strictly on the instantaneous condition during
which they are measured. Examples of quantities that are not thermodynamic
properties are work, heat andmass transfer, entropy transfer, entropy generation
(Fig. 1.2), lost available work, and lost exergy.

The properties that we encounter in the analysis of systems are quite numer-
ous: It seems that each generation has added to the list properties that proved to
be useful relative to the challenges of the period. Some properties can be mea-
sured directly (e.g., pressure, temperature, and volume), whereas others can be
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derived based on such measurements (e.g., internal energy, entropy, enthalpy,
and exergy). Thermodynamic properties whose values depend on the size of
the system are called extensive properties (e.g., volume, entropy, and internal
energy). Intensive properties are those whose values do not depend on the size
of the system (e.g., pressure and temperature). The collection of all the intensive
properties of a system constitutes the intensive state.

A certain phase of a system is the collection of all the parts of the system that
have the same intensive state and the same per-unit-mass values of the extensive
properties. For example, liquid droplets dispersed in a liquid–vapor mixture
in equilibrium have the same pressure, temperature, specific volume, specific
enthalpy, and so on; taken together, the droplets represent the liquid phase.

Finally, processmeans the change of state from an initial state to a final state.
To know the process means to know not only the end states but also the interac-
tions experienced by the system while in communication with its environment
(e.g., work transfer, heat transfer, entropy transfer, and mass transfer). The path
of the process is the history, or the succession of states, followed by the system
from the initial to the final state. Stressing again the fundamental difference
between thermodynamic properties and quantities that are not properties, note
that the changes in nonproperties depend not only on the end states but also on
the path.

A cycle is a special process in which the final state coincides with the initial
state. Starting with Sadi Carnot’s 1824memoir [2], the concept of cycle evolved
into a key concept in the field of power engineering and a vehicle for logical
deduction in thermodynamics theory.

1.2 CLOSED SYSTEMS

Two principles of classical thermodynamics must be stressed in an advanced
treatment such as this. One principle is the equivalence of work transfer and
heat transfer as possible forms of energy interactions. This principle is encap-
sulated in the first law of thermodynamics, which, in Max Planck’s words,
“is nothing more than the principle of the conservation of energy applied to
phenomena involving the production or absorption of heat” [3]. The second
principle is the inherent irreversibility of all processes that occur in nature.
Everything flows in one direction, from high to low. It is the irreversibility, or
the generation of entropy, that prevents humans from extracting the most pos-
sible work from various processes and from doing the most with the work that
is already at our disposal. This second principle is summarized by the second
law of thermodynamics.

Traditionally, the first law is discussed first and the second law second.
This ordering is based apparently on views—both questionable—that the
first law is older than the second law and that the concept of internal energy
defined by the first law is somehow easier to grasp than the concept of entropy
introduced by the second law. The first view is fueled by the misinterpretation
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of statements of the kind quoted from Max Planck in the preceding paragraph:
What is relatively older than the second law is the principle of conservation of
energy known in mechanics, not the first law of thermodynamics. The first and
second laws emerged together from the writings of William John MacQuorn
Rankine, Rudolph Clausius, and William Thomson (Lord Kelvin) in the early
1850s (consult Ref. 4): They had to emerge together in order to resolve the
conflict between Sadi Carnot’s theory, which assumed the conservation of
“caloric,” and the growing evidence that work through friction can serve as an
endless source of caloric. The second view—that internal energy is easier to
understand than entropy—is again fueled by the familiarity with the concept
of mechanical energy, not with internal energy.

The questioning of tradition aside, in this treatment I also start with the first
law because, above all, this is a review of the student’s first encounter with
thermodynamics, not a review of the history of the subject. Note that a number
of captivating historical accounts already exist [4–7]. Further observations on
the historical development of the first law of thermodynamics are presented at
the end of the chapter.

Consider the closed system shown schematically in Fig. 1.3: If this system
experiences a change of state from the initial state (1) to the final state (2), the
first law of thermodynamics requires that

Q1−2

Heat
transfer

− W1−2

Work
transfer

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
Energy interactions
(Nonproperties)

= E2 − E1
⏟⏟⏟
Energy
change

(Property)

(1.1)

Figure 1.3 Graphic statements of the first law of thermodynamics for closed systems.
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The difference between the net heat input Q1–2 and the net work output W1–2
represents the change in the thermodynamic property called energy. The first
law proclaims the existence of energy as a thermodynamic property. It defines
the property “energy change.”

Evident in eq. (1.1) and Fig. 1.3 is the use of the heat engine sign convention
[8], whereby the heat transfer into the system and the work transfer out of the
system are considered positive. This is a “heat engine” sign convention because
the purpose of a heat engine as a closed thermodynamic system is to deliver
work to its environment. This sign convention is used consistently throughout
the present treatment.

The energy change E2 − E1 depends only on the end states, whereas the
energy interactions Q1–2 and W1–2 depend on the end states and the path of the
process that links the end states. This important distinction is stressed under
each term appearing in eq. (1.1). Another way to stress this difference is to use
a different notation for the infinitesimal increments in work and heat transfer
relative to the exact differential notation that applies to the infinitesimal change
in E. For this reason, the first law for a process between two states situated
infinitely close to one another is written as

𝛿Q − 𝛿W = dE (1.2)

In the same notation, the energy interactions on the left side of eq. (1.1) are

Q1−2 = ∫
2

1
𝛿Q and W1−2 = ∫

2

1
𝛿W (1.3)

The peculiar notation 𝛿 may not be the ideal way to emphasize the difference
between energy interactions and energy change. The alternative is to introduce
the concept of time in the description of the process (see the bottom of Fig. 1.3).
In this new description, state 1 is the condition of the system at time t1, state 2
is the condition at time t2, and the net energy interactions Ql–2 andW1–2 are the
time integrals

Q1−2 = ∫
t2

t1

Q̇ dt, W1−2 = ∫
t2

t1

Ẇ dt (1.4)

Quantities Q̇ and Ẇ are the instantaneous heat transfer rate and the mechanical
power output, respectively. The first law of thermodynamics for a closed system
can be written on a per-unit-time basis as

Q̇ − Ẇ = dE
dt

(1.5)

Another way of stressing the path dependence of Q1–2 and W1–2 (or Q̇ and
Ẇ) is presented graphically in Fig. 1.4. The system can proceed from state 1 to
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Figure 1.4 Path dependence of the energy interactions Q1–2 andW1–2.

state 2 along an infinity of paths: for example, along paths A and B. Assuming
that paths A and B are such thatQ1–2,W1–2, and E2 − E1 are all positive, the first
law (1.1) requires stacking the three building blocks shown in Fig. 1.4. Although
the difference Q1–2 −W1–2 matches E2 − E1 along both paths, the sizes of Q1–2
and W1–2 vary from one path to the next. If the process executed by the closed
system is a cycle, the first law (1.1) reduces to

∮ 𝛿Q − ∮ 𝛿W = 0 (1.6)

In other words, the white blocks in Fig. 1.4 shrink to zero thickness.
This statement stresses again the difference between energy change and energy
interactions: The latter depend on the path followed by the cycle.

1.3 WORK TRANSFER

The work interactions encountered most often are those associated with the
displacement of the system’s boundary in the presence of forces that act on the
boundary. If F is the force experienced by the system at a certain point on its
boundary (i.e., the force exerted by the environment on the system) and if dr
is the infinitesimal displacement of the point of application, the infinitesimal
work transfer is

𝛿W = −F ⋅ dr (1.7)

Recall that the work transfer is considered positive when the system does
work on its environment; in other words, when the boundary displacement
occurs against the force felt by the system, cos(F, dr) < 0.
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Two features must be present simultaneously if a system is to experience a
work interactionwith its environment: (1) A forcemust be present on the bound-
ary and (2) the point of application of this force (hence, the boundary) must
move. The mere presence of forces on the boundary, without the displacement
or the deformation of the boundary, does not amount to work transfer.
Similarly, the occurrence of boundary displacement without a force opposing
or driving this motion is not accompanied by work transfer. For example, in
the “free expansion” of a gas into an evacuated space, the gas as a closed
system does not experience work transfer because the pressure is zero on the
moving boundary.

One application of expression (1.7) is encountered in the analytical descrip-
tion of the relations between the thermodynamic properties of a substance
in equilibrium (Chapter 4). The same special form is also used routinely
(as an approximate model) to estimate the work transfer when a batch of
“working fluid” expands or contracts in a cylinder and piston apparatus. With
reference to Fig. 1.5a, when the system is in equilibrium, the pressure P is
uniform throughout the system; therefore, −F ⋅ dr can be replaced by P dV
in eq. (1.7):

𝛿Wrev = P dV (1.8)

The discussion of the subscript rev, which stands for “reversible,” is post-
poned until Chapter 2, where we review concepts associated with the second
law of thermodynamics. If eq. (1.8) is to be used to evaluate the work transfer
transmitted through the movement of a piston, the pressure P at the boundary
must be known at any instant during the volume change. This means that the

Figure 1.5 Examples of P dV work transfer and shaft work transfer.
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analyst first has to solve the complete equations that govern convection inside
the expanding fluid (i.e., the mass, momentum, and energy equations) in order
to calculate the value of P versus time right on the moving boundary. How-
ever, in thermodynamics the description is simpler: We rely on eq. (1.8) to
estimate the work transfer as the area under the P(V) curve on Watt’s famous
“indicator diagram.”† The assumption is that the expansion is slow enough so
that the state of the fluid batch can be represented at all times by a single point
in the two-dimensional plane P–V. In thermodynamics, then, the requirement
that P of eq. (1.8) must be known on the moving boundary is considerably more
restrictive: The pressure Pmust also be instantaneously uniform throughout the
expanding system.

The sufficiently slow process to which eq. (1.8) applies is called quasi-static,
and the states along the path of such a process are quasi-static states.
This terminology has served as a source of confusion—not that the word quasi-
static is that difficult to grasp [literally, it means “seemingly (as if) static,”
which is an appropriate description for a process that is sufficiently slow], but
because different schools of thermodynamics have attached different meanings
to the word.

The best I can do is to warn the reader that the potential for confusion exists
and that, because of this potential, the best course is to avoid using the word
quasi-static. If the process is sufficiently slow so that it can be viewed as a
sequence of equilibrium states, the process is reversible. If for any reason the
intermediate states visited during the process cannot be regarded as equilibrium
states (i.e., if each state cannot be represented as one point in a two-dimensional
plane such as the P–v diagram of Fig. 2.2), the process is not reversible.

Another mode of work transfer that is very common in engineering applica-
tions is the shaft work Wsh transmitted through a shaft that penetrates through
the system boundary. The origin of this work transfer mode may seem mys-
terious to the problem solver in view of (1) the exclusive use of the P dV
work transfer mode in thermodynamics and (2) definition (1.7) and the fact
that the boundary surface does not move. To clarify this issue, Fig. 1.5b shows
the cut made by the boundary through the shaft. In the shaft cross section that
is attached to the system, the point of application of each shear stress vector 𝜏
moves as the shaft turns. By integrating the work done by each shear stress
over the cross section [i.e., by applying definition (1.7)], it is easy to show
that the infinitesimal work transfer 𝛿Wsh is equal to the angular displacement
times the torque with which the environment opposes the turning of the shaft
(or that the shaft power output Ẇsh is equal to the angular speed 𝜔 times the
same torque).

Based on Fig. 1.5b and on the coincidence that in English the words shaft
and shear admit the same abbreviation, the symbol Wsh can also be used as
notation for “shear work transfer.” An example of work transfer associated with

†The mechanism for drawing this diagram was conceived by John Southern (see Fig. 2.1).
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shear forces occurs in the derivation of the first law of thermodynamics for an
infinitesimally small control volume in a flow field. An example of shear forces
that although present along the system’s boundary do not account for any shear
work transfer is the distribution of shear stresses caused by fluid friction against
a rigid wall that confines a fluid in motion. In this case, the work transfer is zero
because the point of application of each shear force is stationary.

A more general definition of work transfer that also applies to electrical
and magnetic work interactions was formulated by Hatsopoulos and Keenan
[9, p. 22]: “Work is an interaction between two systems such that what happens
in each system at the interaction boundary could be repeated while the sole
effect external to each system was the change in level of a weight.” Analogous
definitions can be formulated in terms of the energy stored in a translational
spring or in another conservativemechanical system. Hatsopoulos and Keenan
refer to a footnote in Gibbs’s second paper [10] as the origin of the idea behind
their general definition of work transfer interactions. Furthermore, it has been
standard engineering practice to evaluate the capacity of an engine in terms of
the height to which it could raise a given weight [11]. Indeed, the weight lifted
to a height was the British engineer’s common unit of “duty” in the description
of the early steam engines (Fig. 2.1).

The concept of reversible work transfer can be envisioned not only in the
context of systems that expand or contract quasi-statically [eq. (1.8)] but also
for systems that can experience other modes of work transfer. A collection of
such work interactions is presented in Table 1.1 next to examples of very simple
mechanical and electrical systems whose energy storage capability is the sub-
ject of the discussion that ends this section (and is the reason for constructing
the table). It is sufficient to note that for systems that are capable of experiencing
more than one work interaction eq. (1.8) can be replaced by

𝛿Wrev = −
∑

i

Yi dXi (1.8′)

The terms Yi and Xi are the generalized forces and the generalized displace-
ments (or deformation coordinates), respectively. The units of these quantities
are not necessarily those of force and displacement. In this terminology, it is
the negative of the pressure P that plays the role of generalized force in the
reversible work done by closed systems that expand quasi-statically.

The mathematical formulas assembled in Table 1.1 show that storing energy
in a spring is analogous to charging a capacitor. Notably absent from such a
table are mathematically analogous energy-storage formulas for heating a body.
Any claim of an analogy between heating a solid body and charging a spring,
or an electrical capacitor is contrary to physics and thermodynamics [12],
cf. Problem 2.24.



Trim Size: 6.125in x 9.25in Bejan c01.tex V2 - 08/08/2016 6:35pm Page 11�

� �

�

WORK TRANSFER 11

TABLE 1.1 Examples of Simple (Uncoupled) Forms of Energy Storage and
Corresponding Work Interactions

Macroscopic Forms
of Energy Storage,
(E2 − E1)i
[Eq. (1.13)]

Constitutive
Relation

Assumed in
Writing Each
(E2 − E1)i
Expression

Infinitesimal
Work Transfer,
𝛿W [Eq. (1.8)] Notation

Kinetic, translational

1
2
mV2

2 −
1
2
mV2

1 F = m
dV
dt

–F dx

Kinetic, rotational

1
2
J𝜔2

2 −
1
2
J𝜔2

1 T = J
d𝜔
dt

–T d𝜃

Spring, translational

1
2
kx22 −

1
2
kx21 F = kx –F dx

Spring, rotational

1
2
K𝜃22 −

1
2
K𝜃21 T = K𝜃 –T d𝜃

Gravitational spring
(or constant-force
translational spring)

mgz2 − mgz1 F = mg −F dz

Electrical capacitance

1
2
q2

C
= 1

2
Cu2 u = q

C
–u dq

Electrical inductance

1
2
Li2 = 1

2
Φ2

L
Φ = Li –i dΦ
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1.4 HEAT TRANSFER

The first law of thermodynamics does not distinguish between heat transfer and
work transfer as two possible forms of energy interaction between a system
and its environment. In the earliest analytical statements of the first law made
by Clausius and adopted by contemporary scientists, the work transfer and
the energy change terms appear on the same side of the equal sign [13, 14].
Clausius’s arrangement of the terms was also adopted by Poincaré in his ther-
modynamics course taught in 1888–1889 at the Faculty of Sciences of the
University of Paris [15]. These early works are worth keeping in mind: Like
Planck’s [3] and Zeuner’s [14] courses among the physicists and engineers edu-
cated in German, Poincaré’s course emerged as a dominant factor in the practice
and writing of thermodynamics in the first half of the twentieth century.

The fundamental distinction between heat transfer and work transfer is made
by the second law of thermodynamics: Heat transfer is the energy interaction
accompanied by entropy transfer, whereas work transfer is the energy interac-
tion that takes place in the absence of entropy transfer. If this way of distinguish-
ing 𝛿Q from 𝛿W sounds abstract, it is simply because the second law and related
concepts such as entropy transfer are usually not involved in problems proposed
during a first course in thermodynamics. Nevertheless, it is a rigorous definition
that has the additional benefit that it draws attention to the existence of entropy
transfer of type 𝛿Q/T, where T is the thermodynamic (absolute) temperature of
the boundary crossed by 𝛿Q (Fig. 1.2).

The more intuitive description of heat transfer originated with Poincaré’s
course: Heat transfer is the energy interaction driven by the temperature dif-
ference between the system and its environment. The same view has been held
from the beginning in the field of heat transfer. The phenomenological treat-
ment of heat transfer initiated by Poincaré makes sense because it appeals to
the familiarity of modern man with the concepts of heating and temperature.
Yet the phenomenological description has been criticized by those who favor a
precise definition of each word that appears in the thermodynamics language.
The challenge faced so successfully by Poincaré was not to “define” terminol-
ogy to an audience already familiar with the essence of classical thermody-
namics but, rather, to communicate and explain a new theory that had gelled
only two decades earlier and was still unknown to waves of would-be inven-
tors. To do this, Poincaré used (or misused) very effectively the terminology of
his time.

No matter how rigorous the treatment and how strong the desire to pin the
definition of each new concept on the definitions of older concepts, sooner or
later we must speak of thermal equilibrium and temperature. To review what is
meant by thermal equilibrium, consider two closed systems whose boundaries
are such that both systems cannot experience work transfer (e.g., two arbitrary
amounts of air sealed in rigid containers, where arbitrary means that the mass,
volume, and pressure of each system are not specified). If two systems of this
kind are positioned close to one another, it is generally observed that changes
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are induced in both systems. In the air-filled containers of the example above,
these changes can be documented by recording the air pressure versus time. It is
commonly observed that there exists a time interval beyond which the changes
triggered by the proximity of the two systems cease. The condition of the closed
system is said to be one of equilibrium when after a sufficiently long period
changes cease to occur inside the system. In particular, when the closed system
is incapable of experiencing work interactions, the condition is one of thermal
equilibrium.

Let A and B be the closed systems that interact and reach thermal equilibrium
in the preceding example. The same experiment can be repeated using system
A and a third system C, which is also closed and unfit for work transfer. It is
also a matter of common experience that if systems B and C are individually
in thermal equilibrium with system A, then when placed in direct communica-
tion, systems B and C do not undergo any changes as time passes. This second
observation can be summarized as follows: If systems B and C are separately in
thermal equilibrium with a third system, they are in thermal equilibrium with
each other. It was stressed more than a century ago by Maxwell that this sum-
marizing statement carries the weight of physical law. After Maxwell’s death,
in fact more than half a century after the formulation and labeling of the first
and second laws of thermodynamics, this view has come to be recognized as the
zeroth law of thermodynamics. The zeroth law was first formulated and labeled
in 1931 by Fowler [16].

Each law of thermodynamics can be thought of as a way to define a new
system property: the internal energy via the first law and the entropy via the
second law. In this sense, the zeroth law defines the thermodynamic property
called temperature. Returning to the vast experimental evidence on which the
zeroth law and the much older science of thermometry are based, we recognize
as temperature the property whose numerical value determines whether the sys-
tem is in thermal equilibrium with another system. Two systems are in thermal
equilibrium when their temperatures are identical.

The temperature of a system is measured by placing it in thermal com-
munication with a special system (a test system) called a thermometer.
The thermometer has to be sufficiently smaller than the actual system so that
the heat interaction en route to thermal equilibrium is negligible from the point
of view of the system. The thermometer, on the other hand, is designed so
that the same heat interaction leads to measurable effects such as changes in
volume or electrical resistance.

The science of thermometry has a long history that is tightly connected to that
of calorimetry, caloric theory, and classical thermodynamics (see Table 1.2).
The calibration of thermometers and the adoption of certain temperature scales
are part of this history. Traditionally, calibration consisted of agreeing on two
easy-to-reproduce states of the thermometer: Following a suggestion made in
1701 by Newton [17] that the interval between the freezing point of water and
the human body temperature be a scale of 12 degrees, the most often used states
were (1) the thermal equilibrium with a mixture of ice and water at atmospheric
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pressure and (2) the thermal equilibrium with a batch of water boiling at atmo-
spheric pressure. These traditional scales, named in order after Fahrenheit,†

Réaumur,‡ and Celsius,§ are said to be based on two fiducial points (literally, on
two points based on firm faith). In view of the arbitrariness of the material that
fills the thermometer, the temperature measurements recorded on the traditional
scales are recognized today as empirical temperatures.

The temperature scales in use today are all based on the concept of thermo-
dynamic temperature defined in terms of the second law of thermodynamics.
Following the Tenth General Conference on Weights and Measures (1954), we
use the four thermodynamic temperature scales shown in Fig. 1.6. These scales
are based on only one fiducial point, the triple point of water: On the Kelvin
scale, the numerical value assigned to this point is 273.16. More on the reason-
ing behind the one-point Celsius and Fahrenheit scales is given in Chapter 2.
Of problem-solving interest are the relations that effect the conversion of one
thermodynamic temperature into another:

T(∘C) = T(K) − 273.15

T(R) = 9
5
T(K)

T(∘F) = T(R) − 459.67

T(∘C) = 5
9
[T(∘F) − 32]

(1.9)

The relative sizes of the divisions of these scales are also shown in Fig. 1.6.

1R or 1∘F = 5
9
(1K or 1∘C) (1.10)

The method of thermodynamics relies on two additional words, adiabatic
and diathermal, that effectively do away with the concept of time and,

†Gabriel Daniel Fahrenheit (1686–1736), a German instrument maker native of Danzig (today,
Gdansk) and long-time resident of Holland, invented the mercury-in-glass thermometer in 1714.
He assigned the number 0 to the mercury level corresponding to the thermal equilibrium of amixture
of ice and common salt and assigned the number 96 to the level corresponding to the temperature of
the human body. He found that on the same scale the freezing and boiling points of water correspond
to numbers 32∘F and 212∘F, respectively.
‡René Antoine Ferchault de Réaumur (1683–1757) was a leading physicist, engineer, and natural-
ist. In thermodynamics, he is remembered for inventing in 1731 the alcohol thermometer and the
Réaumur temperature scale, on which the freezing point of water is 0 R and the boiling point 80 R.
His fascinating career included the study of gold-bearing rivers, turquoise mines, forests, insects,
crayfish, Chinese porcelain, opaque glass, the composition and manufacture of iron and steel, and
methods for tinning iron.
§Anders Celsius (1701–1744), professor of astronomy at the University of Uppsala, proposed in
1742 the centigrade scale on which the freezing and boiling of water at atmospheric pressure occur
at 100∘C and 0∘C, respectively. The present Celsius system has the scale reversed; it was introduced
in 1747.
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Figure 1.6 The four thermodynamic temperature scales.

consequently, build a wall between thermodynamics and heat transfer. The
word adiabatic† describes the boundary for which

Q̇ = 0 (1.11)

regardless of the magnitude of the temperature gradient in the direction nor-
mal to the boundary. This concept was introduced by Laplace in caloric theory
[6, p. 61]; however, in thermodynamics it was made popular by Rankine’s book
[18] and the creative use of adiabatic lines in the graphic description of steam
engine cycles. The second word, diathermal,‡ refers to a boundary across which
the temperature gradient is zero even in the presence of heat transfer. If n is the
direction normal to the boundary, for a diathermal boundary we can write

𝜕T
𝜕n

= 0 (1.12)

†From the Greek word adiabatos (“not to be passed; impossible to pass”).
‡From the Greek words dia (“through”) and therme (“hot”), or thermotis (“heat”).
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The adiabatic boundary model does not invalidate the boundary definition rule
discussed in connection with Fig. 1.2: The temperature varies continuously
across the boundary surface; however, the thermal conductivity of the local
material is so low, or the time of observation is so short, that Q̇ = 0 is a very
good approximation of the energy transferred as heat across the boundary.

To model a boundary as adiabatic or diathermal means to compare the time
scale of the process executed by the system with the time that elapses if the
system and its environment are allowed to reach thermal equilibrium. If the pro-
cess time scale is considerably shorter than the time to thermal equilibrium, the
boundary can be modeled as adiabatic. In the opposite extreme, the boundary
approaches the diathermal model.

1.5 ENERGY CHANGE

The right side of eq. (1.1) is shorthand for a general expression whose terms
distinguish between macroscopically identifiable forms of energy storage and
the form that cannot be identified macroscopically (which is called internal
energy):

E2 − E1
⏟⏟⏟
Energy
change

= U2 − U1
⏟⏞⏟⏞⏟
Internal
energy

+ 1
2
mV2

2 −
1
2
mV2

1
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

Kinetic energy

+ mgz2 − mgz1
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

Gravitational
potential
energy

+ (E2 − E1)
⏟⏞⏞⏟⏞⏞⏟

Other
macroscopic
forms of

energy storage
(Table 1.1)

(1.13)

Whether all these terms have to be included in the composition of E2 − E1
depends on the system selected for analysis. In the thermodynamics of power
and refrigeration systems, the three components that usually enter the analysis
are the internal energy, the kinetic energy, and the gravitational potential energy.
In thermostatics—the study of finite-size batches of substances or mixtures of
substances in equilibrium—only the internal energy change term is relevant.

The term that accounts for forms of macroscopic energy storage, (E2 − E1)i,
depends on the constitution of the system. A list of the simplest possible expres-
sions for such terms is compiled in Table 1.1, which is based on examples
drawn from mechanical and electrical engineering. Each of the expressions
listed for (E2 − E1)i is based on assuming the existence of a particular con-
stitutive relation. The examples of Table 1.1 are by far the simplest because
the cited constitutive relations are independent of one another, and each energy
storage term (E2 − E1)i can be increased or decreased only through a character-
istic energy interaction listed in the 𝛿W column. Such energy interactions and
forms of energy storage can be described as uncoupled.

Not listed in Table 1.1 are examples of coupling: that is, the existence of
two or more energy interactions that can affect the same mode of energy stor-
age. Energy conversion systems are primary examples of coupled behavior:
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For example, the electromechanical energy of an electric motor can be changed
through shaft work transfer, electrical work transfer, and a combination of shaft
work transfer and electrical work transfer. In the systems encountered regularly
in power and refrigeration, the system’s internal energy can be changed through
work transfer, heat transfer, and a combination of work and heat transfer.

The general decomposition of energy change revealed by eq. (1.13) is also a
hint of the historical development of the concept of energy and its terminology.
Leibnitz discussed the conservation of the sum of the kinetic and potential ener-
gies using the name vis viva (“live force”) formV2 and vis mortua (“dead force”)
formgz. The same conservation idea was implicit in GalileoGalilei’s earlier for-
mula for the velocity of a free-falling body, V = (2gs)1∕2, where s is the travel
measured downward from the position of rest. The vis viva theory entered the
realm of fluid mechanics in 1738 through Daniel Bernoulli’s treatise on hydro-
dynamics [19] and, in an isolated earlier instance, through Torricelli’s 1644
formula for the discharge velocity of a fluid driven by its own weight through
an orifice. The internal energy term and the symbol U come from Clausius [13,
20] and Rankine [18], although the terms inner work, internal work, and intrin-
sic energy were also used by their engineering contemporaries (e.g., Zeuner
[14]). The term energy, which in thermodynamics was proposed by William
Thomson in 1852, had been coined in 1807 by Thomas Young, the discoverer
of the phenomenon of optical interference [21]. Additional highlights of the
history of first-law concepts are given in Table 1.2 and in the closing section of
this chapter.

Example 1.1. Consider a rigid and evacuated container (bottle) of volume V that
is surrounded by the atmosphere (T0, P0). At some point in time, the neck valve of
the bottle opens, and atmospheric air gradually flows in. The wall of the bottle is
thin and conductive enough so that the trapped air and the atmosphere eventually
reach thermal equilibrium. In the end, the trapped air and the atmosphere are also in
mechanical equilibrium, because the neck valve remains open.

Determine the net heat interaction that takes place through the wall of the bottle
during the entire filling process. The challenge consists of solving the problem using
the first-law statement for closed systems [eq. (1.1)]. As the closed system in this
example, we identify the total air mass that eventually rests inside the bottle:

m =
P0 V

RT0
(a)

The final state of the system is represented by the properties (T0,P0,V). Next, imagine
the position of the air mass m in the beginning of the process: That mass resides
outside the bottle, and its temperature and pressure are atmospheric. Using eq. (a)
and the PV = mRT equation of state, we learn that the original volume occupied by
m outside the bottle is also equal to V.

Using 1 and 2 for the beginning and the end of the process by which the closed
system m moves inside the bottle, the first law provides the equation with which to
calculate the unknown Q1–2:

Q1–2 −W1–2 = U2 − U1 (b)
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Since we are treating the air mass as an ideal gas in which T1 = T2 = T0, we note that
U2 − U1 = mcv(T2 − T1) = 0; that is,

Q1–2 = W1–2 (c)

Finally, we calculate the work interaction by noting that two portions of the bound-
ary of system m move during the process: first, the interface between m and the rest
of the atmosphere and, second, the interface betweenm and the evacuated space. The
pressures along these two surfaces are P0 and 0, respectively, which means that work
transfer is associated only with the movement of the first interface:

W1−2 = ∫
2

1
P dV = P0 ∫

2

1
dV (d)

The integral ∫ 21 dV represents the volume swept by the interface as it is being pushed
inward by the atmosphere. The size of the volume integral is −V , where the V comes
from the volume originally occupied by m outside the bottle (note that V must be
swept by the interface entirely if m is to end up in the bottle) and the minus comes
from the fact that the interface moves in the direction of the forces applied by the
ambient on the moving boundary [review the work transfer definition (1.7)]. Then,

Q1–2 = −P0V < 0 (e)

In conclusion, the physical sense of the heat transfer through the bottle wall is
such that the atmosphere acts as a heat sink. In absolute terms, the heat transfer
rejected to the atmosphere matches the work done by the atmosphere for the
purpose of “extruding” m through the neck valve. We consider this problem again in
Example 1.2.

1.6 OPEN SYSTEMS

In thermodynamics we rely most often on a generalization of the first-law
statement that in Section 1.5 was reviewed in the context of closed systems.
The generalization is almost as old as the statement of the first law for closed
systems: It consists of allowing for mass flow across certain portions of
the system boundary and writing the equivalent of eq. (1.1) or (1.5) for an open
system (control volume).

Figure 1.7 shows the main features of an open system: heat interactions per
unit time, Q̇; work interactions per unit time, Ẇ; and portions of the boundary
that are crossed by the flow of mass. For simplicity, the figure shows only one
of each type of boundary crossing, one inlet port labeled “in,” and one outlet
port labeled “out.” The open system, or the control volume, is the region con-
tained between the inlet and outlet ports; in other words, the stationary dashed
lines labeled in and out belong to the boundary of the open system. The work
transfer rate Ẇ refers to any mode or combination of work modes, P dV/dt, Ẇsh,
Ẇelectrical, Ẇmagnetic, and so on.
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Figure 1.7 Flow of a closed system (shaded area) through the space occupied by an
open system and the conversion of the first law for closed systems into a statement valid
for open systems.

Because the first-law statement (1.1) applies strictly to closed systems, we
seek a system with a fixed mass inventory that is related to the open system
of interest. If Mopen is the mass inventory of the open system at a certain point
in time t, we can think of the fixed mass inventory Mclosed that flows at time
t through the control volume. According to Fig. 1.7, the relationship between
Mopen and Mclosed is

Mclosed constant = Mopen,t + ΔMin = Mopen,(t+Δt) + ΔMout (1.14)

For the process from state 1 (time t) to state 2 (time t + Δt) executed by the
closed system, the first law of thermodynamics (1.1) reads

Eclosed,(t+Δt) − Eclosed,t = Q̇ Δt − Ẇ Δt + (P ΔV)in − (P ΔV)out (1.15)

The last two terms on the right side account for the P dV type of work transfer
associated with the deformation of the closed system from time t to time t + Δt.
Note that in each term P is the local pressure: that is, the pressure in the imme-
diate vicinity of the port. Relations similar to eq. (1.14) express the relative size
of the energy inventories of the closed and open systems:

Eclosed,t = Eopen,t + ΔEin (1.16)

Eclosed,t+Δt = Eopen,(t+Δt) + ΔEout (1.17)

The ΔE’s and ΔV’s can be rewritten in terms of their per-unit mass as e and v,

(ΔE)in,out = (eΔM)in,out and (ΔV)in,out = (vΔM)in,out (1.18)

Like the port pressure P, the specific energy and volume (e and v, respectively)
are properties of the intensive state of the fluid that crosses the boundary at
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time t. Combining eqs. (1.15)–(1.17) for the purpose of eliminating the terms
that refer to the energy inventory of the closed system (Eclosed), we obtain

1
Δt

(Eopen, (t+Δt) − Eopen, t) = Q̇ − Ẇ +
[

(e + Pv)ΔM
Δ t

]

in
−
[

(e + Pv)ΔM
Δ t

]

out

(1.19)

Invoking the limit Δt → 0, writing ṁ for the mass flow rate ΔM∕Δt, dropping
the subscript “open” from the energy inventory of the control volume, and
assuming that more than one inlet port and outlet port exist, we arrive at the
most general statement of the first law of thermodynamics for an open system:

dE
dt

= Q̇ − Ẇ +
∑

in

ṁ(e + Pv) −
∑

out

ṁ(e + Pv) (1.20)

What makes this statement more general than the per-unit-time first law for
closed systems [eq. (1.5)] are the terms ṁ (e + Pv): These terms represent the
energy transfer associated with the flow of mass across the system boundary.
Finally, in the absence of macroscopic forms of energy storage other than
kinetic and gravitational, the specific energy e can be decomposed into
(u + 1

2
V2 + gz) [eq. (1.13)]. The result of this decomposition is that the specific

enthalpy
h = u + Pv (1.21)

shows up explicitly in the terms accounting for energy transfer via mass flow:

dE
dt

= Q̇ − Ẇ +
∑

in

ṁ
(

h + 1
2
V2 + gz

)

−
∑

out

ṁ
(

h + 1
2
V2 + gz

)

(1.22)

In the fields of gas dynamics and compressible fluid mechanics, the group(

h + 1
2
V2

)

is recognized as the local stagnation enthalpy of the flowing fluid.
TheΔt → 0 limit can be invoked in connection with the second of eqs. (1.14)

to yield the mass conservation statement:

dM
dt

=
∑

in

ṁ −
∑

out

ṁ (1.23)

This equation spells out the difference between open systems and closed sys-
tems (in the latter, the ṁ values are all zero and the mass inventory M is a
constant).

Important in applications is a special class of open systems whose inven-
tories of mass (M), energy (E), and entropy (S) (Chapter 2) are time indepen-
dent. Such systems are said to operate in the steady-state or stationary regime.
The equations that govern their operation are simpler because time derivatives
such as dE/dt and dM/dt in eqs. (1.22) and (1.23) vanish. The constancy of



Trim Size: 6.125in x 9.25in Bejan c01.tex V2 - 08/08/2016 6:35pm Page 21�

� �

�

OPEN SYSTEMS 21

the M, E, and S inventories in time does not mean that the mass, energy, and
entropy are distributed uniformly through the space occupied by the open sys-
tem. The steady state should not be confused with the spatial uniformity of the
intensive state.

The first law of thermodynamics for open systems and its enthalpy-based
presentation illustrate the aging of thermodynamics into a discipline that
threatens to lose sight of its origins. The first law for open systems was first
formulated by Gustav Zeuner as part of the analysis of flow systems that
operate in the steady state. He made this result known primarily through his
technical thermodynamics treatise, whose first German edition was published
in 1859 [14, pp. 225–231]. Equally impressive is that Zeuner saw and stressed
the important role played by the first law in fluid mechanics next to the
other equations that in his time were recognized as the pillars of fluid and
gas dynamics [22]. Zeuner’s name never made it into the fluid mechanics
vocabulary; more surprising is that it disappeared from the thermodynamics
literature beginning with the turn of the century.† The most recent reference
I can find in connection with “Zeuner’s formula” is in Stodola’s treatise on
steam turbines, first published in German in 1903 [23]. Zeuner’s statement
of the first law for steady flow and the argument on which its derivation was
based are present in virtually every engineering thermodynamics treatise of
the twentieth century.

Another example of death and forgetting in the world of thermodynamics is
the invention of the word enthalpy. The widespread use of this term was trig-
gered by the work of another professor from the old University of Dresden,
Richard Mollier (the other influential Dresden figure had been Gustav Zeuner).
Mollier recognized the importance of the group u + Pv in the first-law analy-
sis of steam turbines, next to entropy (s) in second-law analysis. He presented
graphically and in tabular form the properties of steam as the now famous
enthalpy–entropy chart (the Mollier chart, h–s) [24]. Mollier referred to the
group u + Pv as “heat contents” and “total heat” and labeled it i. The symbol
i was used until about 40 years ago in the thermodynamics taught in German,
Russian, and the languages of central and eastern Europe.Mollier’s contribution

†About the forget-first-the-engineer syndrome, Rankine wrote in 1859:

[T]he improvers of the mechanical arts were neglected by biographers and historians, from a
mistaken prejudice against practice, as being inferior in dignity to contemplation; and even in
the case of men such as Archytas [an ancient Greek philosopher] and Archimedes, who com-
bined practical skill with scientific knowledge, the records of their labours that have reached our
time give but vague and imperfect accounts of their mechanical inventions, which are treated
as matters of trifling importance in comparison with their philosophical speculations. The same
prejudice, prevailing with increased strength during the middle ages, and aided by the preva-
lence of the belief in sorcery, rendered the records of the progress of practical mechanics, until
the end of the fifteenth century, almost a blank. Those remarks apply, with peculiar force, to the
history of those machines called PRIME MOVERS. [18, p. xv]

Which is why Rankine—the engineer and cofounder of classical thermodynamics (next to
Clausius and Kelvin)—is almost never mentioned by the philosophers.
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is not the discovery of the group u + Pv—this group was already known as
Gibbs’s “heat function for constant pressure” (symbol 𝜒) [10, p. 92]—rather, it
is the invention of an important graphical tool whose impact on the efficiency of
slide rule calculations in thermal design is beyond question. The term enthalpy†

was coined by Kamerlingh Onnes [26], professor at the University of Leiden,
otherwise famous for having been the first to liquefy helium and to discover
the phenomena of superconductivity and superfluidity. Part of the mystery that
persists in the wake of Kamerlingh Onnes innovations is due to the limited cir-
culation enjoyed by his original writings, for which he used Dutch as language
and the bulletin of his own low-temperature laboratory as journal [26].

Example 1.2. Consider again the problem stated in Example 1.1, this time in
the context of open systems: This phenomenon is the common “filling” process.
The object is to determine the heat interaction that occurs across the bottle wall during
the filling process.

As open system, we choose the space contained by the bottle. The system has one
inlet port (the neck valve), and the operation of the system is unsteady (the system
accumulates mass during the process). The mass conservation equation and the first
law require at any instant that

dM
dt

= ṁ (a)

dU
dt

= Q̇ + ṁh0 (b)

where M and U are the instantaneous inventories of mass and internal energy of the
system. The symbols Q̇, ṁ, and h0 stand for the instantaneous heat transfer rate into
the system, the instantaneous inlet flow rate, and the enthalpy of atmospheric air,
h0(T0, P0) = const. The unknown is the integral

Q1−2 = ∫
2

1
Q̇ dt (c)

where 1 and 2 denote the start and finish of the filling operation, respectively.
Combining eqs. (a)–(c), it is easy to show that

Q1–2 = U2 − U1 − h0(M2 −M1) (d)

Or, since the open system is initially evacuated (U1 = 0, M1 = 0),

Q1–2 = U2 −M2h0 (e)

Finally, we note that U2 = M2u0, where u0 is the specific internal energy of air at T0
and P0 (recall that T2 = T0 and P2 = P0). Combining eq. (e) with the definition of
enthalpy, we obtain

h0 = u0 + P0v0 (f)

†Accent on the second syllable; from the Greek word enthalpein (“to heat”).
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and noting that V = M2v0, we arrive at the same answer as in Example 1.1:

Q1–2 = −P0M2v0 = −P0V (g)

Comparing the two methods of deriving this answer, my impression is that the
open-system analysis of Example 1.2 is more direct. However, the closed-system
approach used in Example 1.1 reveals not only the size and sign of Q1–2 but also the
physical meaning of the expression P0V. We discuss this physical meaning again in
Example 2.2.

The combined message of Examples 1.1 and 1.2 is that there is more than
one way in which to pursue the solution to a given problem. The researcher is
free to choose the method [1, p. 56].

1.7 HISTORY

The review presented so far emphasized the main concepts associated with the
first law and those items that are most likely to lead to confusion in the process
of analyzing a system and process. It was not possible to discuss these points
without drawing attention to their historical background: The effort to under-
stand the pioneers (their personality, research methodology, fights, victories,
and disappointments) deserves emphasis. If we are to speak exotic words such
as energy, enthalpy, and entropy, the best teachers of this language can only be
its inventors.

We develop a better understanding of the meaning of the first law by look-
ing at its position against the evolution of science. A number of highlights are
presented in Table 1.2 by recording first a new concept or discovery, the person
responsible for it, and the time frame (usually, the year of publication of the
innovator’s main opus). The historic record is so vast that any condensation of
the type exhibited here reflects first the writer’s bias and incomplete knowledge
of history. In the present display, these events are organized in two columns (or
“currents”) whose confluence is marked by the emergence of thermodynamics
in the mid-1800s.

On the practical side, the “work” line refers to human preoccupation with
(1) mechanisms that transmit the mechanical power derived from animal,
hydraulic, aeolian, or combustible origins and (2) machines that produce
mechanical power while consuming fuel (atmospheric pumping engines, steam
engines). The preoccupation with hotness (the “heat” line in Table 1.2) was the
measurement of temperature, the quantity of heat, and in more recent times the
rate of heat propagation (heat transfer).

One practical contribution of the heat line was the recording of the changes
undergone by various substances under the influence of heating and cooling: for
example, the dilation of thermometric fluids and “permanent gases.” Through
such experiments, it was discovered that the state of a batch is determined by
two independent properties in addition to the mass of the batch that was being
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studied. It is this early work that provides the empirical foundation for what we
now call state principle and for the analytical and tabular summaries known as
equations of state (Chapter 4).

The confluence of the work and heat lines was accompanied on a theoret-
ical level by the coexistence of two views on the nature of hotness: (1) the
mechanical theory, holding that heat is the manifestation of motion (live force)
at the molecular level, and (2) the material or caloric theory, maintaining that
the caloric fluid contained in a substance is uniquely defined if the state is speci-
fied. The key word is coexistence,which means that the mechanical and caloric
theories were not mutually exclusive and that they were accepted together as
complementary. Note that the success and wide acceptance of the newer theory
(the caloric theory) were the result of the great service that this theory rendered
to the quantitative fields of thermochemistry and “heat engineering.”

No theory is perfect and forever. One respect in which the caloric theory
failed—the generation of heat through friction—was well known in the 1700s
and was certainly known by Lavoisier and Laplace. This particular limitation of
the caloric theory was assaulted in a series of papers started in 1798 by Count
Rumford [27, 28] based on exhaustive and otherwise approximate observations
of the heat generated by a drill during the boring of a cannon.† This theme was

†Count Rumford’s 1798 paper begins with advice to all researchers to keep their eyes open:

It frequently happens, that in the ordinary affairs and occupations of life, opportunities present
themselves of contemplating some of the most curious operations of nature; and very interesting
philosophical experiments might often be made, almost without trouble or expence, by means
of machinery contrived for the mere mechanical purposes of the arts and manufacturer.

I have frequently had occasion to make this observation; and am persuaded, that a habit of keep-
ing the eyes open to every thing that is going on in the ordinary course of the business of life
has oftener led, as it were by accident, or in the playful excursions of the imagination, put into
action by contemplating the most common appearances, to useful doubts and sensible schemes
for investigating and improvement, than all the more intense meditations of philosophers, in the
hours expressly set apart for study. [27, p. 80]

About the experiment in which water boiled as a result of frictional heating, he wrote:

At 2 hours 20 minutes it was at 200∘(F); and at 2 hours 30 minutes it ACTUALLY BOILED!

It would be difficult to describe the surprise and astonishment expressed by the countenances of
the by-standers, on seeing so large a quantity of cold water heated, and actually made to boil,
without any fire.

Though there was, in fact, nothing that could justly be considered as surprising in this event, yet
I acknowledge fairly that it afforded me a degree of childish pleasure, which, were I ambitious
of the reputation of a grave philosopher, I ought most certainly rather to hide than to discover.
[27, p. 92]

His final and famous conclusion on the origin of the observed heating effect was as follows:

It is hardly necessary to add, that any thing which any insulated body, or system of bodies, can
continue to furnish without limitation, cannot possibly be a material substance: and it appears to
me to be extremely difficult, if not quite impossible, to form any distinct idea of any thing, capa-
ble of being excited, and communicated, in the manner the heat was excited and communicated
in these experiments, except it be MOTION. [27, p. 99]
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also advocated by Sir Humphry Davy, who communicated that he was able to
induce the melting of two blocks of ice by rubbing them against each other.
Although the correctness of Davy’s communication has been questioned [29],
and despite the view expressed by some that Rumford had a gift for exagger-
ation, the vociferous attack on one shortcoming of the caloric theory played
an important role in the developments that were to take place in the 1840s and
1850s. The Rumford–Davy theme did not win many converts at the turn of the
century; however, it was used conveniently and successfully by the founders
of thermodynamics (Joule even attributed to Rumford the honor of having first
measured the heat equivalent of work—this in order to draw the establishment’s
attention to his own measurements [30]).

The Rumford–Davy line prepared an audience for the theory that was to
arrive. Note Sadi Carnot’s Manuscript Notes papers, which were saved and
revealed first in 1871 by Sadi’s brother Hippolyte and which had probably been
written around the time of his 1824 memoir [31]. In these notes we find that
Sadi Carnot had questioned the conservation of caloric doctrine and decided,
“Heat is nothing more than motive power, or, in other words, the motion that
has changed form. Wherever motive force is produced, there is always pro-
duction of heat in a quantity precisely proportional to the quantity of motive
power destroyed. Conversely: Wherever there is destruction of heat, there is
production of motive power.” He concludes that “one can state as a general
thesis that the motive power is an invariable quantity in nature and that it is
never, properly speaking, produced or destroyed. In fact, it changes form; that
is, it produces sometimes one kind of motion, sometimes another, but it is never
exhausted” [15, p. 51; my translation]. After this unambiguous statement of the
future principle of the conservation of energy (the first law), he reports an esti-
mate of the heat equivalent of one unit of motive power, which today amounts
to 3.7 J/cal—that is, only 12% below the modern value of 4.186 J/cal.

Sadi Carnot’s unpublished notes do not detract from the credit that Mayer
and Joule deserve for publishing similar views and for fighting the battle to have
them accepted. The notes show, however, that Sadi Carnot’s thinking was well
ahead of the views expressed in his published memoir and, quite possibly, that
the conservation of caloric doctrine was losing ground among some of his peers.
One of these, Emile Clapeyron, wrote in 1834 that “a quantity of mechanical
action and a quantity of heat which can pass from a hot body to a cold body are
quantities of the same nature, and that it is possible to replace the one by the
other—in the same manner as in mechanics a body which is able to fall from a
certain height and a mass moving with a certain velocity are quantities of the
same order, which can be transformed one into the other by physical means”
[4, pp. 36–51].

The first theory expressing that heat and work are equivalent and that their
respective units are convertible was published independently by Mayer in May
1842 [32] and Joule in August 1843 [33]. This dual approach to such a great
step is a perfect example of how differently two people can think, and it is a
very strong case for free access to the marketplace of ideas as the best recipe
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for scientific progress. An important item in the history of the first law is that
both Mayer and Joule had difficulty in getting their papers published and in
being taken seriously by their established contemporaries.

Mayer was the theoretician, the man obsessed by the idea: He conceived
it in circumstances that even today appear removed from the thermodynamics
scene, and then he relied on the contemporary state of knowledge to support its
validity. Joule, on the other hand, was the ultimate experimentalist: He first dis-
covered in his measurements that the heat generated by electrical resistances is
proportional to the mechanical power required to generate the electrical power.
He then recognized the importance of this proportionality and drew the revolu-
tionary conclusion that a universal proportionality must exist between the two
effects (work and heat). Only to polish this idea and to convince the skeptics
(e.g., the Royal Society), he produced a series of nakedly simple experiments
whose message proved impossible to refute. The most memorable among these
experiments was the heating of a pool of water by an array of paddle wheels
driven by falling weights.

Mayer’s entrance on this controversial stage was considerably different.
A medical doctor by training, he was serving as surgeon on a ship sailing
through the East Indies when he observed that the blood of European sailors
showed a brighter color of red: that is, a smaller rate of oxidation. This was
in July 1840. He attributed this observation to the high temperatures near the
equator: that is, to the lower metabolic rate that is needed to maintain the
body temperature. Mayer, however, went beyond the connection between
the chemical energy contained in food and the rejection of body heat to the
ambient: He saw the energy of food as the common source of both body heat
and muscular work; in other words, he saw intuitively that heat and work
are interconvertible.

Mayer was very clear about the meaning of his theory: “We must find out
how high a particular weight must be raised above the surface of the earth in
order that its falling power may be equivalent to the heating of an equal weight
of water from 0∘ to 1∘C” [32, p. 240]. He reasoned that an amount of gas has
to be heated more at constant pressure than at constant volume, because at con-
stant pressure it is free to dilate and do work against the atmosphere; in today’s
notation we would writemcPΔT − mcvΔT = PatmΔV , whereΔV is the volume
increment associated with ΔT and P = Patm. Using the cP and cP∕cv constants
known in his time, he estimated the left side of the equation in calories, while
the right side was known in mechanical units. He established the equivalence
between these units numerically by listing 365 m as the answer to the question
quoted earlier in this paragraph (this number corresponds to 3.58 J/cal; that is,
it is nearly the same as Sadi Carnot’s estimate on p. 28). Worth noting is that
if we use Clapeyron’s equation Pv = RT in Mayer’s argument previously, we
arrive at cP − cv = R: This classical relation between the specific heats of an
ideal gas is recognized as Mayer’s equation.

Most, if not all, of the credit for convincing the skeptics and putting the
heat/work equivalence on the books belongs to Joule, whose experiments found
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a strong and very influential supporter in William Thomson.† Mayer received
recognition for his theoretical contribution later, thanks to the efforts of Tyndall,
Helmholtz, and, among engineers, Zeuner. Helmholtz’s letter to Tait on behalf
of Mayer [35, 36] is, in retrospect, an important statement on scientific progress
and a discoverer’s troubles with the establishment in [36]:

I must say that to me the discoveries of Kirchhoff in this area (radiation and absorp-
tion) appear to be one of the most instructive cases in the history of science, precisely
because so many others had previously been so close to making the same discoveries.
Kirchhoff’s predecessors in this field were related to him in roughly the same way in
which, with respect to the conservation of force, Robert Mayer, Colding, and Seguin
were related to Joule and William Thomson.

With respect to Robert Mayer, I can, of course, understand the position you have
taken in opposition to him; I cannot, however, let this opportunity pass without stat-
ing that I am not completely of the same opinion. The progress of the natural sciences
depends always upon new inductions being formed out of available facts, and upon
the consequence of these inductions, insofar as they refer to new facts, being com-
pared with reality through the use of experiments. There can be no doubt concerning
the necessity of this second undertaking. This part of science often requires a large
amount of work and great ingenuity, and we are obligated in the highest degree to
those who do it well. The fame of discovery, however, remains with those who have
found the new idea; the later experimental verification is quite a mechanical occupa-
tion. Further, we cannot demand unconditionally that the person who discovers a new
idea also be obligated to carry out the second part of the work. If this were the case,
we would have to reject the greatest part of the work of all mathematical physicists.
William Thomson, for example, produced a number of theoretical papers concerning
Carnot’s law and its consequences before he performed a single experiment, and it
would not occur to any one of us to treat these lightly.

Robert Mayer was not in a position to conduct experiments; he was repulsed by the
physicists with whom he was acquainted (this also happened to me several years
later); it was only with difficulty that he could find space for the publication of his
first condensed formulation of this principle. You must know that as a result of this
rejection he at last became mentally ill. It is now difficult to set oneself back into the
modes of thought of that period, and to make clear to oneself how absolutely new the
whole idea seemed at that time. I should imagine that Joule too must have fought for
a long time in order to gain recognition for his discovery.

†In a note dated 1885, Joule wrote:

It was in the year 1843 that I read a paper “On the Calorific Effects of Magneto-Electricity and
the Mechanical Value of Heat” to the Chemical Section of the British Association assembled at
Cork. With the exception of some eminent men . . . the subject did not excite much general atten-
tion; so that when I brought it forward again at the meeting in 1847, the chairman suggested
that . . . I should not read my paper, but confine myself to a short verbal description of my exper-
iments. This I endeavoured to do, and discussion not being invited, the communication would
have passed without comment if a young man had not risen in the section, and by his intelligent
observation created a lively interest in the new theory. The young man was William Thomson,
who had two years previously passed the University of Cambridge with the highest honour, and
is now probably the foremost scientific authority of the age. [34]
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Thus, although no one can deny that Joule did much more than Mayer, and although
onemust admit that in the first publications ofMayer thereweremany things that were
unclear, still I believe that one must accept that Mayer formulated this idea, which
determined the most important recent progress in the natural sciences, independently
and completely. His reward should not be lessened because at the same time another
man in another country and under other conditions made the same discovery and, to
be sure, carried it through afterward better than he did.
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PROBLEMS

1.1 One invention that revolutionized the design of the early steam engine
was the principle of expansive operation (see Hornblower and Watt,
Fig. 2.1). According to the “old design,” high-pressure steamwas admit-
ted from the boiler throughout the work-producing stroke of the piston,
i–f . During this process, the cylinder pressure remained practically con-
stant and equal to the steam supply pressure, P1. Before the piston could
be returned to its original position (i), the high-pressure steam that filled
the V2 volume had to be exhausted into the atmosphere.

The “new design” consisted of cutting off the admission of steam at
some intermediate volume V1 and allowing the gasm1 trapped inside the
cylinder to work “expansively” (i.e., to expand as a closed system) as the
piston completed its work-producing stroke. The purpose of the steam
cutoff feature was to lower the final cylinder pressure to the atmospheric
level to avoid the costly discharge of high-pressure steam.

Evaluate the relative goodness of the new design, where “goodness”
can be measured as the work produced during one full stroke Wi−f
divided by the total amount of (T1, P1) gas drawn from the gas supply
to execute that stroke. To develop an answer analytically, make the
following simplifying assumptions:

• Instead of steam, the fluid that enters and expands in the cylinder
is an ideal gas with known constants R and cv.

• Initially, the piston touches the bottom of the cylinder, Vi = 0.
• The heat transfer through the wall of the cylinder is negligible.

Figure P1.1



Trim Size: 6.125in x 9.25in Bejan c01.tex V2 - 08/08/2016 6:35pm Page 34�

� �

�

34 THE FIRST LAW

(a) Consider first the old design and calculate in order:
(1) The work delivered during one stroke,Wi−f
(2) The final temperature inside the cylinder, Tf
(3) The final gas mass mf admitted into the cylinder at state f
(4) The goodness ratioWi−f∕mf

(b) Consider next the new design, where the connection between the gas
supply and the cylinder stays open only between V = 0 and V = V1.
The expansion from V = V1 to V = V2 can be modeled as reversible
and adiabatic. Calculate in order:
(1) The ideal gas massm1 trapped in the cylinder at V= V1 and later
(2) The work delivered during one stroke,Wi−f
(3) The goodness ratioWi−f∕m1

(c) Show that the goodness ratio of the new design is greater than the
goodness ratio of the old design.

1.2 One kilogram of H2O (the “system”) is being heated in a rigid con-
tainer. In the initial state, the system is a mixture of liquid water and
steam of temperature T1 = 100∘C and vapor quality x1 = 0.5. The total
heat transfer experienced by the system from state 1 to state 2 is Q1–2 =
2199.26 kJ.
(a) Draw the path of the process on a P–v diagram.
(b) Pinpoint the final state 2; that is, determine two independent

properties of the system at state 2.
(c) Determine T2 and P2.
(d) Comment on the dependence of the system’s internal energy on tem-

perature at states near state 2. For example, can H2O be modeled as
an ideal gas in the vicinity of state 2?

1.3 An amount of ideal gas m (with known constants R and cv) is confined
by means of two rigid and diathermal diaphragms and one floating pis-
ton in three compartments, as shown in Fig. P1.3. Each compartment
contains one-third of the amount of ideal gas; however, the pressure dif-
fers from one compartment to the next (pressures P1A, P1B, and P1C are
known). The three compartments are initially in thermal equilibrium at
temperature T1.

Consider next the adiabatic process 1 → 2 triggered when the two
diaphragms are punctured. In the end (at state 2), the ideal gas is charac-
terized by a unique pressure P2 and a unique temperature T2. Determine
the final temperature T2 and show that your conclusion can be shaped as
follows:

T2
T1

= function

(
R
cv
,
P1A

P1B
,
P1A

P1C

)
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Figure P1.3

1.4 During its warm-up phase and before the pressure release safety
valve opens, a pressure cooker can be modeled as a constant-volume
rigid container that is being heated at a rate Q̇. Let m be the mass
of the liquid–water vapor mixture at some point in time t when the
quality of the mixture is x and the pressure is P. Assuming that Q̇, x,
and P are known, determine analytically the rate of pressure increase
in the pressure cooker (dP/dt) as a function of Q̇, m, x, and various
properties of the saturated states f (liquid) and g (gas) that correspond to
pressure P.

1.5 A rigid container with volume V is originally filled with water of tem-
perature T1. A hose is then connected to an inlet port and hotter water
of temperature T2 is pumped into the container at a mass flow rate ṁin,
while another venting port allows the displaced water to flow out, the
pressure being constant.

Assume that inside the container the incoming hot water mixes
quickly with the water inside, so that the temperature is to a good
approximation uniform. The water can be viewed as an incompressible
liquid with constant specific volume vw and with du = c dT , where the
specific heat c is given.
(a) Treating the container as an open system, derive an expression for

the temperature T inside the container as a function of time. Neglect
effects due to gravity and kinetic energy.

(b) Suppose that the container has a volume of 1 m3 and vw =
10–3 m3∕kg. If T1 = 10∘C and T2 = 40∘C, what hot-water mass
must be pumped into the container to raise the inside temperature
from 10∘C to 20∘C?

1.6 Two masses (m1, m2) travel in the same direction at different velocities
(V1, V2). They happen to touch and rub against each other, and after a
sufficiently long time they acquire the same velocity (V∞). Consider the
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Figure P1.6

system composed of m1 and m2, and also consider the process (a)–(b)
illustrated in Fig. P1.6. There are no forces between the system and its
environment. Determine the ratio 𝜂 = KEb∕KEa as a function of m2/m1
and V2/V1, where KE is the kinetic energy inventory of the system. Show
that 𝜂 < 1 when V2 ≠ V1 and 𝜂 is of order 1 when m2∕m1 is of order 1.
Next, assume that the masses m1 and m2 are incompressible substances
and that (a) and (b) are states of thermal equilibrium with the ambient of
temperature T0. Determine an expression for the heat transfer between
the system and the environment.

1.7 Consider a closed system that undergoes a cycle.
(a) Is it possible for there to be a net transfer of work if there is no

transfer of heat?
(b) Is it possible for there to be a net transfer of heat if there is no transfer

of work?
(c) If the net work transfer is zero, does this mean that there is no heat

transfer?
(d) If the net transfer of heat is zero, does this mean that there is no work

transfer?

1.8 A closed system contains 1 kg of water that is being heated in a rigid
container. In the initial state, the system is a mixture of liquid water and
steam of temperature T1 = 100∘C and vapor quality x1 = 0.5. The total
heat transfer experienced by the system from state 1 to state 2 is Q1–2 =
2199.26 kJ.
(a) Draw the path of the process on the P–v diagram.
(b) Pinpoint the final state 2; that is, determine two independent prop-

erties of the system at state 2.
(c) Determine T2 and P2.
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(d) Comment on the dependence of the system’s internal energy on
temperature at states near state 2. Can water be modeled as an ideal
gas in the vicinity of state 2?

1.9 A closed system contains an amount (m) of incompressible substance
of temperature T1. The system boundary is adiabatic. The system vol-
ume is V1. During process 1–2 the environment performs the workW1–2
on the system. Determine state 2 by evaluating the final volume V2 and
temperature T2.

1.10 Aclosed system (m) expands isothermally and quasi-statically from state
1 to state 2.
(a) Show that if m is an ideal gas, Q12 = W12 and U2 − U1 = 0.
(b) Show that if m is initially saturated liquid (1 = f ), and finally sat-

urated vapor (2 = g), the expansion is such that Q12 = mhfg, W12 =
mPvfg, and U2 − U1 = mufg. Why is U2 − U1 not zero in case (b)?

1.11 The airplane captain announces to the passengers that the outside air
temperature is “minus forty degrees.” One passenger, obviously an SI
enthusiast, cannot resist and shouts “Celsius, or Fahrenheit?” Was the
captain’s statement incorrect?

1.12 Air at atmospheric temperature T0 is being pumped and stored in an
underground cavern initially containing air at temperature T0 and atmo-
spheric pressure P0. Model the cavern as an open thermodynamic mass
system with insulated boundary. The mass flow rate of the inflowing air
(ṁ) is constant. Show analytically that the cavern temperature rises from
T0 to (cP∕cv)T0 during a time of orderm0∕ṁ, wherem0 is the initial mass
inventory of the cavern.

1.13 Here we learn that the compressible behavior of an ideal gas can be
put to use in the design of a spring. Consider a cylinder filled with
an ideal gas (cP, cv). In the center of this cylinder there is a piston,
which is pushed and displaced to the axial distance x by the external
force F = A(P1 − P2), where A is the area of the piston face, P1 is the
pressure on the compressed side of the piston, and P2 is the pressure
on the expanded aside. Find the relationship between F and x for two
different designs:
(a) The process executed by the entire ideal gas system is reversible

and isothermal. Show that F = kTx, where the kT factor increases
monotonically with x. Determine the form of the kT(x) function in
the limit of small displacements, x ≪ V0∕A, where V0 is the initial
size of the gas volume on either side of the piston.

(b) The process executed by the entire ideal-gas system is reversible
and adiabatic. Invoke from the start the limit of small displacements,
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show that F = kSx, and that the factor kS increases as x
increases. Compare the two designs, (a) and (b): which air spring
is stiffer?

(c) In both designs, the work transferred to the system is Fx. Where does
this amount of energy reside at the end of the process in design (a)
and in design (b)?

(d) Imagine that after the process of deforming the spring the piston
returns to its original position quasi-statically. What is the work
transfer from the ideal-gas system to the external entity that opposes
by force the return motion of the piston?
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The Second Law

In this chapter we turn our attention to the more subtle aspect of
thermodynamics—the second law and the concepts of entropy, entropy
generation, and the special features of irreversible, one-way behavior. One way
to conduct a review of the historical development of second-law concepts is by
retracing the meandering course followed by the pioneers. A more effective
approach is to review and demystify certain aspects of the second law by
establishing the connection between what the textbooks teach and what we
inherited from the pioneers.

2.1 CLOSED SYSTEMS

The starting point is the physical law: the narrative or mathematical summary
of physical observations that consistently reinforce older observations of the
same phenomenon. Here we have a choice, because whereas the impact of the
second law is universal, the circumstances in which the law makes itself evi-
dent vary widely with regard to complexity. The second-law idea began with
Sadi Carnot’s vision of the functioning of heat engines (Fig. 2.1), a class of
systems that even in his time were not “simple.” So instead of retracing Sadi
Carnot’s steps, we look back at a class of simpler examples, the experiments of
Count Rumford and Joule. In each experiment, the apparatus (a closed system)
absorbed work and rejected heat to the ambient: that is, to the only temperature
reservoir with which it could communicate.

2.1.1 Cycle in Contact with One Temperature Reservoir

The essence of the second law is that in the Rumford and Joule experiments the
apparatuses received work and rejected heat. It was never the other way around;
in fact, all the attempts to construct a heat engine that would operate cyclically
as a closed system while in possible contact with a single temperature reservoir
have failed.

39
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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Planck summarized these observations this way: “It is impossible to
construct an engine which will work in a complete cycle, and produce no effect
except the raising of a weight and the cooling of a heat-reservoir” [1]. A similar
statement had been made in 1851 by William Thomson (Lord Kelvin): “It is
impossible, by means of inanimate material agency, to derive mechanical effect
from any portion of matter by cooling it below the temperature of the coldest
of the surrounding objects,” which is followed by the following footnote: “If
this axiom be denied for all temperatures, it would have to be admitted that a
self-acting machine might be set to work and produce mechanical effect by
cooling the sea or earth, with no limit but the total loss of heat from the earth
and sea, or, in reality, from the whole material world” [2].

By recalling the heat engine sign convention of Fig. 1.3, the impossibility
described by Kelvin and Planck reduces to

∮ 𝛿W ≤ 0 (2.1)

or, in view of the first law for a cycle executed by a closed system [eq. (1.6)],

∮ 𝛿Q ≤ 0 (2.2)

As we proceed with the generalization of these statements to cover systems and
processes of increasing complexity, it is important to keep in mind that eqs. (2.1)
and (2.2) apply only to a closed system that executes an integral number of
cycles while in communication with a single temperature reservoir.

2.1.2 Cycle in Contact with Two Temperature Reservoirs

The next step in the direction of more complex cycles is made using the concept
of a reversible cycle, introduced by Sadi Carnot in 1824. This concept became
known as the Carnot cycle due to Emile Clapeyron [3], who in 1834 translated
into analysis and graphics the message of Carnot’s essay, in this way relaunch-
ing a theory that had been ignored despite adequate exposure in 1824 [4].

The modern graphical interpretation of the Carnot cycle is shown in Fig. 2.2
either as an ideal gas working in the P − v plane, which is one of the drawings
made by Clapeyron (the other was done in the T − v plane), or in terms of
an unspecified working fluid on the T − s diagram, as done by Gibbs in his
first paper [5]. The cycle consists of four processes, an alternating sequence of
constant-temperature and adiabatic changes of volume. The analytical details
of this cycle (the relationship between the properties of the working fluid, the
volume, pressure, and temperature ratios, and the net magnitude of each energy
interaction) are not important at this stage. It is important that each state visited
by the system during the cycle is one of uniform pressure, temperature, and



Trim Size: 6.125in x 9.25in Bejan c02.tex V2 - 08/09/2016 11:02am Page 42�

� �

�

42 THE SECOND LAW

Figure 2.2 Closed system executing a reversible cycle while in communication with
two temperature reservoirs T1 and T2. No assumption is made regarding the relative
magnitude of temperatures T1 and T2 and the sense of the cycle on the P − v and
T − s planes.

specific volume (otherwise, it would be impossible to draw the cycle on the
P − v plane). This means that the system expands and contracts at such a slow
rate that at each point in time the state of the system is one of equilibrium.

An isothermal volume change is “slow enough” when the system is in ther-
mal equilibrium with the temperature reservoir. Under such conditions, the
system can execute the same cycle in the reverse sense; that is, it can pass
through the same sequence of equilibrium states in reverse order. Therefore,
if WC is the net work produced by the Carnot cycle and Q1C and Q2C are the
respective heat interactions with reservoirs T1 and T2 during the same cycle
(interactions Q1C and Q2C are assumed positive when absorbed by the system)
(Fig. 1.3), the energy interactions experienced by the reversed Carnot cycle are

(WC, Q1C, Q2C)reversed = −(WC, Q1C, Q2C) (2.3)

Consider now the objective of this section—to extend the second law repre-
sented by eq. (2.1) to the cyclical operation of closed systems in contact with
two temperature reservoirs. Figure 2.3a shows a closed system (A) executing an
unspecified cycle while in contact with reservoirs T1 and T2, with T1 ≠ T2. The
net energy interactions experienced by this unspecified cycle, W, Q1, and Q2,
are related through the first law:

Q1 + Q2 = W (2.4)

The Kelvin–Planck version of the second law places a constraint on the signs of
the two heat transfer interactions (Q1,Q2). For clarity, assume that W is positive:

W > 0 (2.5)
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Figure 2.3 Translation of the Kelvin–Planck impossibility statement into the second
law for a closed system that executes a cycle while in communication with two temper-
ature reservoirs.

Examining the signs of Q1 and Q2, we recognize the three options:

1.Q1 < 0 and Q2 < 0 (2.6)

2.Q1 > 0 and Q2 > 0 (2.7)

3.Q1 Q2 < 0 (2.8)

Option 1 is disallowed by the first law and the assumption that W is positive
[eqs. (2.4) and (2.5)].

Next, if option 2 is possible, then after the unspecified cycle (W,Q1,Q2) runs
its course, we can place one of the temperature reservoirs (e.g., reservoir T2,
Fig. 2.3a) in communication with an auxiliary system (B) that executes one
cycle characterized by interactions QB and WB. Since the cycle of system B
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is executed in contact with only one temperature reservoir, the second law of
thermodynamics (2.2) requires that

QB < 0 (2.9)

One admissible value for QB is −Q2, because according to option 2, Q2 was
assumed positive. Therefore, if we set

QB = −Q2 (2.10)

it follows that reservoir T2 completes a cycle at the end of the cycles exe-
cuted by systems A and B (note that the net energy change for reservoir T2 is
−Q2 − QB = 0, hence the completion of a cycle). The key observation is that
if systems A, B, and temperature reservoir T2 complete cycles, the composite
system A + B + T2 executes a cycle. Finally, because this composite system
makes contact with only one temperature reservoir (T1), the second law (2.2)
requires that Q1 < 0, which contradicts the first assumption of option 2.

In conclusion, option 2 constitutes a violation of the second law, and the only
alternative left is option 3. The heat transfer interactions Q1 and Q2 must be of
opposite sign, Q1Q2 < 0. It is true that in the discussion of Fig. 2.3a we wrote
Q2 > 0 and, in the end, Q1 < 0; however, this does not diminish the generality
of the conclusion Q1Q2 < 0. We have the choice of reconstructing the argument
based on a different version of Fig. 2.3a, in which system B would make contact
with the reservoir T1; the conclusion reached along this second route is the
same, Q1Q2 < 0 (see Problem 2.1).

Returning to the most general cycle executed in contact with two temperature
reservoirs (Fig. 2.3a), now we know that regardless of the actual sign of T2 − T1
the heat interactions (Q1, Q2) cannot have the same sign. Let Q1 be the positive
heat interaction; in other words, let us designate that subscripts 1 and 2 identify
the signs of the heat interactions:

Q1 > 0 and Q2 < 0 (2.11)

Note that Q1 is strictly positive (and Q2 strictly negative), because Q1 = 0 is
not allowed as long as W ≠ 0.

Consider now the arrangement in Fig. 2.3b: The unspecified cycle (A) and
the Carnot cycle (C) of Fig. 2.2 share reservoirs T1 and T2. We have the freedom
to size the Carnot cycle and to select its sense in such a way that

Q1 + Q1C = 0 (2.12)

which means that the reservoir T1 also executes a cycle. Because the compos-
ite system A + C + T1 completes a cycle while making contact with only one
reservoir (T2), the second law (2.2) requires

Q2 + Q2C ≤ 0 (2.13)
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Dividing this inequality through Q1 or−Q1C, which are both positive accord-
ing to eqs. (2.11) and (2.12), we obtain an inequality between two positive
ratios:

−Q2

Q1
≥ Q2C

−Q1C
(2.14)

This inequality represents the second law of thermodynamics for a cycle
executed by a closed system in contact with two temperature reservoirs (more
useful versions of this result involve the concept of thermodynamic tempera-
ture, which is discussed shortly). At this stage, eq. (2.14) allows us to conclude
that the ratio obtained by dividing the absolute value of the negative heat inter-
action by the value of the positive heat interaction cannot be smaller than a
certain value. The limiting case corresponds to the equal sign in eq. (2.14):

−Q2

Q1
=

Q2C

−Q1C
(2.14′)

which in combination with eq. (2.12) and the first-law statements W = Q1 + Q2
and WC = Q1C + Q2C translates into

(WC, Q1C, Q2C) = −(W, Q1, Q2) (2.15)

The meaning of the equal sign in the second-law statement (2.14) is clear if
we compare eq. (2.15) with eq. (2.3): In the limiting case, the cycle executed by
the unspecified system (A) is the reverse of a Carnot cycle (C) and vice versa.
The equal sign in the second law (2.14) is associated with any reversible cycle
that is executed by the unspecified system (A). Therefore, the second law can
be stated by making reference only to the system of interest (A):

−Q2

Q1
≥
(
−Q2

Q1

)

rev

(2.16)

where the subscript rev stands for “reversible”: in this case, for a reversible
cycle executed by an arbitrary closed system in contact with two temperature
reservoirs.

The next question is: How small is the number that serves as lower bound for
the ratio −Q2∕Q1? The analytical reply that follows appears to have been first
given by Poincaré [6]. According to eq. (2.16), the lower bound (−Q2∕Q1)rev
is independent of the cycle design (the sequence of processes) and the working
fluid, because these items were intentionally left unspecified in the definition
of system A. The limiting value (−Q2∕Q1)rev can only be a function of param-
eters T1 and T2, because the existence of two different temperature reservoirs
was assumed in the derivation of eq. (2.16). Writing

(
−Q2

Q1

)

rev

= f (T1,T2) (2.17)
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Figure 2.4 Graphic summary of the argument leading to eq. (2.21′).

we note that f is an unknown function and T1 and T2 are two different num-
bers obtained by reading the scale of one thermometer (this scale can be one
of the traditional temperature scales reviewed as an introduction to the current
one-point scales of Fig. 1.6). The unknown function f(T1,T2) has a special prop-
erty that becomes visible while invoking the definition (2.17) for two additional
closed systems that execute cycles while in contact with pairs of temperature
reservoirs (Figs. 2.4b and c):

(
−Q3

Q1

)

rev

= f (T1,T3) (2.18)

(
−Q3

−Q2

)

rev

= f (T2,T3) (2.19)

In eqs. (2.17)–(2.19), the numerator and denominator on the left side represent,
respectively, the absolute value of the negative heat interaction and the positive
heat interaction. Dividing eq. (2.18) by eq. (2.19), along with using eq. (2.17)
to eliminate (−Q2∕Q1)rev, yields

f (T1,T2) =
f (T1,T3)
f (T2,T3)

(2.20)

The left side of eq. (2.20) does not depend on the constant T3; therefore, the
analytical form of f (T1,T2) is

f (T1, T2) =
𝜓(T1)
𝜓(T2)

(2.21)
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or, letting 𝜙 = 1∕𝜓 , (
−Q2

Q1

)

rev

=
𝜙(T2)
𝜙(T1)

(2.21′)

Equation (2.21) can be rewritten to express the ratio between the heat interac-
tions of a reversible cycle that absorbs one unit of energy (Q0) from a reference
reservoir of empirical temperature 𝜃0 and rejects the amount −Q to an arbitrary
reservoir (𝜃):

𝜙(𝜃) = 𝜙(𝜃0)
(
−Q
Q0

)

rev

(2.22)

Here the older temperature symbol 𝜃 (introduced by Poisson and adopted
by Fourier [7]) is used instead of the modern symbol T to emphasize that
the reservoir temperatures can be compared and found to be different on any
empirical temperature scale. The measurement of (−Q∕Q0)rev while running
any reversible cycle between reservoirs 𝜃 and 𝜃0 reveals the relationship
between function 𝜙 and the particular scale 𝜃, subject to the adoption of a
numerical value for the constant 𝜙(𝜃0). The numerical values obtained in
this manner for function 𝜙 constitute the thermodynamic temperature scale
(symbol T); in other words, 𝜙 ≡ T or

T = T0

(
−Q
Q0

)

rev

(2.23)

A graphic interpretation of the thermodynamic temperature scale definition
(2.23) is the wedge of minimum-Q diagram proposed in Fig. 2.5. The con-
stant T0 has been assigned the value 273.16 on the Kelvin temperature scale
(or 491.69 on the Rankine scale); this constant represents the thermodynamic
temperature of a heat reservoir in thermal equilibrium with a batch of ice, water
vapor, and liquid water in equilibrium. Therefore, the current temperature scales
displayed side by side in Fig. 1.6 are based on one fiducial point (the triple
point of water). The need for adopting one-point scales as opposed to tradi-
tional two-point scales is most critical in the field of low-temperature physics;
an entertaining description of these difficulties was provided by Giauque [8],
who drew an analogy between the traditional two-point temperature scales and
the idea of redefining the measurement of weights using two reference weights.

Noting again that the ratio (−Q∕Q0)rev is not affected by the identity of the
closed system and fluid that executes the reversible cycle, the chief advantage of
the thermodynamic scale (T) is that it is universal [the distribution of numbers
on an empirical (𝜃) scale depends on the choice of thermometric fluid]. The
observation that a reversible cycle and eq. (2.22) can serve as a basis for a uni-
versal temperature scale is Kelvin’s contribution [11]. Any monotonic function
𝜙(T) can be used to define a thermodynamic temperature scale T in accordance
with eq. (2.22). The special choice 𝜙 ≡ T made in eq. (2.23) is not from Kelvin;
this choice has prevailed in classical thermodynamics, partly because of the
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Figure 2.5 Wedge of minimum-Q diagram: the measurement of Q using a reversible
cycle and the construction of the thermodynamic temperature scale T (right). This
graphic construction appeared in the first edition of this book (1988), as an applica-
tion of the T-Q graphic method proposed in 1977 [9, 10]. See also Figs. 3.6 and 3.8 in
this book.

coincidence that 𝜙 equals 𝜃 if the reversible cycle is performed by an ideal gas
in a cylinder and piston apparatus. One of the properties of the ideal gas Carnot
cycle sketched in the P − v plane of Fig. 2.2 is

−Q2C

Q1C
=
𝜃2, ideal gas

𝜃1, ideal gas
(2.24)

where 𝜃ideal gas is the ideal gas temperature defined by

𝜃ideal gas =
Pv
R

(2.25)

Comparing eq. (2.24) with eq. (2.21′), we see that 𝜙 = 𝜃ideal gas; hence,

𝜃ideal gas = T (2.26)

This equality is a coincidence because the thermodynamic scale T and the
ideal gas scale 𝜃ideal gas are two different concepts. The ideal gas scale is an
old concept from thermometry and calorimetry; note Guillaume Amontons’s
invention of the air thermometer, its use in the 1700s and 1800s, and the
discovery of the empirical laws of Towneley, Boyle, and Mariotte (Pv = const
at constant temperature) and of Gay-Lussac (v ∼ 𝜃ideal gas at constant pressure)
(Table 1.2). These two laws were combined and written for the first time
as eq. (2.25) by Clapeyron [3] (which is why Pv = RT is recognized as the
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Clapeyron equation—not to be confused with the Clausius–Clapeyron relation
of p. 236). The concepts of “absolute temperature” and “absolute zero” go
back to Amontons himself, who by measuring the air pressure–temperature
relationship at constant volume (thus anticipating the work of both Charles
and Gay-Lussac) reasoned that the air pressure must become zero at a finite
temperature. In Clapeyron’s writings, the place of 𝜃ideal gas is occupied by
𝜃(∘C) + 267, where 𝜃(∘C) is the Celsius temperature measured on the two-point
empirical scale of the time and −267∘C is absolute zero. On the current Celsius
scale, which is defined in terms of a one-point thermodynamic scale, absolute
zero corresponds to −273.15∘C [see eq. (1.9) and Fig. 1.6].

The reward for introducing the concept of a thermodynamic temperature
scale is that (−Q2∕Q1)rev = T2∕T1 and the second law (2.16) becomes

Q1

T1
+

Q2

T2
≤ 0 (2.27)

This new statement is general despite the assumption W > 0 made early in
the derivation of eq. (2.14). The second law expressed as eq. (2.27) is insensitive
to whether we use Q1 or Q2 as a label for the positive of the two heat transfer
interactions under option 3 [eq. (2.11)]. If the net work transfer interaction is
negative, we find that admissible are two options: 1(Q1 < 0 and Q2 < 0) and
3(Q1Q2 < 0) (Problem 2.2). Option 1 is covered by eq. (2.27). Option 3 and
the notation Q2 for the negative of the two heat transfer interactions produce an
analysis identical to the segment contained between eqs. (2.11) and (2.27). The
second-law statement (2.27) is therefore independent of the sign of W.

2.1.3 Cycle in Contact with Any Number of Temperature Reservoirs

The last statement of the second law [eq. (2.27)] is a generalization of the
Kelvin–Planck statement because we can use the label Q1 for the heat transfer
integral and rewrite the Kelvin–Planck statement (2.2) as

Q1

T1
≤ 0 (2.28)

where T1 is the thermodynamic temperature of the lone reservoir. Comparing
eq. (2.28) with eq. (2.27), we see a sequence that leads to the second law for
any cycle executed in contact with any number of temperature reservoirs:

Q1

T1
≤ 0 [eq. (2.28)]

Q1

T1
+

Q2

T2
≤ 0 [eq. (2.27)]

Q1

T1
+

Q2

T2
+ · · · +

Qn

Tn
≤ 0 (2.29)



Trim Size: 6.125in x 9.25in Bejan c02.tex V2 - 08/09/2016 11:02am Page 50�

� �

�

50 THE SECOND LAW

Figure 2.6 Generalization of the second law to cycles executed by a closed system
while in communication with any number of temperature reservoirs.

To prove the validity of the general statement (2.29), we rely on the method
of mathematical induction. With the validity of eq. (2.28) supported by a
wealth of physical observations and the validity of eq. (2.27) demonstrated
in Section 2.1.2, assume that the statement corresponding to n heat reservoirs
[eq. (2.29)] is correct. If, based on this last assumption, we can show that the
statement for n + 1 heat reservoirs is correct,

n+1∑

i=1

Qi

Ti
≤ 0 (2.30)

then the assumed eq. (2.29) is valid. Consider, for this purpose, a system A that
executes a cycle while in thermal communication with n + 1 temperature reser-
voirs, T1,T2, . . . ,Tn, Tn+1 (Fig. 2.6). No assumption is made about the direction
(sign) of each of the heat transfer interactions, Q1,Q2, . . . ,Qn,Qn+1. Let us
return reservoir Tn+1 to its original state by placing it in contact with a reversible
cycle (C) such that

Qn+1 + Qn+1,C = 0 (2.31)

Invoking now the second law for the composite system A + Tn+1 + C, which
completes a cycle while in contact with n temperature reservoirs, we obtain

n∑

i=1

Qi

Ti
+

Qn,C

Tn
≤ 0 (2.32)

Noting that cycle C is reversible (Qn,C∕Tn + Q(n+1),C∕Tn+1 = 0) and using eq.
(2.31), we write in order

n∑

i=1

Qi

Ti
−

Q(n+1),C

Tn+1
≤ 0 (2.33)

n∑

i=1

Qi

Ti
+

Qn+1

Tn+1
≤ 0 (2.34)
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to arrive at eq. (2.30). Equation (2.34) completes the inductive proof that the
same body of evidence that supports the Kelvin–Planck statement of the second
law also supports eq. (2.29).

The final step in this line of generalization is to consider a continuous varia-
tion of system boundary temperature as the cycle is executed in contact with an
infinite sequence of temperature reservoirs, each contributing a heat interaction
of size 𝛿Q or Q̇ dt. For such cases, eq. (2.29) is written as

∮
𝛿Q
T

≤ 0 (2.35)

with the understanding that T represents the Kelvin or Rankine thermodynamic
temperature of that portion of the system boundary that is instantly crossed by
the heat transfer 𝛿Q. The equal sign of eq. (2.35) refers to reversible cycles:

∮
𝛿Qrev

T
= 0 (2.36)

That is, it refers to the class of cycles that if reversed exhibit only a change in
the sign of the energy interactions, not in their magnitude.

The concept of entropy as a thermodynamic property follows directly from
eq. (2.36): If the net change in 𝛿Qrev∕T is zero at the end of a reversible cycle,
𝛿Qrev∕T represents the change in a thermodynamic property S:

dS =
𝛿Qrev

T
(2.37)

This new property was named entropy by Clausius† in 1865; however, the same
property was discovered and used earlier by Rankine [13], who called it ther-
modynamic function, labeled it 𝜙, instead of S, and regarded eq. (2.37) as the
“general equation of thermodynamics.”

2.1.4 Process in Contact with Any Number of Temperature Reservoirs

The cycles discussed until now represent a class of special processes. Let the
change between states 1 and 2 represent an arbitrary process, a process whose
path and energy interactions along the path are not specified. Thinking of only

†I have felt it more suitable to take the names of important scientific quantities from the ancient
languages in order that they may appear unchanged in all contemporary languages. Hence I propose
that we call S the entropy of the body after the Greek word �́� 𝜏𝜌o𝜋 �́�, meaning “transformation.”
I have intentionally formed the word entropy to be as similar as possible to the word energy, since
the two quantities that are given these names are so closely related in their physical significance that
a certain likeness in their names has seemed appropriate. [12]
Note: In modern Greek, the word 𝜏𝜌o𝜋𝜂 means “turn,” “change,” not “transformation.” In ancient
Greek, the words ’𝜀𝜈𝜏𝜌o𝜋�́� or ’𝜀𝜈𝜏𝜌o𝜋𝜄𝛼 meant “turning inward,” “twist” (private communication
from S. Monti-Pouagare).
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that family of paths that are reversible (a path is reversible if it can be a part of
a reversible cycle), we integrate eq. (2.37) and obtain the definition of entropy
change:

S2 − S1 = ∫
2

1

𝛿Qrev

T
(2.38)

The arbitrary process 1 → 2 can be a part of a cycle 1 → 2 → 1, where the
return process 2 → 1 takes place along a reversible path; rewriting eq. (2.35)
for this cycle and using the definition (2.38), we have, in order,

∫
2

1

𝛿Q
T

+ ∫
1

2

𝛿Qrev

T
≤ 0 (2.39)

∫
2

1

𝛿Q
T

⏟⏟⏟
Entropy
transfer

(Nonproperty)

≤ S2 − S1
⏟⏟⏟
Entropy
change

(Property)

(2.40)

The second law of thermodynamics for a process [eq. (2.40)] states that,
algebraically, the entropy transfer never exceeds the entropy change. A measure
of the strength of the inequality sign in eq. (2.40) (i.e., a new definition) is the
entropy generation or entropy production Sgen, a quantity that is never negative:

Sgen = S2 − S1 − ∫
2

1

𝛿Q
T

≥ 0 (2.41)

Like the entropy transfer, the entropy generation is path dependent.
The engineering significance of the concept of entropy generation is the

focus of Chapter 3 and much of the advanced engineering topics included in
the present treatment. At this stage in the review of the second law, it is worth
noting that the entropy generation term has more than one name and symbol
in the thermodynamics literature. We were reminded by Denbigh [14] that the
practice of writing a symbol to quantize the generation of entropy during an
irreversible process was first used extensively by the Belgian physicist de Don-
der, who is discussed at the beginning of Chapter 7. The symbol Sgen, which is
adopted in the present treatment, has been preferred by textbooks that started
to appear in the 1980s and by numerous research articles [10].

Example 2.1. Two bodies of water of masses m1 and m2 and temperature T1 and
T2 serve as “instantaneous temperature reservoirs” for a reversible heat engine that
operates in an integral number of cycles. These reservoirs are said to be instantaneous
because their temperatures change as the engine bleeds heat from one and rejects
heat to the other. The object of this example is to determine the final equilibrium
temperature reached by the two bodies of water, T∞, and the total work delivered by
the engine to an external user.
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As the thermodynamic system, we choose the aggregate system containing the
two bodies of water and the engine sandwiched between them. The aggregate system
exchanges only work with its environment. The process is the reversible engine cycle
(or integral number of reversible cycles) during which the two water masses come to
equilibrium. Writing i and f for the initial and final states of the aggregate system,
respectively, the first law and the second law for the aggregate system are

−Wi–f = Uf − Ui (a)

Sgen,i–f = Sf − Si = 0 (b)

The second law (b) is an equation because the i → f process is executed reversibly.
Note the absence of the heat transfer (Q) term from eq. (a) and the entropy transfer
(Q∕T) term from eq. (b); these interactions are absent because the aggregate system
boundary is adiabatic.

Next, we focus on the net internal energy and entropy changes of the aggregate
system and express these in terms of the changes experienced by the three subsystems:

Uf − Ui = (Uf − Ui)m1
+ (Uf − Ui)engine + (Uf − Ui)m2

= m1c(T∞ − T1) + 0 + m2c(T∞ − T2)
(c)

Sf − Si = (Sf − Si)m1 + (Sf − Si)engine + (Sf − Si)m2

= m1c ln
T∞

T1
+ 0 + m2c ln

T∞

T2

(d)

The second term in each of these decompositions is zero because the engine oper-
ates cyclically. The terms that account for property changes in the water bodies have
been estimated invoking the incompressible liquid model, whereby

du = c dT and ds = c
dT
T

(e)

and where c is the lone specific heat of water as an incompressible liquid.
Combining eq. (d) with the second law (b), we find the final equilibrium temper-

ature:
T∞ = T𝛼1 T1−𝛼

2 (f)

where 𝛼 = m1∕(m1 + m2). The first law (a) in combination with eqs. (c) and (f)
delivers the expression for the total work output of the engine:

Wi−f = m1cT1

[

1 −
(

T2

T1

)1−𝛼
]

+ m2cT2

[

1 −
(

T1

T2

)𝛼]

(g)

In the limit 𝛼 → 0, when m1 is negligibly small relative to m2, these results become

T∞ = T2 and Wi−f = m1c
(

T1 − T2 − T2 ln T1

T2

)

(h)

The work output in this limit is equal to the drop in nonflow exergy (Chapter 3)
experienced by m1, as its temperature decreases from T1 to T2.
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The method for solving this problem is not unique. A more laborious alternative
consists of analyzing three separate systems: m1, the “engine,” and m2. For each such
system, one can write two equations: the first law and the second law in the reversible
limit. The problem reduces to solving a system of six algebraic equations for a total
of six unknowns: T∞,Wi–f , the heat transfer and entropy transfer between m1 and the
engine, and finally, the heat transfer and entropy transfer between the engine and m2.
In contrast to this more laborious route, the “aggregate system” formulation that we
used in this example has only two equations for only two unknowns, T∞ and Wi–f .

2.2 OPEN SYSTEMS

The final step in the generalization of the second-law statement is based on the
closed system–open system transformation shown in Fig. 1.7. With reference
to this drawing, we write

Sclosed,t = Sopen,t + ΔSin (2.42)

Sclosed,(t+Δt) = Sopen,(t+Δt) + ΔSout (2.43)

and
(ΔS)in,out = (sΔM)in, out = (sṁ)in, outΔt (2.44)

Labeling the entropy generated from time t to t + Δt as ΔSgen, eq. (2.41) yields

ΔSgen = Sopen,(t+Δt) − Sopen,t −
Q̇i

Ti
Δt + (ṁs)outΔt − (ṁs)inΔt ≥ 0 (2.45)

Invoking the limit Δt → 0, dropping the subscript “open,” and assuming the
existence of any number of spots with heat transfer i and mass flow (in, out) on
the control surface, we obtain

Ṡgen
⏟⏟⏟
Entropy

generation
rate

= dS
dt

⏟⏟⏟
Rate of
entropy

accumulation
inside the

control
volume

−
∑

i

Q̇i

Ti
⏟⏟⏟
Entropy
transfer

rate
(via heat
transfer)

+
∑

out

ṁs −
∑

in

ṁs

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
Net entropy
flow rate out

of the
control volume
(via mass flow)

≥ 0 (2.46)

Absent from the foregoing statement of the second law and from the corre-
sponding statement for closed systems [eq. (2.41)] are terms that contain the
work transfer W. This observation complements the distinction made between
work transfer and heat transfer on page 48: Work transfer is the energy interac-
tion that is not accompanied by entropy transfer.
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Example 2.2. We are now in a position to study the application of the second law
to the unsteady filling process discussed in Examples 1.1 and 1.2. We adopt the open-
system approach, where the system is the space V confined by the internal surface of
the bottle wall. In the beginning, the system is evacuated (M1 = 0,U1 = 0, S1 = 0),
while in the end it is filled with air at atmospheric conditions (T2 = T0,P2 = P0).

To answer the question of whether the filling process is reversible, we calculate
the entropy generated during the entire process,

Sgen = ∫
2

1
Ṡgendt (a)

The instantaneous entropy generation rate is

Ṡgen = dS
dt

− ṁs0 −
Q̇
T0

≥ 0 (b)

where S is the instantaneous entropy inventory of the system, ṁ the instantaneous inlet
flow rate, and Q̇ the instantaneous heat transfer rate (defined positive when directed
into the system). The inlet specific entropy s0 corresponds to atmospheric conditions.
The temperature T0 that is used as a denominator in eq. (b) indicates that the tem-
perature of the control surface crossed by Q̇ is equal to the ambient temperature. In
other words, if temperature differences develop during the filling process, they are all
situated inside the control volume delineated by this surface.

Performing the time integral (a) and using eq. (b) of this example and eqs. (a) and
(g) of Example 1.2 yields

Sgen = S2 − S1 − s0(M2 − M1) +
P0V

T0
(c)

Note that S1 = 0, M1 = 0, and S2 = M2s0, which means that the entropy generation
is definitely positive and that the filling process is irreversible:

Sgen =
P0V

T0
> 0 (d)

Exactly the same Sgen expression is reached if the second law is applied to the
process undergone by the closed system outlined in Example 1.1.

A subtle aspect of the conclusion centered on eq. (d) is that Sgen is directly propor-
tional to the work P0V done by the atmosphere on the air mass that ultimately resides
inside the bottle. The P0V work is “lost”; consequently, eq. (d) can be rewritten as

Wlost = T0Sgen (e)

which offers us a first glimpse at a much more general result in thermodynamics,
the Gouy–Stodola theorem [eq. (3.7)]. The quantity called “entropy generation” is
proportional to work that was, in principle at least, available but not delivered to an
external user.
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2.3 LOCAL EQUILIBRIUM

In Sections 2.1 and 2.2 we adopted as “law” the Kelvin–Planck statement that
the net heat interaction of a closed system during a cycle in communication with
one temperature reservoir cannot be positive. We then generalized this state-
ment one step at a time, first by relaxing the assumption of a certain number of
reservoirs, next by considering arbitrary processes instead of cyclical ones, and
finally by allowing the flow of mass and entropy across the system boundary.

While avoiding specific references to heat engines and refrigeration
machines and to the relative hotness of reservoirs T1 and T2, we showed that
the equal sign in the second law corresponds to cycles that can be reversed in
such a way that the net energy interactions retain their magnitudes and only
change their signs [eq. (2.15)]. This limit was then related to Carnot’s descrip-
tion of a reversible cycle as a succession of equilibrium states assumed by a
batch of fluid expanding and contracting in a cylinder-and-piston apparatus.
For example, we can write 𝛿W = P dV only for a change that can be viewed as
a succession of states with instantaneously uniform P. The sign of 𝛿W = P dV
is reversed if the system visits the succession of states in the reverse direction.
Recall the parental relationship between the mechanics concept of equilibrium
and the concept of thermodynamic equilibrium: A closed thermodynamic
system is in equilibrium if it undergoes no further changes in the absence of
“interactions” (energy, entropy, mass) with the environment.

If the equal sign in the analytical statement of the second law is associated
with reversible processes that can be regarded as successions of equilibrium
states, then the inequality sign in the second law accounts for processes that
are not reversible and cannot be regarded as successions of equilibrium states;
the words irreversible and nonequilibrium are used to describe real processes
and states visited by systems whose nature departs from the limiting behavior
envisioned by Sadi Carnot (more on this vision at the end of this chapter).

The concepts of entropy (S) and temperature (T or 𝜃) have been defined for
a system in equilibrium. The entropy definition (2.38) refers to a succession
of equilibrium states; similarly, the property “temperature” is introduced to
describe quantitatively the relationship of thermal equilibrium between a sys-
tem and its environment (see the zeroth law of thermodynamics, p. 13). Then,
on what basis do we use equilibrium concepts to express the departure from
reversible operation?

The physical basis is that even when the system operates irreversibly,
each of its infinitesimally small compartments is in a state of thermodynamic
equilibrium. The assumption of local thermodynamic equilibrium means that
if we consider as the sample any infinitesimally small subcompartment of mass
Δm and volume ΔV and we instantly isolate this sample, the state of the sample
is such that no changes (e.g., pressure changes) are observed as we follow
the evolution of the sample in time. Again, when we talk about “isolating”
the sample, we think of encasing it in a zero-work, zero-heat-transfer, and
zero-mass-transfer boundary. At equilibrium, the properties that describe
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the intensive state of the sample (T , P, ΔV∕Δm, ΔE∕Δm, ΔS∕Δm, etc.) are
related to each other in the same manner as the properties of a finite-size
batch of the substance in equilibrium (T, P, v, e, s, etc.). These important
relationships form the subject of Chapters 4, 6, and 7.

It follows that the properties 𝜌, e, and s that characterize the small compart-
ments refer to the instantaneous local equilibrium state of the infinitesimally
small sample. The properties (h∘, s)in and (h∘, s)out that appear in the first and
second laws for multiport systems [eqs. (1.22) and (2.46)] represent the equi-
librium properties of the samples that instantly pass through the inlet and outlet
ports. The assumption that at every point in time there is only one sample
that passes through one port whose cross-sectional area is finite is the bulk
flow model.

The local thermodynamic equilibrium assumption turns out to be a very good
modeling decision in the majority of systems that form the subject of thermo-
dynamics. The reason for its success is that the time scales of the rate processes
that make the aggregate system behave irreversibly are considerably greater
than the local relaxation time (the time needed for the redistribution of internal
energy among the various molecular states, i.e., the time of readjustment via
molecular collisions).

One begins to appreciate the vastness of the territory covered by the heat
and fluid flow phenomena that subscribe to the local thermodynamic equilib-
rium model by reviewing the mathematical foundations of established fields
such as fluid mechanics and heat transfer. The equations that account for mass
conservation, force balances, and the first law at every point in the flow and
temperature field contain as unknowns the density (specific volume), pressure,
and specific energy [15]. The problem is closed routinely by assuming the exis-
tence of two equations of state, one for specific volume as a function of intensive
properties (P, T) and the other for specific energy (or enthalpy) in terms of the
same intensive properties; the essence of this assumption is that relations of
type v(P, T) and u(P, T) can be measured separately by studying the behav-
ior of finite-size equilibrium batches of the same substance that occupies the
sample for which the Navier–Stokes equations have been written. Adoption of
the local thermodynamic equilibrium model does not mean that the finite-size
system that contains the flow is itself in a state of equilibrium or that it oper-
ates reversibly.

2.4 ENTROPY MAXIMUM AND ENERGY MINIMUM

An isolated system is a special closed system that is incapable of both heat
transfer and work transfer. Isolated does not mean closed. All isolated systems
are closed, but only special closed systems are isolated.

Consider then a closed system whose boundary is simultaneously a zero-
work surface (e.g., the inner surface of a rigid wall that is not penetrated by a
rotating shaft, energized power cables, etc.) and an adiabatic surface: If such
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a system undergoes an infinitesimally small change of state, the first law (1.2)
and second law (2.40) require that

dU = 0 (2.47)

dS ≥ 0 (2.48)

A simplifying assumption used in eq. (2.47) is that the energy change (dE) is
equal to the change in internal energy (dU).

The message of eqs. (2.47) and (2.48) is that during an arbitrary change of
state the energy of the isolated system is fixed whereas the entropy increases
or, at best, remains constant. This is the principle of entropy increase or, alter-
natively, entropy maximum principle. Since in the course of each change the
entropy cannot decrease, at the end of the series of possible changes, the entropy
reaches its greatest algebraic value.

Although this conclusion is analytically straightforward, the practically
inclined may wonder whether the processes discussed above are real. Is it pos-
sible for an isolated system—one that is being left alone by its neighbors—to
undergo changes of state? Experience shows us that an isolated system can
behave in one of two ways:

1. Its state remains unchanged regardless of the observation time interval;
this state is said to be one of stable equilibrium.

2. Its state changes by chance or is triggered by a “disturbance” that is suf-
ficiently weak to qualify as a zero-energy interaction.

The classical example of isolated system behavior of type 2 is provided by
Joule’s free-expansion experiment [16], in which the gas that originally was
held pressurized in half of the system’s total volume was suddenly allowed to
expand and fill the evacuated half. Joule measured the equilibrium tempera-
tures before and after the free expansion, found that they were practically the
same, and, invoking the first law (2.47), concluded that the internal energy of
room temperature “permanent gases” is only a function of temperature. Joule’s
system was an “isolated system” because its mass inventory was fixed (closed
system), the total volume was defined by two rigid-wall bottles connected
through a valve (zero-work boundary), and the free-expansion process was
finished before any meaningful heat transfer would have crossed the wall (adia-
batic boundary). This isolated system underwent a change that was triggered by
opening the valve between the two bottles: that is, by an event whose occurrence
did not violate the zero-work or zero-heat-transfer description of the system
boundary (assuming, of course, that the work needed to open the valve was neg-
ligible). The system was initially in a state of constrained equilibrium, a change
of state took place when the lone internal constraint was removed, and, eventu-
ally, the system settled in a state of equilibrium without any internal constraints.
Experience teaches us that this final state is one of stable equilibrium.

The change of state was triggered by a sudden modification in the internal
geometry of the isolated system. This observation—the modification of
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geometry—is also the essence of the constructal law that guides the time
evolution of the configurations of flow systems [17] (see Chapter 13).

These observations can be generalized for systems whose internal consti-
tution depends initially on an arbitrary number of internal constraints. The
geometry of the isolated system at equilibrium is described by a number of
deformation parameters, Xk. For example, the geometry of the gas–vacuum
system designed by Joule is described by only two deformation parameters,
the volume occupied by the gas, Vg, and the volume occupied by the vacuum,
Vv; if V is the total volume of the isolated system, the (Vg, Vv) set changes
from (V∕2, V∕2) to (V , 0) as the internal constraint is removed.

The Xk set of deformation parameters of the general system is shown attached
to the vertical axis in Fig. 2.7: The Xk values change as the internal constitution
of the system changes with each removal of an internal constraint. The draw-
ing is meant to suggest that the bottom plane corresponds to the configuration
in which the system is free of internal constraints; in other words, the bottom
plane is the locus of stable equilibrium states (see also Fig. 6.1 and Table 13.5).
It follows that the attainment of maximum entropy in the limit of zero inter-
nal constraints is represented by the curve drawn in the constant-U plane. To
say that after the removal of all possible internal constraints an isolated system
reaches its entropy maximum is to make two analytical statements about the
vicinity of a stable equilibrium state in an isolated system:

(dS)U = 0 (2.49)

(d2S)U < 0 (2.50)

Figure 2.7 Entropy maximum and energy minimum principles for a closed system
incapable of work transfer.
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The subscript U serves as a reminder that the energy does not change as the
isolated system approaches stable equilibrium.

As an alternative, consider closed systems that are only incapable of work
transfer. These are not isolated systems. When 𝛿W = 0, the first and second
laws for an infinitesimal change of state require that

𝛿Q = dU (2.51)

𝛿Q ≤ T dS (2.52)

or, if we eliminate 𝛿Q,
dU ≤ T dS (2.53)

We conclude that in the constant-S plane, in which eq. (2.53) states that

dU ≤ 0 (2.54)

the energy does not increase as the system frees itself of internal constraints.
The stable equilibrium state that is approached at constant entropy is also a state
of minimum energy;

(dU)S = 0 (2.55)

(d2U)S > 0 (2.56)

The energy minimum principle of eqs. (2.54)–(2.56) is illustrated by
the curve drawn in the constant-S plane of Fig. 2.7. Together with the
maximum-entropy principle discussed earlier, the energy minimum principle
describes a surface in the S, U, (Xk) space: the main feature of this surface
is that near the (U, S) plane of stable equilibrium states, it is perpendicular
to that plane. For the sake of completeness, Fig. 2.7 shows that its line of
intersection with the plane of stable equilibrium states is normal to the plane
of zero entropy. This last feature is the graphic version of the third law of
thermodynamics, which is discussed in section 10.7.4.

Although the entropy maximum and energy minimum principles are noth-
ing more than reformulations of the two laws for two special classes of closed
systems, historically, they have been very effective in conveying to the scien-
tific world the essence of the two laws. The energy minimum principle showed
that the emerging science of thermodynamics was consistent with the field of
mechanics, in which the principle of potential energy decrease was well estab-
lished. The entropy maximum principle drew and continues to draw attention
from fields traditionally removed from engineering and physics, ranging from
economics [18] to biology [19]. This principle received maximum publicity in
the hands of its creator, Rudolf Clausius, who wrote “Die Energie der Welt ist
constant. Die Entropie der Welt strebt einem Maximum zu” [20]:

1. The energy of the universe is constant.
2. The entropy of the universe strives to attain a maximum value.
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Example 2.3. The presentation of the entropy maximum and energy minimum
principles relies on new terms such as internal constraints and constrained equi-
librium states. This example illustrates the physical meaning of Fig. 2.7 and its
terminology. Consider the closed system of total mass 4m shown in Fig. 2.8. An
incompressible liquid fills each of the four compartments that are separated by means
of three rigid, impermeable, and adiabatic partitions. The initial state (A) of the closed
system (4m) is one of constrained equilibrium, as each compartment is at a different
temperature. For concreteness, we select the initial temperature distribution:

T1 = T0, T2 = 2T0, T3 = 3T0, and T4 = 4T0 (a)

where T0 is a reference temperature. The properties U and S of the incompressible
liquid are functions of T only (see Table 4.7); if, in addition, c is constant, the initial
internal energy and entropy of the 4m system can be expressed analytically as

UA − U0 =
4∑

i=1

mc(Ti − T0) = 6mcT0 (b)

SA − S0 =
4∑

i=1

mc ln
Ti

T0
= 3.18mc (c)

Removing a partition in this example means that the partition is no longer adi-
abatic. If one or more internal partitions are removed, the state of the 4m system
evolves in a U-constant plane of the kind that is shown in Fig. 2.7. Given a suf-
ficiently long time interval after the removal of a single partition, the 4m system
settles into a new equilibrium state that, in general, is constrained. The energy and
entropy of the (4m) system and the compartment-by-compartment temperature distri-
bution of a new equilibrium state can be determined quantitatively (Problem 2.6). The
results are summarized by plotting the total entropy S on the abscissa and the num-
ber of remaining constraints on the ordinate. Each equilibrium state—constrained or
unconstrained—is represented by a point in this plane (Fig. 2.8).

Figure 2.8 Example of how the total entropy of an isolated system tends toward a max-
imum as internal constraints are removed.
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This exercise shows that there is more than one sequence in which the partitions
can be removed. The numerical calculations show that the removal of each partition
leads to a net increase in the total entropy of the 4m system. The unconstrained stable
equilibrium state B is unique, and the total entropy of this state is greater than that of
any other constrained equilibrium state that precedes it.

The simplicity of Fig. 2.8 is the result of having assumed that the initial compart-
ments are of equal size and the initial temperature distribution is given by eqs. (a).
Even if we hold the number of original partitions fixed, we have the freedom to repeat
this exercise by changing the T1, . . . , T4 values and by choosing any combination of
original compartments of unequal size. In the end, when all these additional exercises
are completed, the territory contained between points A and B will be covered by a
much denser population of constrained equilibrium states. The conclusion that is not
affected by the size of the population of intermediate constrained equilibrium states
is that the entropy of the lone unconstrained equilibrium state (B) is greater than in
any preceding state. For this reason, the appropriate name for the numerical value SB
is supremum rather than maximum. At the end of a similar series of exercises using
a closed system that evolves at constant S instead of constant U, we would see that a
better name for the smallest U value reached in a state of stable equilibrium is infimum
rather than minimum.

The main features of Fig. 2.7 (the ordinate axis and the three-dimensional surface
whose tangent plane is vertical at a point that represents a stable equilibrium state)
are symbolic. They summarize the main characteristics of an endless list of drawings
of the type shown here in Fig. 2.8.

2.5 CARATHÉODORY’S TWO AXIOMS

Carathéodory proposed a two-axiom condensation of the essence of the two
laws [21]. There were important reasons for such a step: for example, some
mathematicians’ lack of familiarity with the heat engine cycle arguments of
the Carnot–Clausius line as well as the need for analytical thermodynamics
that would make the subject applicable to systems more general than the
power/refrigeration examples contemplated by the pioneers. The effort to
mathematize and “generalize” thermodynamics continues. Reworded by
Sears [22], the two axioms read as follows:

Axiom I. The work is the same in all adiabatic processes that take a system from a
given initial state to a given final state.

Axiom II. In the immediate neighborhood of every state of a system, there are other
states that cannot be reached from the first by an adiabatic process.

Axiom I is used to define energy as a thermodynamic property. The change in
energy is equal to the negative of the adiabatic work transfer, which is a unique
quantity when the two end states are specified:

− W1–2,adiabatic = U2 − U1 (2.57)
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The heat transfer is defined as the difference between the actual work
transfer and the adiabatic work transfer associated with the given end states,
𝛿Q = 𝛿W − 𝛿Wadiabatic, which means that 𝛿Q − 𝛿W = dU. The 𝛿Q expression
for a reversible change of state is obtained using eq. (1.8′):

𝛿Qrev = dU −
∑

i

Yi dXi (2.58)

Axiom II is used to prove sequentially the existence of “reversible and adi-
abatic surfaces,” the property “entropy,” and finally, the property “thermody-
namic temperature.” Landsberg [23] showed that axiom II follows from the
Kelvin–Planck statement [eq. (2.1)]. His argument refers to the thermodynamic
phase space in Fig. 2.9, in which an equilibrium state is represented by a point
(the two volume coordinates VA and VB illustrate two of the deformation coor-
dinates Xi). Let M be an equilibrium state that possesses a neighborhood N. We
make the assumption that all the points that belong to N can be reached adia-
batically from M; in other words, we assume that axiom II is not true. Consider
next the equilibrium state (M′) that belongs to N and has the same configura-
tion (VA, VB) as the first equilibrium state (M). We choose the state M′ such that
UM > UM′ .

We can think of the cycle M′ → M → M′, in which the first leg M′ → M
is executed in the absence of work transfer. The zero-work process M′ → M
takes place as VA and VB are held constant and as the closed system is placed
in communication with a temperature reservoir whose temperature is at least as
high as 𝜃M . Note the use of the concept of empirical temperature, as the 𝜃 values
are the readings provided by a thermometer. The return process, M → M′, is
carried out adiabatically; that such a process is always possible was assumed at
the start of this discussion.

Figure 2.9 Relation between axiom II and the Kelvin–Planck statement of the
second law.
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The cycle M′ → M → M′ described above is characterized by positive net
heat transfer Q > 0 and—if we invoke the first law—positive net work transfer.
The net heat transfer is positive because during the only nonadiabatic portion of
the cycle the work transfer is zero while the energy increases (recall the assump-
tion that UM > UM′). Since the cycle M′ → M → M′ is said to be executed by
a closed system in communication with one temperature reservoir, the Q > 0
conclusion violates the Kelvin–Planck statement (2.2). Therefore, we conclude
that the assumption that all the points in N are adiabatically accessible from
M is erroneous. In other words, in every neighborhood N of every point M in
the thermodynamic phase space, there exist points that are adiabatically inac-
cessible from M. This conclusion is analogous to axiom II. We can repeat this
argument for a succession of neighborhoods N′, N′′, N′′′, . . . that are progres-
sively closer to state M (Fig. 2.9) to show that the “immediate neighborhood”
mentioned in axiom II contains adiabatically inaccessible states (M′) that are
infinitesimally close to M.

Next, consider the batch of fluid that expands adiabatically in the piston and
cylinder apparatus in Fig. 2.10. The piston rod is connected to an external appa-
ratus that can serve as a work absorber or a work producer. Our closed system is
“the fluid.” We follow its expansion from V1 to V2 in the energy–volume plane,
and invoking the first law for the adiabatic process 1 → 2, we write

−W1–2 = U2 − U1 (2.59)

This statement places no restriction on the sign of U2 − U1, yet we may ques-
tion whether state 2 can land just anywhere on the vertical line V = V2 of the
(U, V) plane.

Figure 2.10 Uniqueness of state 2rev, which can be reached adiabatically and reversibly
from state 1.
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The energy change U2 − U1 can be negative, zero, or positive, because it is
controlled by the work transfer apparatus with which our system communicates.
The energy decreases when the apparatus opposes the lateral progress of the
rod, U2 − U1 < 0. In the special case where the rod is physically detached from
the external apparatus, the expansion of the fluid is “free” and the net energy
change is zero, U2′ − U1 = 0 (note that the special process 1 → 2′ is present in
Joule’s free-expansion experiment). Finally, the end-state energy U2′′ can rise
above U1 if, following the free expansion, the external apparatus does work on
the fluid. One way of achieving this effect is by rotating the piston rod around its
axis while the fluid shear integrated over the piston face opposes the rotation. In
this manner, the external apparatus does work on the system, from state 2′ to 2′′.

In spite of the arbitrary location of state 2 on the vertical line V = V2, we
should expect some restrictions. Otherwise, given the fact that the energy drop
must equal the adiabatic work output [eq. (2.61)], it would mean that the adia-
batic expansion from V1 to V2 could release any amount of work, no matter how
great. A certain ordering of the final states 2, 2′, 2′′, . . . becomes visible if we
assume the existence of a special end state (2rev), whose noteworthy property is
that it can also serve as the initial state for an adiabatic process that terminates
at state 1 [note that state 2rev, like states 2, 2′, and 2′′ seen in the first (U, V)
plane of Fig. 2.10, can be reached adiabatically from state 1]. In other words, we
assume the existence of a state 2rev that is adiabatically accessible from state 1
and from which state 1 is itself adiabatically accessible. The assumed two-way
accessibility is indicated by the two arrows along the solid 1–2rev curve in the
second (U, V) plane of Fig. 2.10.

We question whether an ordinary state (2) (adiabatically accessible from
state 1) is situated above or below state 2rev on the V = V2 line. Assuming first
that U2 > U2rev

, we can picture the cycle 1 → 2 → 2rev → 1 shown in the third
(U, V) plane of Fig. 2.10. The cycle proceeds clockwise, because state 2 is adi-
abatically accessible from state 1 and state 1 is adiabatically accessible from
state 2rev. The net heat transfer interaction for this cycle is negative, Q < 0, as
the only heat transfer occurs with a decrease in U during the zero-work process
2 → 2rev. We conclude that the positioning of state 2 above state 2rev on the
V = V2 line is consistent with the Kelvin–Planck statement of the second law.

Imagine now a sequence of states 2 that are situated progressively closer
to state 2rev: in other words, a sequence of cycles 1 → 2 → 2rev → 1 whose
net heat transfer interaction approaches zero. In the limiting case, where
state 2 coincides with state 2rev, the net heat transfer is zero and the cycle
1 → 2rev → 1 is reversible. In the present case, the two processes that make up
the cycle are also adiabatic: hence, the name reversible and adiabatic for the
solid line that symbolizes the processes 1 → 2rev and 2rev → 1 in Fig. 2.10.
The fact that the 1– 2rev path is a “line” is discussed below.

The possibility of a state 2 being located under state 2rev on the V = V2 line is
ruled out by the second law of Kelvin and Planck. We can assume the situation
shown in the fourth (U, V) plane of Fig. 2.10, in which U2 < U2rev

. Since state 2
is adiabatically accessible from state 1, the three-process cycle 1→ 2→ 2rev →1
would have to be executed counterclockwise. The net heat transfer would be
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positive to account for the energy increase from state 2 to state 2rev during
the zero-work process 2 → 2rev. Such a conclusion, however, would violate the
Kelvin–Planck statement.

The discussion centered around Fig. 2.10 can be summarized by saying that
the states of volume V2 that are accessible adiabatically from state 1 cannot be
located under state 2rev in the (U, V) plane (or, simply, U2 ≥ U2rev

). Conversely,
all the states of volume V2 that are situated under state 2rev in the (U, V) plane
are not accessible adiabatically from state 1. It follows that the special state
called 2rev is a unique point on the V = V2 line, because it divides the vertical
line into adiabatically accessible and adiabatically inaccessible points. Another
way of concluding that the point (U2rev

,V2) is unique is by starting with the
assumption that two states of type 2rev can exist on the V = V2 line and arriving
at a contradiction of the Kelvin–Planck statement (Problem 2.3).

The volume V2 used in the preceding discussion is arbitrary. Indeed,
for any value that we choose to assign to V2, we can identify a unique
point 2rev on the V = V2 line in the (U, V) plane. It is not difficult to show
that this conclusion—the uniqueness of point 2rev—also holds for V2 < V1
(Problem 2.4), not just for the adiabatic expansions theorized in connection
with Fig. 2.10. Taken together, all the points 2rev that are reversibly and
adiabatically accessible from point 1 form a curve that passes through point 1.
The function U(V) that represents this reversible and adiabatic curve is single
valued; otherwise, we would be able to locate more than one 2rev point on a
V = const line (Fig. 2.11).

The initial state (point 1) considered in Fig. 2.10 is also arbitrary. This means
that through any point (1, 1′, . . . ) we can draw one reversible and adiabatic
curve and the (U, V) plane is covered by a family of such curves. Two reversible
and adiabatic curves cannot intersect; if they did, then at constant V there would
exist two states that would be accessible reversibly and adiabatically from the
point of intersection (see the right drawing of Fig. 2.11). The reversible and
adiabatic curve drawn through point 1 divides the (U, V) field into a lower-half

Figure 2.11 Uniqueness of the reversible and adiabatic curve that passes through
state 1; two reversible and adiabatic curves cannot intersect.
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Figure 2.12 Uniqueness of the reversible and adiabatic surface that passes through a
point in the (U, VA, VB) space and the family of nonintersecting 𝜎 = const surfaces.

plane that is adiabatically inaccessible from point 1 and an upper-half plane
whose points (equilibrium states) are all accessible from point 1 via adiabatic
irreversible processes.

These conclusions can be generalized by considering a closed system
whose equilibrium configuration depends on more than one parameter [22].
Figure 2.12 shows a closed system that can be deformed by varying the
two compartment volumes VA and VB independently. The “system” contains
the fluids A and B, whose respective pressures (PA, PB) are, in general,
different. At equilibrium, the empirical temperature of the system is uniform
(𝜃A = 𝜃B = 𝜃), as the two fluids are permanently separated by a diathermal
(also rigid, impermeable) partition. The equilibrium states of the system appear
as points in the (U, VA, VB) space or the (𝜃, VA, VB) space.

The Kelvin–Planck sorting of the adiabatic processes linking an initial state
(U, VA, VB)1 and a final configuration (VA, VB)2 can be repeated with the same
results as for the simpler example of Fig. 2.10. The vertical line (VA = VA2

,
VB = VB2

) is found to be divided by the unique state 2rev into an upper
semi-infinite line of states that are accessible adiabatically and irreversibly
from state 1 and a lower segment whose points are adiabatically inaccessible
from state 1. States 1 and 2rev can be joined by any number of reversible and
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adiabatic paths; two distinct alternatives are shown in Fig. 2.12: paths 1–a–2rev
and 1–b–2rev. It is shown in Problem 2.5 that, by following the system’s
evolution along each path, we obtain the same final temperature 𝜃2rev

(or final
energy U2rev

); in other words, we arrive at the same final point on the reversible
and adiabatic surface. This argument leads in the end to the existence of a
unique reversible and adiabatic surface that passes through a given point in the
(U, VA, VB) space—hence, the family of nonintersecting surfaces in Fig. 2.12:

𝜎(U,VA,VB) = 𝜎0, const (2.60)

Each constant 𝜎0 denotes a reversible and adiabatic surface. We are free to
choose the 𝜎0 values such that the sequence 𝜎′0, 𝜎′′0 , 𝜎′′′0 , . . . increases mono-
tonically with the sequence of empirical temperatures 𝜃′, 𝜃′′, 𝜃′′′, . . . of the
states of fixed configuration (1′, 1′′, 1′′′, . . . ) through which each constant-𝜎
surface is drawn. If we would choose a 𝜎0 sequence that decreases mono-
tonically as the 𝜃 values increase, we would arrive eventually at negative
thermodynamic temperatures. In what follows we regard the 𝜎0 value as a
measure of the “empirical entropy” in the same way that the 𝜃 values are a
record of empirical temperatures.

The general case in which the number of deformation coordinates (Xi) is not
specified can be dealt with in the same manner, that is, by repeating any number
of times the system selection leap from Fig. 2.10 to Fig. 2.12. In the end, this
line of reasoning leads to the existence of constant-empirical-entropy hyper-
surfaces 𝜎(U, Xi) = 𝜎0 in the hyperspace (U, Xi). The existence of constant-𝜎
surfaces can be used to prove the existence of the thermodynamic properties of
“entropy” and “temperature.” For the sake of visualization in three dimensions,
we illustrate [24] these steps for the two-volume system defined in Fig. 2.12.

Since 𝜎 varies monotonically with 𝜃, the state of the A + B system of
Fig. 2.12 can be specified in terms of either (𝜃, VA, VB) or (𝜎, VA, VB). Any
state-dependent quantity such as U can then be regarded as a function of 𝜎, VA,
and VB; hence, in an infinitesimal change of state we obtain

dU =
(
𝜕U
𝜕𝜎

)

VA,VB

d𝜎 +
(
𝜕U
𝜕VA

)

𝜎,VB

dVA +
(
𝜕U
𝜕VB

)

𝜎,VA

dVB (2.61)

If this process occurs along a reversible path, eq. (2.61) assumes the form given
in eq. (2.58),

dU = 𝛿Qrev − PAdVA − PBdVB (2.62)

Note here the identification of −PA and −PB as generalized forces Yi. Subtract-
ing eq. (2.62) from eq. (2.61), we obtain

0 =
(
𝜕U
𝜕𝜎

)

VA,VB

d𝜎 − 𝛿Qrev +

[(
𝜕U
𝜕VA

)

𝜎,VB

+ PA

]

dVA

+

[(
𝜕U
𝜕VB

)

𝜎,VB

+ PB

]

dVB

(2.63)
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Since 𝜎, VA, and VB can be varied independently, from eq. (2.63)

𝛿Qrev =
(
𝜕U
𝜕𝜎

)

VA,VB

d𝜎 (2.64)

−PA =
(
𝜕U
𝜕VA

)

𝜎,VB

and −PB =
(
𝜕U
𝜕VB

)

𝜎,VA

(2.65)

The first of these identities can be rewritten as

𝛿Qrev = 𝜆 d𝜎 (2.66)

where 𝜆 = (𝜕U∕𝜕𝜎)VA,VB
is an unknown function of three properties: for

example, 𝜆(𝜎, VA, VB), 𝜆(𝜃, VA, VB), and 𝜆(𝜃, 𝜎, VA). We show next that 𝜆
can only be a function of 𝜃 and 𝜎 and the form of this function is the product
𝜆 = 𝜙(𝜃) f(𝜎).

Applied to the closed system (A) alone (i.e., to the fluid on the left side
of the diathermal partition) (Fig. 2.12), the analysis contained between eqs.
(2.61)–(2.66) concludes with

𝛿Qrev,A = λA d𝜎A (2.67)

where 𝜆A is a function of (𝜃, 𝜎A), or of (𝜃, VA), and so on. For the adjacent
system, we write

𝛿Qrev,B = λB d𝜎B (2.68)

with 𝜆B = 𝜆B(𝜃, 𝜎B). The Clausius entropy (S) of the aggregate system A + B
is the sum of the entropies of the two subsystems, SA + SB, therefore we ask
whether the empirical entropy of the aggregate system is a function of the
empirical entropies of the subsystems:

𝜎 = 𝜎(𝜎A, 𝜎B) (2.69)

Note that the question is not whether 𝜎 is equal to the sum 𝜎A + 𝜎B but whether
𝜎 depends only on 𝜎A and 𝜎B. The answer falls out of eqs. (2.66)–(2.68), which,
combined into the statement that the heat transferred to A + B must be the sum
of the heat transfer interactions experienced by A and B individually,

𝛿Qrev = 𝛿Qrev,A + 𝛿Qrev,B (2.70)

yields
𝜆 d𝜎 = 𝜆A d𝜎A + 𝜆B d𝜎B (2.71)

or
d𝜎 =

𝜆A

𝜆
d𝜎A +

𝜆B

𝜆
d𝜎B (2.72)

In view of eq. (2.72), we conclude that 𝜎 is constant whenever 𝜎A and 𝜎B are
held constant or that 𝜎 is a function of 𝜎A and 𝜎B only. As partial derivatives
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of 𝜎 (𝜎A, 𝜎B), the two ratios 𝜆A∕𝜆 and 𝜆B∕𝜆 are also functions of only 𝜎A
and 𝜎B:

𝜆A

𝜆
= f1(𝜎A, 𝜎B) (2.73)

𝜆B

𝜆
= f2(𝜎A, 𝜎B) (2.74)

Equation (2.73) suggests that since 𝜆A is not dependent on VB, the denominator
𝜆 cannot be a function of VB either. Similarly, eq. (2.74) states that 𝜆 is also
independent of VA. We are left with the possibility that

𝜆(𝜃, 𝜎A, 𝜎B), 𝜆A(𝜃, 𝜎A), 𝜆B(𝜃, 𝜎B)

which by virtue of eqs. (2.73) and (2.74) means that

𝜕

𝜕𝜃

(
𝜆A

𝜆

)

= 0 and
𝜕

𝜕𝜃

(
𝜆B

𝜆

)

= 0 (2.75)

The system (2.75) is the same as

𝜕

𝜕𝜃
(ln 𝜆) = 𝜕

𝜕𝜃
(ln 𝜆A) =

𝜕

𝜕𝜃
(ln 𝜆B) (2.76)

where the three terms are, in order, functions of (𝜃, 𝜎A, 𝜎B), (𝜃, 𝜎A), and (𝜃, 𝜎B).
However, since 𝜎A and 𝜎B can be varied independently of 𝜃, eq. (2.76) implies
that each term must equal the same function of 𝜃: for example,

𝜕

𝜕𝜃
(ln 𝜆) = 𝜙1(𝜃) (2.77)

or 𝜆 = f (𝜎) exp

[

∫ 𝜙1(𝜃) d𝜃

]

, and finally

𝜆 = f (𝜎)𝜙(𝜃) (2.78)

The reversible heat transfer expression (2.68) is therefore equal to 𝛿Qrev =
𝜙(𝜃) f (𝜎) d𝜎, and recognizing f (𝜎) d𝜎 as the total differential of a function S
named entropy, we finally arrive at

𝛿Qrev = 𝜙(𝜃)dS (2.79)

This result is similar to eq. (2.37); it remains to show that the temperature func-
tion𝜙(𝜃) is the same as the thermodynamic temperature T defined via eq. (2.23).

Consider the family of cycles in the three-dimensional space of Fig. 2.13:
Each cycle a → b → c → d → a consists of a reversible and isothermal process
in the 𝜃 = 𝜃a plane, a reversible and adiabatic process in the S = S2 plane, a
reversible and isothermal process in the reference temperature plane 𝜃 = 𝜃0,
and finally, a reversible and adiabatic process in the plane S = S1. The constants
𝜃a, S1, and S2 are arbitrary. Writing Qrev,a for the net heat input to the system
during the a → b process, eq. (2.79) yields

Qrev,a = 𝜙(𝜃a)(S2 − S1) (2.80)
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Figure 2.13 Family of reversible cycles for recovering the concept of thermodynamic
temperature from Carathéodory’s axioms.

Similarly, the heat transferred to the system during the c → d process is

Qrev,0 = 𝜙(𝜃0)(S1 − S2) (2.81)

Together, eqs. (2.80) and (2.81) yield

𝜙(𝜃a) = 𝜙(𝜃0)
Qrev,a

−Qrev, 0
(2.82)

which is the same as eq. (2.22). We can then use eq. (2.82) to define the thermo-
dynamic temperature scale T ≡ 𝜙; hence, 𝛿Qrev = T dS; compare eq. (2,37).

According to eqs. (2.58) and (2.62), 𝛿Qrev is a linear differential form, also
called Pfaffian form, or Pfaffian. It is shown in the Appendix that this form can
be integrated only when certain integrability conditions are met, which is to say
that in general 𝛿Qrev is not an exact differential (this observation is stressed also
by the 𝛿 notation). The thermodynamic temperature then serves as an integrat-
ing denominator for the linear differential form, because the result of dividing
𝛿Qrev by T is always an exact differential, dS.

2.6 A HEAT TRANSFER MAN’S TWO AXIOMS

Carathéodory’s axiomatic approach represents a mechanistic point of view,
because the first primary concept chosen for this formulation (work transfer)
is a concept from mechanics. Taken together, the two axioms and the primary
concepts deliver the remaining pieces of thermodynamics: the concepts of heat
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transfer, entropy, and thermodynamic temperature. One develops a better feel
for what this axiomatic formulation accomplishes by rethinking the idea of
combining a few primary concepts with two axioms, this time using the very
language that Carathéodory avoided [25].

Imagine a world in which people were considerably more at ease with ther-
mal effects and their quantitative analysis than with mechanics—in other words,
a world in which “temperature,” “heat transfer,” and “zero-work boundary”
were the obvious choices as primary concepts. Derived concepts are adiabatic
boundary and work transfer. The members of this make-believe society had
already established the convention that temperature always means the ideal gas
thermometer temperature (the “absolute temperature”) and labeled it T .

The fact that these people were not comfortable with mechanical things does
not mean that they were backward. On the contrary, their mathematics was the
same as ours despite trivial differences in language, notation, and ways of mea-
suring. For example, it was considered proper to measure the size of a closed
system in terms of its “entropy” (labeled S); this method had been perfected
two thousand years earlier by their own “old Greeks,” so that even the children
could tell that the entropy of the closed system of Fig. 2.14 is equal to the sum
of the entropies of its two parts:

S = SA + SB (2.83)

Figure 2.14 Family of reversible and zero-work surfaces in the (U, SA, SB) space.
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In short, these people were about as conversant in entropy measurement and
accounting as you and I are today when it comes to measuring “volume.”

Incidentally, the people described here also learned the concept of volume
(in college); however, they also learned to fear this concept along with every-
thing else geometric or mechanical. Contributing to this fear was the fact that the
name volume sounded alien: It had been invented by a classics-loving professor
who made it up by piecing together two interesting and otherwise very dead
words. Feared as it was, the word volume was quite popular among the prac-
titioners of name dropping, especially at conferences on pure heat and con-
gressional hearings on all sorts of invisible things. There were even passionate
references to the “volume death” of the universe, when, in fact, no one remem-
bered the professor’s original theory with the same name.

Relatively late in its scientific development, this society learned to attach
great importance to the quantity T dS, which was called reversible heat transfer
and labeled 𝛿Qrev. The word reversible was used as a reminder of the spe-
cial state of tranquility and temperature uniformity (T) that reigned during the
entropy change dS. At ease with measuring both T and S, these people had no
trouble calculating 𝛿Qrev using eq. (2.37).

Consider now the implications of the following two axioms, which—it is
easy to see—in the scenario discussed here are the alternative to Carathéodory’s
axioms [25]:

Axiom I′. The heat transfer is the same in all zero-work processes that take a system
from a given initial state to a given final state.

Axiom II′. In the immediate neighborhood of every state of a system, there are other
states that cannot be reached from the first via a zero-work process.

The implications of axiom I′ are the existence of a thermodynamic property
called energy,

Q1–2,zero−work = U2 − U1 (2.84)

and the definition of work transfer,

𝛿W = 𝛿Q − 𝛿Qzero−work = 𝛿Q − dU (2.85)

For an infinitesimally small reversible change of state, we can now write

𝛿Wrev = −dU + 𝛿Qrev (2.86)

and with special reference to the two-fluid system in Fig. 2.14,

𝛿Wrev = −dU + TA dSA + TB dSB (2.87)
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In that example, the two compartments are separated by an adiabatic piston
that can slide without encountering any resistance from the cylinder wall. The
“empirical pressure” 𝜋 is measured with a locally available pressure gage.
Measurements show that the value of 𝜋 is the same on both sides of the sliding
partition.

The analysis contained between eqs. (2.59) and (2.82) can be redone for the
example of Fig. 2.14 in order to define the rigorously derived concepts of vol-
ume (V) and thermodynamic pressure (P). This analysis is outlined in Ref. 25.
The first conclusion to emerge from axiom II′ is the existence of reversible and
zero-work surfaces:

𝜔(U, SA, SB) = 𝜔0, constant (2.88)

The value 𝜔0 of the surface that passes through a given point 1 in the
(U, SA, SB) space can be called the empirical volume of the system at state 1.
One finds that eq. (2.88) represents a family of nonintersecting surfaces.
Furthermore, all the states 2 that can be reached via zero-work processes from
state 1 are situated on the same side of the reversible and zero-work surface
that passes through state 1.

The next conclusion is that U can be considered a function of 𝜔, SA, and SB
[eq. (2.88)]; hence,

dU =
(
𝜕U
𝜕𝜔

)

SA, SB

d𝜔 +
(
𝜕U
𝜕SA

)

𝜔, SB

dSA +
(
𝜕U
𝜕SB

)

𝜓, SA

dSB (2.89)

Comparing this differential with eq. (2.87), we identify

𝛿Wrev = Λ dw (2.90)

where the coefficient Λ is itself a function of (𝜔, SA, SB), or (𝜋, SA, SB), or
(𝜋, 𝜔, SA), and so on:

Λ = −
(
𝜕U
𝜕𝜔

)

SA, SB

(2.91)

Assuming that Λ = Λ(𝜋, 𝜔, SA) and reconstructing the analysis presented ear-
lier between eqs. (2.67) and (2.78), we find that Λ can be a function of only 𝜋
and 𝜔 and that this function is a product:

Λ = Φ(𝜋) F(𝜔) (2.92)

The details of this proof [25] are omitted for conciseness: Note, for example,
that to “reconstruct” the earlier analysis means to begin with 𝛿Wrev,A = ΛAd𝜔A
in place of eq. (2.67), and so on. In the end, eqs. (2.90) and (2.92) together
imply the existence of an exact differential dV = F(𝜔)d𝜔, so that

𝛿Wrev = Φ(𝜋) dV (2.93)

The new function V can be named the volume to distinguish it from the empir-
ical volume function 𝜔 (note that the function 𝜔 represents the sequence of
monotonically increasing or decreasing numbers assigned to the surfaces that
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pass through points 1, 1, 1′′, . . . in Fig. 2.14). The analogy between this last
conclusion and the naming of entropy in eq. (2.79) is evident.

The final step consists of constructing a reversible cycle that is a sequence
of four processes:

1. Reversible and isobaric expansion in the 𝜋 = 𝜋a plane (to be concrete, we
assume that V2 > V1)

2. Reversible and zero-work depressurization in the V = V2 plane
3. Reversible and isobaric compression in the 𝜋 = 𝜋0 plane
4. Reversible and zero-work pressurization in the V = V1 plane

The four planes that house this cycle are shown in Fig. 2.15. In most cases
(i.e., when common working fluids are used) the reversible and zero-work
depressurization process 2 means a process of zero-work reversible cooling.
Note that the heat interaction during this process (as well as during heating
process 4) is of type 𝛿Qrev = T dS and the system makes contact with a
sequence of heat reservoirs whose temperatures match the continuous variation
of the system temperature T . Applying eq. (2.93) to the two isobaric processes,
we have

𝛿Wrev,a =Φ(𝜋a)(V2 − V1) (2.94)

𝛿Wrev,0 =Φ(𝜋0)(V1 − V2) (2.95)

and dividing side by side yields

Φ(𝜋a) = Φ(𝜋0)
𝛿Wrev, a

−𝛿Wrev, 0
(2.96)

Figure 2.15 Family of reversible cycles for recovering the concept of thermodynamic
pressure from axioms I′ and II′.
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This relationship can be used to define the thermodynamic pressure scale
P ≡ Φ in the same way that eqs. (2.22) and (2.82) served as definitions for
thermodynamic temperature. The thermodynamic pressure scale P is based on
one fiducial point, so that, as a matter of convention, the factor Φ(𝜋0) is a con-
stant (e.g., Φ(𝜋0) = 0.6113 kPa if the fiducial point is the triple point of water).
Relative to the linear differential form (2.87), the thermodynamic pressure P
serves as the integrating denominator.

Reviewing the progress made after axioms I′ and II′, we note the three-step
definition of the concepts of reversible and zero-work surface, volume, and
thermodynamic pressure. The expression for the infinitesimal reversible work
transfer is P dV , which means that the glossary of words possessed now by the
heat transfer–educated person is as complete as the glossary of the mechanic
who just finished digesting Carathéodory’s two axioms.

The perfect symmetry between the classical (historical) construction of
thermodynamics and the present heat transfer–based reconstruction is outlined
in Table 2.1. The concepts assembled in this table are only the frontispiece of

TABLE 2.1 Thermodynamics Structure: Scheme Rooted in Mechanics and Heat
Transfer–Based Reconstruction

Structure
Scheme Rooted
in Mechanics

Heat Transfer–Based
Reconstruction

Primary concepts Pressure (force)
Volume (displacement)
Work transfer
Adiabatic boundary

Temperature
Entropy
Heat transfer
Zero-work boundary

The first law ∫
2

1
𝛿Wadiabatic = f (1, 2) ∫

2

1
𝛿Qzero-work = f (1, 2)

Definition of energy change, dE −𝛿Wadiabatic 𝛿Qzero-work
Derived definition of heat

transfer
𝛿W − 𝛿Wadiabatic

Derived definition of work
transfer

𝛿Q − 𝛿Qzero-work

Derived concepts Heat transfer
Zero-work boundary
Reversible and

adiabatic surface
Entropy
Temperature

Work transfer
Adiabatic boundary
Reversible and

zero-work surface
Volume
Pressure

The second law for a closed
system executing an integral
number of cycles while in
communication with no
more than one “reservoir”

∮ 𝛿Q > 0 is impossible

or

∮ 𝛿W > 0 is impossible

∮ 𝛿Q < 0 is impossible

∮ 𝛿W < 0 is impossible

Type of reservoir Temperature (T0) Pressure (P0)

Source: Ref. 25.
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the voluminous subject of thermodynamics known in our world (the second
column) or in the heat transfer–minded world described earlier (the third
column). The table can be continued downward by identifying one by one the
(derived) analytical highlights of our own thermodynamics and then working
out the equivalent analytical fact or statement that must be entered in the
third column.

As an example of how Table 2.1 might be continued, consider the heat trans-
fer equivalent of the Kelvin–Planck statement:

The net work interaction of a closed system that executes a cycle while in communi-
cation with no more than one pressure reservoir cannot be negative; that is,

∮ 𝛿W < 0 is impossible

Had this statement not been true, humans would long ago have opted for letting
the atmospheric pressure reservoir alone do work for them.

2.7 HISTORY

Considerable material is still being written about Sadi Carnot and the origins of
the second law. There is little disagreement on the greatness of Sadi Carnot’s
intuitive description of a “limiting” cycle that consists of a succession of equi-
librium states and of his claim that the efficiency of such a cycle depends only
on the temperatures of the two heat reservoirs and not on the choice of working
fluid. Unfortunately, Sadi Carnot’s premature death of cholera in the epidemic
of 1832 and the belated rediscovery of his theory left the impression that his
revolutionary ideas came out of thin air. There is a body of literature that paints
an entirely different picture [4, 26–28].

Sadi Carnot† belonged to one of the most remarkable families that engi-
neering has ever known. The concept of reversibility in cyclical operation was
formulated first by his father, Lazare Carnot, as an essential condition for max-
imizing the efficiency of purely mechanical energy converters. In his treatise
on engineering mechanics [29], Lazare Carnot argued that the efficiency of a
“machine” is maximum when violent effects such as percussion and turbulence
(when fluid machinery is involved) are avoided. Lazare Carnot referred to this
limiting and most efficient regime of operation as “geometric motion.”

With so little material evidence left after Sadi’s death and the atmosphere of
political disrepute that surrounded Lazare’s final years, much of the apparently
“filial” relationship between Sadi’s heat engine theory and Lazare’s theory of

†Nicolas Léonard Sadi Carnot (1796–1832) was the son of Lazare Nicolas Marguerite Carnot
(1753–1823), a military engineer and one of the leaders of the French Revolution. In French his-
tory, Lazare is remembered as the “Great Carnot” and the “Organizer of Victory.” Lazare’s younger
son, Hippolyte Carnot (1801–1888), enjoyed a successful political career that culminated with the
position of senator for life. It was Hippolyte who in 1871 published Sadi’s Manuscript Notes.
Hippolyte’s own son, also named Sadi Carnot (1837–1894), was president of the Third Republic
from 1887 until his assassination in 1894.
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mechanisms can only form the subject of educated speculation. Interesting
reading in this direction is provided by Refs. 26 and 27, which focus on
Sadi’s adolescence and engineering studies, when his father’s occupation was
that of recording secretary for the Institut de France. In that capacity, Lazare
Carnot had to examine firsthand and comment on a number of inventions that
dealt with heat engines. Sadi Carnot’s analogy between the fall of a water
stream through a work-producing waterwheel and the fall of caloric through
a work-producing heat engine emerges as an understandable product of the
intellectual environment in which he was raised. His vision that the temperature
differences between the heat engine and the heat reservoirs must be avoided
emerges as a very powerful generalization of Lazare Carnot’s principle of
avoiding the free fall of water upstream and downstream of the waterwheel.

These speculations address only one aspect of the father–son relationship.
Lazare Carnot was a revolutionary in more than just science. A firm believer
in the concept of Republic, he resigned from government in 1800 after only
five months as Napoleon’s first Minister of War. Retired, he devoted his time to
science and to raising his children. So, if today we regard Sadi Carnot’s thinking
as “revolutionary,” we are also paying a tribute to Lazare Carnot’s presence as
father and role model.

REFERENCES

1. M. Planck, Treatise on Thermodynamics, 3rd ed., translated by A. Ogg, Dover,
New York, 1945, p. 89 (1st German ed. published in 1897).

2. Lord Kelvin, Mathematical and Physical Papers of William Thomson, Vol. 1,
Cambridge University Press, Cambridge, 1882, p. 179; from the article, On the
dynamical theory of heat, with numerical results deduced from Mr. Joule’s equiv-
alent of a thermal unit, and M. Regnault’s observations on steam, Trans. R. Soc.
Edinburgh, Mar. 1851, and Philos. Mag., Ser. 4, 1852, reprinted in Ref. 4 of
Chapter 1, pp. 106–132.

3. E. Clapeyron, Memoir on the Motive Power of Heat, originally published in J. Éc.
Polytech., Vol. 14, 1834; translated in E. Mendoza, ed., Reflections on the Motive
Power of Fire and Other Papers, Dover, New York, 1960, and in Ref. 4 of
Chapter 1.

4. E. Mendoza, Contribution to the study of Sadi Carnot and his work, Arch. Int. Hist.
Sci., Vol. 12, 1959, pp. 377–396.

5. J. W. Gibbs, Graphical methods in the thermodynamics of fluids, Trans. Conn. Acad.
Arts Sci., Vol. 2, Apr.–May 1873; reprinted in The Collected Works of J. Willard
Gibbs, Vol. I, Longmans, Green, New York, 1928, Fig. 3, p. 10.

6. H. Poincaré, Thermodynamique, Georges Carré, Paris, 1892, pp. 136–138.
7. C. Truesdell, Rational Thermodynamics, 2nd ed., Springer-Verlag, New York, 1984,

p. 44.
8. W. F. Giauque, A proposal to redefine the thermodynamic temperature scale:

With a parable of measures to improve weights, Nature (Lond.), Vol. 143, 1939,
pp. 623–626.



Trim Size: 6.125in x 9.25in Bejan c02.tex V2 - 08/09/2016 11:02am Page 79�

� �

�

REFERENCES 79

9. A. Bejan, Graphic techniques for teaching engineering thermodynamics,
Mechanical Engineering News, May 1977, pp. 26-28.

10. A. Bejan, Entropy Generation through Heat and Fluid Flow, Wiley, New York,
1982, p. 4.

11. W. Thomson (Lord Kelvin), On an absolute thermometric scale founded on Carnot’s
theory of the motive power of heat, and calculated from Regnault’s observations,
Proc. Cambridge Philos. Soc., June 5, 1848, and Philos. Mag., Ser. 3, Oct. 1848;
also in Mathematical and Physical Papers of William Thomson, Vol. I, Cambridge
University Press, Cambridge, 1882, pp. 100–106.

12. R. Clausius, On different forms of the fundamental equations of the mechanical
theory of heat and their convenience for application, translated by R. B. Lindsay,
pp. 162–193 of Ref. 4 of Chapter 1; first presented to the Züricher naturforschende
Gesellschaft on Apr. 24, 1865, and printed in Q. J. Gesellschaft, Vol. 10, p. 1, in
Physica. (Leipzig), Ser. 2, Vol. 125, 1865, p. 313, and in J. Liouville, Ser. 2, Vol. 10,
p. 361.

13. W. J. M. Rankine, on the thermal energy of molecular vortices, Trans. R. Soc. Edin-
burgh, Vol. 25, 1869, pp. 557–566; On the hypothesis of molecular vortices, or
centrifugal theory of elasticity, and its connexion with the theory of heat, Philos.
Mag., Ser. 4, No. 67, Nov. 1855, pp. 354–363; No. 68, Dec. 1855, pp. 411–420.

14. K. G. Denbigh, The second law efficiency of chemical processes, Chem. Eng. Sci.,
Vol. 6, No. 1, 1956, pp. 1–9.

15. A. Bejan, Convection Heat Transfer, 4th ed., Wiley, New York, 2013, Chap. 1.
16. J. P. Joule, On the changes of temperature produced by the rarefaction and conden-

sation of air, Philos. Mag., Ser. 3, Vol. 26, May 1845; also in The Scientific Papers of
James Prescott Joule, Taylor & Francis, London, 1884, pp. 172–189; J. S. Ames, The
Free Expansion of Gases, Memoirs by Gay-Lussac, Joule and Joule and Thomson,
Harper’s Scientific Memoirs, Harper & Brothers, New York, 1898, pp. 17–30.

17. A. Bejan, The Physics of Life: The Evolution of Everything, St. Martin’s Press,
New York, 2016.

18. N. Georgescu-Roegen, The Entropy Law and the Economic Process, Harvard
University Press, Cambridge, MA, 1971.

19. H. J. Morowitz, Entropy for Biologists, Academic, New York, 1970.
20. R. Clausius, Abhandlungen über die mechanische Wärmetheorie, Vol. II, Vieweg,

Braunschweig, Germany, 1867, p. 44.
21. C. Carathéodory, Untersuchungen über die Grundlagen der Thermodynamik, Math.

Ann. (Berlin), Vol. 67, 1909, pp. 355–386.
22. F. W. Sears, Modified form of Carathéodory’s second axiom, Am. J. Phys., Vol. 34,

1966, pp. 665–666.
23. P. T. Landsberg, A deduction of Carathéodory’s principle from Kelvin’s principle,

Nature (Lond.), Vol. 201, 1964, pp. 485–486.
24. F. W. Sears, A simplified simplification of Carathéodory’s treatment of thermody-

namics, Am. J. Phys., Vol. 31, 1963, pp. 747–752.
25. A. Bejan, Heat transfer-based reconstruction of the concepts and laws of classical

thermodynamics, J. Heat Transfer, Vol. 110, 1988, pp. 243–249.
26. M. J. Klein, Carnot’s contribution to thermodynamics, Phys. Today, Aug. 1974,

pp. 23–28.



Trim Size: 6.125in x 9.25in Bejan c02.tex V2 - 08/09/2016 11:02am Page 80�

� �

�

80 THE SECOND LAW

27. T. S. Kuhn, Sadi Carnot and the Cagnard engine, Isis, Vol. 52, 1961, pp. 567– 574.
28. C. C. Gillispie, Lazare Carnot, Savant, Princeton University Press, Princeton, NJ,

1971.
29. L. Carnot, Essai sur les machines en général, Dijon, France, 1783.

PROBLEMS

2.1 Consider the most general case of a closed-system cyclical operation
while in communication with two temperature reservoirs (Fig. 2.3a).
Relying on the Kelvin–Planck statement of the second law [eq. (2.2)],
show that Q1Q2 < 0 regardless of the sign of Q2. Note that in the text the
proof that Q1 and Q2 must be of opposite sign is based on the assumption
that Q2 < 0; this assumption must be relaxed to show that the Q1Q2 < 0
conclusion is general.

2.2 The second law of thermodynamics for a cycle executed by a closed sys-
tem in contact with two temperature reservoirs [eq. (2.27)] was derived in
the text based on the assumption that the net work transfer W is positive.
Show that eq. (2.27) holds for any value of W.

2.3 Consider the class of adiabatic expansion processes discussed in con-
junction with the closed system of Fig. 2.10. Assume that two distinct
states (2rev and 2′rev) can be reached reversibly and adiabatically from
state 1; for example, assume that

U2′rev
> U2rev

and V2′rev
= V2rev

Rely on the Kelvin–Planck second-law statement to prove that such
an assumption is physically impossible. Can more than two states of
type 2rev be found at V = V2? In other words, is the state 2rev unique?

2.4 Consider the adiabatic work transfer process executed by the closed sys-
tem (the fluid) of Fig. 2.10 when its volume decreases from V1 to V2.
Using a line of reasoning that parallels the discussion based on Fig. 2.10,
show that the end state 2rev that is accessible reversibly and adiabatically
from state 1 is represented by a unique point on the V = V2 line of the
(U, V) plane.

2.5 Determine one by one the exact location of the points that appear in the
two-dimensional plot of Fig. 2.8 (see Example 2.3). How many different
paths can the system follow from state A to state B?

2.6 As an example of the evolution of an isolated system toward a state
of maximum entropy as one or more internal constraints are removed,
consider the quantity of ideal gas (m, R, cv) trapped in the piston and
cylinder chamber shown in Fig. P2.6a. The initial volume is V1; the ini-
tial pressure P1 is greater than the pressure that would be necessary to
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Figure P2.6

support the piston (mass M, area A); therefore, in the initial state, the
piston is held in place with a pin. The space V2 − V1 located above the
piston is evacuated.

The pin is removed, the piston rises, and enough time passes until a
new equilibrium state is reached. Assuming that the piston comes to rest
against the top wall of the cavity, determine the critical piston mass that
differentiates between the final states shown in Figs. P2.6b and c. First,
note that the “system” that is “isolated” has two parts, the gas m and the
piston M. (What are the energy interactions experienced by this system
during the expansion?) In case (b), determine analytically the final tem-
perature T2 (note that V2 is given). In case (c), determine analytically the
final volume V3. Show analytically that in both cases the entropy of the
system increases.

2.7 As a second example of changes caused by the removal of an internal
constraint, consider an insulated piston and cylinder chamber in which
the weight of the piston (mass M, area A) controls the pressure of the
quantity of ideal gas (m∕2, R, cv) situated in the compartment immedi-
ately under the piston (Fig. P2.7). The lower compartment contains an
equal quantity of the same ideal gas (m∕2, R, cv): The temperature and
volume of this second quantity are known (T1 and V1). The two quantities
of ideal gas are initially in thermal equilibrium across a rigid, motion-
less, leakproof, and thermally conducting partition. The space above the
piston is and remains evacuated.

The partition is removed to the side (the work required to make
this change is negligible), the two quantities of ideal gas become one
(m, R, cv), and, after enough time, the piston settles in a new position.
Assume that the cylinder chamber is sufficiently tall that the piston
never touches the ceiling (Fig. P2.7b). Determine analytically the final
temperature T2 of the ideal gas. For the aggregate system (m + M) as
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Figure P2.7

an isolated thermodynamic system, show that during the change caused
by the removal of the partition the entropy increases while the energy
remains constant.

2.8 The specific heat at a constant volume of gases (cv) can be determined
indirectly from cP measurements and from a special measurement of the
cP∕cv ratio, which is described below. A small amount of gas is held in
a rigid bottle fitted with a valve. Initially (state 1), the valve is closed,
the gas temperature is atmospheric (Ta), and the gas pressure is slightly
above atmospheric (P1). The valve is then opened and closed immedi-
ately (state 2); during this incident, enough of the bottled gas escapes
and the pressure inside the bottle drops to the atmospheric level (Pa).
The experimenter also notices that during the same incident the temper-
ature T2 of the bottled gas drops, T2 < Ta. Waiting so that the bottled
gas comes to thermal equilibrium with the atmosphere (state 3), the
experimenter finds that the gas pressure climbs to a final level P3 above
atmospheric.

Show that if the expansion of the gas that remains trapped in the bot-
tle is modeled as reversible and adiabatic, and if the gas is modeled as
ideal, the ratio cP∕cv is a function of only P1∕Pa and P3∕Pa. In other
words, show that the ratio of specific heats can be calculated from the
measurement of three pressures, P1, P3, and Pa.

2.9 It is well established that the adiabatic and quasi-static volume change
of an ideal gas (R, cv) in a cylinder and piston apparatus follows the path
PVk = const, where k = cP∕cv. Real processes, however, depart from
this path; the actual path is named polytropic and is represented by the
function

PVn = const

where n is a constant (n ≠ k). One possible reason for this departure is
the heat transfer that takes place between the ideal gas and the massive
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Figure P2.9

wall of the cylinder. Determine how the constant exponent n is affected
by the heat capacity of the cylinder wall. The simplest model that retains
the effect of gas–wall heat transfer is presented in Fig. P2.9. The mass
of the ideal gas is m, the mass of the cylinder wall is M, and the specific
heat of the wall material is c. Consider now the expansion from an ini-
tial volume V1 and pressure P1 to a final volume V2 and assume that at
any instant during this process the ideal gas and the wall material are in
mutual thermal equilibrium. The expansion is sufficiently slow so that
𝛿W = P dV . Furthermore, the combined system (ideal gas and cylinder
material) does not exchange heat with its surroundings.
(a) Show that the path of the process is PVn = const, where

n = 1 +
R∕cv

1 + Mc∕mcv

Hint: Write the first law for an infinitesimally short change of state;
express the instantaneous gas–cylinder heat transfer in terms of the
energy change experienced by the cylinder material.

(b) How large (or how small) should the wall heat capacity be if the path
is to approach PVk = const?

(c) Evaluate the entropy change dS for the combined system (ideal gas
and cylinder material) during the infinitesimal change from V to
V + dV .

(d) Invoke the second law of thermodynamics to decide whether the pro-
cess executed by the combined system is reversible or irreversible.

2.10 A basic question in the design of boilers and pressurized water reactor
vessels refers to estimating the time interval in which the vessel would
lose all its liquid, following an accident in which the lower part of the
vessel develops a leak. If the vessel contains originally a mixture of
saturated water liquid and saturated water vapor at a pressure higher
than atmospheric, then the loss of liquid causes the depressurization
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Figure P2.10

of the vessel. The blowdown process is accompanied by the vaporiza-
tion of some of the liquid before the liquid is evicted entirely through
the bottom leak. The phenomenon is quite complicated: In general, the
liquid–vapor interface is crossed by both heat transfer and mass trans-
fer. A water–carbon dioxide analogue of the discharge of the boiling
water mixture is available to anyone who chooses to experiment with an
old-fashioned seltzer bottle.

We develop an understanding of the phenomenon by focusing on the
behavior of the air–water model shown in Fig. P2.10. The rigid vessel
(volume V) contains in the initial state (i) a quantity of air, ma, and a
quantity of water, mw,i. The initial pressure of this composite system, Pi,
is higher than the atmospheric pressure P0. The initial volume occupied
by air, Va,i, is known. The air is modeled as an ideal gas with known
constants R and cv, whereas the water behaves as an incompressible liq-
uid of density 𝜌w and constant specific heat c. The water–air interface is
modeled as impermeable to mass transfer; that is, it is assumed that the
discharge process is fast enough so that the diffusion of water into air
(and vice versa) is negligible.

The rupture of the lower part of the vessel is symbolized by a valve
that opens at time t = 0 and stays open until time t = tf when all the
water is ejected (f stands for the final state when the vessel contains
only air, at a pressure that is still higher than atmospheric). Fluid engi-
neering studies of the turbulent liquid flow through the valve suggest
that the instantaneous liquid ejection flow rate can be assumed to vary as
ṁ(t) = C[P(t) − P0]1∕2, where C is a known constant.
(a) Determine the discharge time tf by modeling the water–air interface

adiabatic and the expansion of the air batch ma reversible. Determine
tf analytically by assuming that throughout the i → f process P is
much greater than P0.

(b) Derive the equations for calculating tf numerically in the case when
the water–air interface is modeled as diathermal (i.e., when the
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instantaneous temperature T is the same for air and water through-
out V). Assume that the expansion is again sufficiently slow so that
the instantaneous pressure P is uniform throughout the vessel.

2.11 Thomas Newcomen’s atmospheric pumping engine operated on the prin-
ciple shown as states 1 → 2 → 3 in Fig. P2.11. In state 1 the piston and
cylinder apparatus contains m kilograms of saturated steam at atmo-
spheric pressure, P1 = 0.10135 MPa. An amount of tap water Δm (at
atmospheric conditions, P0 = 0.10135MPa and T0 = 298.15 K) is intro-
duced into the cylinder, and with the piston still locked in its uppermost
position, the charge attains a new equilibrium represented by state 2.
The new pressure P2 is lower than atmospheric, the actual value of P2
depending on the amount of tap water Δm. Assume that Δm is such that
the pressure falls to about half of its original level, P2 = 50 kPa.

The work-producing stroke of the engine takes place as the atmo-
sphere drives the piston (assumed massless) into the cylinder until
the pressure inside the cylinder rises back to atmospheric level,
P3 = 0.10135 MPa. An appropriate mechanism, which originally was
devised for raising water from coal mines, delivers the difference
between the work done by the atmosphere and the work needed to
compress the contents of the cylinder. The process 2 → 3 can be
modeled as adiabatic and quasi-static.
(a) Determine the quality at state 2 and the ratio Δm∕m.
(b) Determine the quality at state 3 and the work required to compress

the liquid–vapor mixture from state 2 to state 3.
(c) The piston and cylinder apparatus is returned to state 1 by discharg-

ing the saturated liquid collected at state 3, mf ,3, and replenishing the
dry saturated steam amount mg,3 to reestablish the original charge m.
Calculate the amount of steam added, m − mg,3: that is, the amount
that is consumed during one complete cycle.

(d) Determine the work delivered during one cycle.

Figure P2.11
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Figure P2.12

2.12 The two-chamber apparatus shown in Fig. P2.12 contains atmospheric
air at temperature T0 and pressure P0. The two chambers contain equal
amounts of air; in other words, their initial volumes are equal (VA1 =
VB1 = V1). The air may be modeled as an ideal gas whose constants R
and cv are known. The cylinder wall and the two frictionless leakproof
pistons are adiabatic. The bottom of the cylinder (the right wall of cham-
ber B) is a diathermal boundary through which B communicates with the
atmospheric temperature reservoir (T0).

Starting from state 1 described above, the air in both chambers is com-
pressed by the slow movement of the left piston. The process ends at
state 2, where the pressure level P2 is measured and recorded (note that
PA2 = PB2 = P2).
(a) Determine analytically the final volumes VA2 and VB2 and the final

temperature of chamber A, TA2.
(b) Determine the work transfer experienced by the closed system rep-

resented by the air trapped in chamber A.
(c) Determine the work transfer experienced by the aggregate closed

system represented by all the trapped air (chambers A + B).
(d) Apply the second law to the process 1 → 2 executed by the

aggregate system (A + B) and determine whether the process is
reversible.

2.13 The function of the cylinder and piston apparatus shown in Fig. P2.13
is to lift a weight by using the compressed air stored in the reservoir of
pressure PR and atmospheric temperature T0. In the initial state the pis-
ton touches the bottom of the cylinder. Throughout the lifting process
compressed air is being admitted into the cylinder through a valve. The
function of the valve is to lower the pressure of the inflowing air from PR
to the pressure that is maintained in the cylinder by the load itself, PL.
The air that resides inside the cylinder is in thermal communication with
the ambient and, as a result, its temperature is constant and equal to T0.
Consider the open system indicated by the dashed box in the figure. Cal-
culate the entropy generated inside it during a finite-excursion lifting
process. Calculate the total heat interaction (Q0) between this system
and the ambient reservoir (T0).
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Figure P2.13

2.14 In the Middle Ages, hydraulic power was produced near waterfalls and
fast (inclined) rivers by using waterwheels. A waterwheel has many
buckets on its rim. On the heavy side of the wheel, the buckets face
upward and are filled with water from the natural stream. On the oppo-
site side of the wheel, the buckets are upside down (empty), the half-
rim is light, and the wheel turns with finite torque and delivers power to
its user, who is connected to the shaft.

An even simpler version of this invention is the “air wheel” shown
in Fig. P2.14. The wheel is immersed in a stationary body of water. On
its rim it has a number of equidistant cylinders filled with air and with
pistons, which are frictionless and leakproof. The figure shows only a
pair of diametrically opposed air cylinders. On the left side, the cylinder
faces upward, the air charge is compressed by the weight of the piston,
and consequently the air displaces less of the surrounding water. On the
right side, the cylinder faces downward, the air charge expands, and the
volume of displaced water is greater.

The shaft of the air wheel is connected to a flour mill, which needs
mechanical power to turn. In what direction will the air wheel turn?

Figure P2.14



Trim Size: 6.125in x 9.25in Bejan c02.tex V2 - 08/09/2016 11:02am Page 88�

� �

�

88 THE SECOND LAW

Figure P2.15

2.15 A cylinder contains air at a constant pressure P maintained by a friction-
less piston which is pushed from the outside with a constant force. The
cylinder pressure P is greater than the atmospheric pressure P0. There is
a crack in the cylinder wall and air leaks slowly through it. The piston
travels slowly and without friction from right to left until all the com-
pressed air has left the cylinder (V2 = 0). During this motion, the air that
is inside the cylinder is in thermal equilibrium with the atmosphere of
temperature T0. The system is defined by the dashed boundary shown
in Fig. P2.15. The process starts from state 1 (volume V1) and ends at
state 2 (volume V2).
(a) Is the system open or closed?
(b) Is the process steady or unsteady?
(c) Write the per-unit-time statements of mass conservation and the first

and second laws.
(d) Determine the size and direction of the total heat and work interac-

tions experienced by the system, Q1−2 and W1−2.
(e) Determine the total entropy generated by the system during the pro-

cess, Sgen,1–2.
(f) Is the process 1 → 2 reversible or irreversible?

2.16 The valve is a component that appears frequently in the design of flow
systems. Its purpose is to decrease the pressure of the stream (ṁ) along
which it is inserted. Its measurable effect is the pressure dropΔP = Pin −
Pout > 0, where in and out represent the inlet and outlet ports of the valve.
The (ṁ) flow is steady. Imagine that the valve resides inside a control
volume and its thermal contact with the ambient (T) is good enough
such that the measured outlet temperature of the stream is equal to the
inlet temperature, Tout = Tin = T . Assume that the stream (ṁ) carries an
incompressible liquid and determine:
(a) The heat transfer rate Q̇, defined positive when flowing from the

ambient to the control volume, as a function of ṁ and ΔP. What is
the physical direction of Q̇?

(b) The rate of entropy generation in the control volume, Ṡgen. Is the
flow reversible, irreversible, or a violation of the second law?
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(c) Assume that the ṁ stream carries an ideal gas and repeat steps (a)
and (b). Do your answers depend on whether the valve is in thermal
communication with the ambient?

2.17 An inventor proposes the device shown in Fig. P2.17 as a means to
amplify the work put into it. The device consists of two cylinder-and-
piston apparatuses filled with two gas charges, (mH , RH , TH) and
(mL, RL, TL), and communicating thermally through a common wall.
The cylindrical surface and the piston faces can be modeled as adiabatic.

In the simplest model of operation, the TH gas undergoes quasi-static
isothermal compression from V1H to V2H and receives the work input
WH

12. Likewise, the TL gas executes a process of quasi-static isothermal
expansion from V1L to V2L and delivers the work output WL

12. This model
is based on the assumption that the gas amounts are large enough and the
piston strokes short enough that during mH compression and mL expan-
sion the temperatures TH and TL remain essentially constant.
(a) Show that the work conversion ratio is

WL
12

WH
12

=
mLRLTL ln

(
V2

V1

)

L

mHRHTH ln
(

V1

V2

)

H

(b) The formula derived in part (a) gives the impression that the work
conversion ratio can be changed by design, that is, by selecting the
physical parameters mH∕mL, RH∕RL, (V1∕V2)H, and (V2∕V1)L. Is
this impression correct? What is the numerical value of the work
conversion ratio WL

12∕WH
12?

(c) Is the operation of the entire device (TH gas, wall, TL gas) reversible?
Answer this question by determining the entropy generated by the
entire device during the TH gas compression and TL gas expan-
sion. Which feature of the entire device is responsible for entropy
generation?

mH

TH

RH Q12

VH

mL

TL

RL

VL

adiabatic

adiabatic

Figure P2.17
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2.18 A government report claims that a future solution for our energy needs is
the production of power using oceanic temperature differences. Specif-
ically, the report indicates that power plants could achieve 8% energy
conversion efficiency by exploiting the temperature difference between
the surface ocean layer (16∘C) and the deep layers (2∘C). Is the claim
made in this report realistic?

2.19 Consider the infinitesimal reversible heating process that an incompress-
ible substance executes from the temperature T to T + dT while in com-
munication with a temperature reservoir T . The process is reversible.
Write the first-law and second-law statements for this process, recall
that dU = mc dT , and report the formula for the change in the entropy
of the system.

2.20 A closed system contains an amount of ideal gas (m) and undergoes an
infinitesimal reversible process with heat and work transfer. Determine
the relation between the change in the entropy of the system, dS, and the
changes in temperature (dT) and pressure (dP).

2.21 The cylinder shown in Fig. P2.21 contains an ideal gas which is
maintained at constant temperature by perfect thermal contact with a
temperature reservoir T . At state 1, the ideal gas mass (m) is divided

T, temperature reservoir

T

rigid partition

m
2

, T, V0

T

m, R, P3

locked piston

m
2

, T, V0

V0

2

Figure P2.21
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equally in two chambers separated by a rigid partition. The volume of
each chamber is V0.

During the process 1–2, a piston compresses quasi-statically the right
chamber until its volume shrinks to V0∕2. Calculate the work transferred
through the piston (W12) and comment on the physical meaning of its
sign. Calculate also the total heat transfer (Q12) between the system and
the T reservoir.

Process 2–3 is triggered by the removal of the rigid partition. Calcu-
late the ratio P3∕P0, where P3 is the final equilibrium pressure and P0
is the initial pressure in both chambers. Next, calculate the heat transfer
experienced by the total (m) system, namely Q23.

Finally, calculate the entropy generated during the entire sequence
1–2–3. Based on the sign of entropy generation, determine whether pro-
cess 1–2–3 was reversible or irreversible.

2.22 In this problem and the next we illustrate the relationship between the
irreversibility of a process and its speed, which is related to nonuniformi-
ties that cause heat currents to flow across finite temperature differences
inside the system.

An amount (m) of idea gas (R, cv) is confined in a cylinder & pis-
ton chamber, initially at atmospheric pressure and temperature (P0, T0)
and volume V1. Model the mass m as a closed system enclosed by a
boundary that is in contact with the ambient at T0. The system executes
the following cycle consisting of four processes:
(a) The system is compressed rapidly (adiabatically and reversibly) to

the smaller volume V1. Determine the work transferred to the system
(Win) during this compression process, as a function of the volume
compression ratio V1∕V2.

(b) With the piston locked in place at V2, the compressed gas is
cooled down to T0, by prolonged thermal contact with the ambient.
Determine the heat transferred to the ambient (Qout) as a function
of V1∕V2.

(c) The compressed gas of volume V2 and temperature T0 expands
rapidly (adiabatically and reversibly) to the original volume V1.
Determine the work delivered by the system (Wout) as a function of
V1∕V2.

(d) With the piston locked in place at V1, the expanded gas is warmed
back up to T0 by prolonged contact with the ambient. Determine the
heat transferred from the ambient to the system (Qin) as a function
of V1∕V2.

(e) Determine the work lost during the cycle, Win − Wout = Wlost.
(f) Determine the entropy generated during the cycle (Sgen), and show

that Wlost = T0Sgen. Is the cycle (a) – (d) reversible?
(g) Show that the ratio Wlost∕Win is less than 1, and that it approaches 1

in the limit V1∕V2 ≫ 1.
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2.23 Reexamine the cycle described in the preceding problem, and assume
that the compression process (a) and the expansion process (c) are exe-
cuted so slowly and the thermal contact with the ambient is so good that
the gas temperature is always uniform, constant and equal to T0. In this
quasi static limit, the cycle consists of just two processes, two isothermal
volume changes, (a) and (c).

Determine Win, Qout, Wout, Qin, Wlost and Sgen. Show that the Gouy-
Stodola theorem is respected. Is this cycle reversible?

By comparing this problem with the preceding problem, what relation
do you discover between the speed of the cycle and its irreversibility?
Physically, what feature is responsible for irreversibility, and in which
cycle is it present, the fast or the slow?

2.24 In this problem we explore the validity of the claim that the process of
heating a solid body is analogous to the process of charging an electrical
capacitor or stretching a spring. Is this claim correct? Why, or why not?
Reason your response in this order:

First, note that a solid body (mass m, specific heat c) is a closed system
that is constituted in such a way that it is incapable of experiencing work
transfer (𝛿W) of any kind. Such a system is a purely thermal system
(PTS), and the first-law statement for any process 1–2 executed by a
PTS is:

Q1–2 = U2 − U1, (PTS) (1)

Second, an electrical capacitor is a closed system that is constituted
in such a way that it can experience work transfer, but not heat transfer.
See the entirety of Table 1.1. Other closed systems that can experience
only work transfer are an accelerating mass, a spring and a rising weight
(viewed as a constant-force spring). Such systems are purely mechanical
systems (PMS). Any process (1–2) executed by a PMS obeys the first law

–W12 = (E2 − E1)i, (PMS) (2)

where E is the energy inventory of the PMS, and i indicates the type
of PMS.

Third, the energy change experienced by a PMS is macroscopically
identifiable (visible, measurable) in terms of measurable properties of
the closed system, for example (from Table 1.1):

Kinetic, translational E2 − E1 = 1
2

mV2
2 − 1

2
mV2

1 (2a)

Spring, translational E2 − E1 = 1
2

kx2
2 −

1
2

kx2
1 (2b)

Gravitational E2 − E1 = mgz2 − mgz1 (2c)

Capacitor E2 − E1 = 1
2C

q2
2 −

1
2C

q2
1 (2d)
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The conclusion so far is that one PMS is analogous with another
PMS, and that no PMS is analogous with a PTS such as a solid body
that is being heated. The absence of a PMS – PTS “analogy” is made
evident by the second law of thermodynamics, which accounts for the
self-standing phenomenon of irreversibility (self-standing next to the
phenomenon of energy conservation, or the first law). According to
the second law, any heat transfer interaction (𝛿Q) is accompanied
by entropy transfer (𝛿Q∕T), whereas any work transfer interaction is
accompanied by zero entropy transfer. Analytically, the second-law
statements that accompany the first-law statements (1) and (2) are

S2 − S1 ≥ ∫
2

1

𝛿Q
T
, (PTS) (3)

S2 − S1 = 0, (PMS) (4)

In general, a closed system can experience both heat transfer and work
transfer during any process. For any closed system and any process, the
first law states that

Q12 − W12 = U2 − U1 +
∑

i

(E2 − E1) (5)

where the heat transfer Q12 has a positive value (units J) when entering
the system, and the work transfer W12 has a positive value (units J) when
leaving the system. The second law statement is the same as in Eq. (3).

That Q12 is not analogous to W12 is further stressed by the special
class of closed systems that are incapable of storing energy during any
process. For them the first law states

Q12– W12 = 0 (PDS) (6)

and the second law reduces to

Q12 ≤ 0, or W12 ≤ 0. (PDS) (7)

These systems are purely dissipative systems (PDS), which during any
process convert work input into heat output. While the first law (6)
declares heat transfer and work transfer equal, quantitatively, the second
law (7) declares them as different, work in vs heat out. Dissipation, or
irreversibility, proceeds one way.

The challenge to you the student is to imagine that you live in the
era before the second law, before 1850. You are familiar with purely
mechanical systems and Eq. (2), and you know that “work” can be
“stored” in each of them. You are also familiar with caloric theory and
lumps of material (PTS) that can be heated to “store heat” in them, as
shown in Eq. (1). To you, the PTS is analogous to the PMS, because
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both “store” what flows into them during the process. To you, the
analogy would be perfect if Eq. (1) would look just like Eq. (2) [with
Eqs. (2a–d)], that is if U2 – U1 would be macroscopically identifiable in
terms of macroscopic properties of the heated body.

The only measurable property of a heated solid (other than the heat
input) is the temperature T, which in thermodynamics today means ther-
modynamic temperature (units K). To make the (U2 − U1) of the PTS
look analytically like the (E2 − E1)i of the PMS, you imagine that the
(U2 − U1) of the solid body is expressible as CPTST2

2 − CPTST2
1 . Then

the PTS – PMS analogy would be complete, but
(i) Is it possible mathematically?
(ii) Is it real, i.e., part of nature?

Answer the first question by imagining that during the heating pro-
cess represented by Eq. (1), you (belonging to the environment not the
system, as the designer of the heating process) have instrumented the
heater in such a way that 𝛿Q = 𝛼TdT , where 𝛼 is a proportionality fac-
tor, and T is the instantaneous temperature of the heated body. In other
words, during the heating process, your heating instrument measures
the instantaneous body temperature T, and transfers to the solid body
an increment 𝛿Q that is proportional to the temperature reached by the
body at that moment. Report the expression that you obtain for U2 − U1
in terms of T2

2 and T2
1 . What units must the factor 𝛼 have?

Is the factor 𝛼 a natural occurrence, or simply the choice made by you
in order to invent a (U2 − U1) expression that looks like the (E2 − E1)i
expressions? This is how you arrive at the answer to question (ii).
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Entropy Generation, or
Exergy Destruction

In this chapter we focus on the useful implication of the thermodynamics
discussed until now: the relationship between irreversibility (entropy gen-
eration) and the destruction of available work. This relationship is essential
because the science of thermodynamics is the result of our interest in “work”
and “power” in extracting work from various sources and accomplishing the
most with the work. We will see that the efficiency maximization lessons
learned in the study of devices and processes are special cases of one general
theorem, eq. (3.7). The message of this theorem is that all the losses can be
measured in units of entropy generation as currency.

At the practical level, the relationship between entropy generation and lost
available work is an ideal instrument with which to correlate the seemingly
unrelated applications of thermodynamics. At a theoretical level, the concept
of destroyed available work reminds us that the two laws act simultaneously
despite the problem-solving tradition that ignores the second law. The con-
cepts that form the subject of this chapter have their origin in the simultaneous
invocation of the first and second laws.

The modern thermodynamics that begins in this chapter and continues in
Chapters 7–11 is a story of two methods. The first is pure thermodynamics
and is known as exergy analysis (or availability analysis) [1–3]. It consists
of using the first and second laws together for the purpose of analyzing the
performance in the reversible limit and for estimating the departure from this
limit. The second method is known as entropy generation minimization (EGM,
or thermodynamic optimization) [1–5] and consists of combining thermody-
namics with principles of heat transfer, fluid mechanics, and other transport
phenomena. EGM is a method of modeling and optimizing real devices and
installations. Unlike in exergy analysis, in EGM the analyst (1) composes a
realistic model for the system, (2) constructs an expression for the entropy
generation, and (3) minimizes the entropy generation expression. We focus on
EGM in Section 3.6 and Chapter 11.

95
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3.1 LOST AVAILABLE WORK

Consider first the multiport system in Fig. 3.1. At a certain point in time, the
system can be in thermal contact with any number of temperature reservoirs of
temperatures Ti(i = 0, 1, 2,… , n). A special role in the functioning of an engi-
neering installation is played by the atmosphere, which in Fig. 3.1 is represented
by the temperature and pressure reservoir (T0, P0).

The work transfer rate Ẇ represents any combination of modes of work
transfer (P dV∕dt, Ẇshear, Ẇelectrical, Ẇmagnetic). One possible work transfer of the
P dV∕dt type is the work done against the atmosphere, because the atmosphere
acts as a pressure reservoir, P0dV∕dt; this mode is illustrated in Fig. 3.1.

With reference to the open system defined in Fig. 3.1, the first and second
laws require

dE
dt

=
n∑

i=0

Q̇i − Ẇ +
∑

in

ṁh∘ −
∑

out

ṁh∘ (3.1)

Ṡgen = dS
dt

−
n∑

i=0

Q̇i

Ti
−
∑

in

ṁs +
∑

out

ṁs ≥ 0 (3.2)

where the methalpy symbol h∘ is shorthand notation for the generalized
enthalpy group (h + V2∕2 + gz) [eq. (1.23)].

Next, we consider changing the design (the internal configuration: see
nonequilibrium flow architectures [6]) for the purpose of maximizing the work
transfer rate Ẇ. Of interest are the characteristics of the changes that lead to
increases in Ẇ. Because the first law of thermodynamics is an equation, the

Figure 3.1 Open system in communication with the atmosphere and n additional
temperature reservoirs.



Trim Size: 6.125in x 9.25in Bejan c03.tex V2 - 08/09/2016 10:52am Page 97�

� �

�

LOST AVAILABLE WORK 97

wish to see changes in Ẇ means to allow the variation of at least one other
term in eq. (3.1). Let us assume that the heat interaction with the atmosphere,
Q̇0, varies as Ẇ is maximized. In other words, all the other interactions that
are specified around the system (heat transfer rates Q̇1,… , Q̇n, inflows and
outflows of methalpy and entropy) are fixed by design. Only Q̇0 floats, in
order to balance the changes in Ẇ. The choice of Q̇0 as the interaction that
floats in the wake of design changes is consistent with the role that is assigned
traditionally to the rejection of heat to the atmosphere in the design of power
and refrigeration systems. This choice is justified because on Earth, T0 is the
only temperature reservoir large enough to behave also as a limitless heat
supply or sink.

If we eliminate Q̇0 between the first law (3.1) and the entropy generation rate
definition (3.2), we find that the work transfer rate Ẇ depends explicitly on the
degree of thermodynamic irreversibility of the system, Ṡgen:

Ẇ = − d
dt
(E − T0S) +

n∑

i=1

(

1 −
T0

Ti

)

Q̇i

+
∑

in

ṁ(h∘ − T0s) −
∑

out

ṁ(h∘ − T0s) − T0Ṡgen (3.3)

Furthermore, since according to the second law (3.2) the entropy generation
rate Ṡgen cannot be negative, the first four terms on the right side of eq. (3.3)
represent algebraically an upper bound for Ẇ. This upper bound is reached
when the system operates reversibly (Ṡgen = 0). In this manner, we identify the
first four terms on the right side of eq. (3.3) as the work transfer rate in the limit
or reversible operation:

Ẇrev = − d
dt
(E − T0S) +

n∑

i=1

(

1 −
T0

Ti

)

Q̇i

+
∑

in

ṁ(h∘ − T0s) −
∑

out

ṁ(h∘ − T0s) (3.4)

Equation (3.3) can be summarized as

Ẇ = Ẇrev − T0 Ṡgen (3.5)

or, invoking the second law (3.2), as

Ẇrev − Ẇ = T0 Ṡgen ≥ 0 (3.6)

The conclusion that follows from combining the first law with the second
law is this: Whenever a system operates irreversibly, it destroys work at a
rate that is proportional to the system’s rate of entropy generation. The work
destroyed through thermodynamic irreversibility, Wrev − W, is appropriately
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called lost available work; this terminology was first used prominently by
Kestin [7]. The proportionality between lost available work and entropy
generation, or between their respective rates,

Ẇlost = T0 Ṡgen (3.7)

is the Gouy–Stodola theorem [8, 9]. The history of the concept of lost work is
about as old as the history of thermodynamics; remarks on this topic can be
found in Ref. 1.

There is a conceptual difference between Ẇ (or Ẇrev) and Ẇlost. The work
transfer rate Ẇ and its limiting value Ẇrev can take both positive and negative
values, depending on whether the system is designed to produce or absorb work.
For this reason, the second-law inequality (3.6), or simply

Ẇrev ≥ Ẇ (3.8)

must be recognized as correct in an algebraic sense. This means that regardless
of the sign of the values assigned to Ẇ and Ẇrev, the position of Ẇrev always falls
to the right of Ẇ on the work transfer rate axis in Fig. 3.2. The lost available
work, on the other hand, can never be negative. This distinction between lost
available work and work transfer is to be kept in mind, especially in view of
the observation made earlier (p. 3) that work transfer and lost available work
are “similar” in the sense that both are not thermodynamic properties of the
system. The work transfer and lost available work depend on the path (design,
constitution, functioning) of the system, however, whereas the system can be

Figure 3.2 Ẇ and Ẇrev can be either positive or negative, whereas Ẇlost can only be
positive.
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designed for both positive and negative Ẇ, the second law prevents the designer
from even dreaming of negative values for Ẇlost.

Only Ẇ and Ṡgen change in eq. (3.6), as we compare one design with another
design of the same apparatus. Fixed during this comparison is Ẇrev, because
all the interactions (other than Q̇0) have been assumed fixed (after all, this
is the meaning of comparing various designs or performances of “the same
apparatus”).

In sum, to minimize Ẇlost or Ṡgen is equivalent to maximizing Ẇ. In a power
plant, for example, maximum power output is achieved when the rate of entropy
generation associated with the power plant is minimum. In a refrigeration plant,
the minimum entropy generation rate design is also characterized by the min-
imum power requirement (maximum Ẇ, algebraically). This equivalence is
discussed further in Section 11.5 and Ref. 3.

The minimum Ṡgen design is not the same as the maximum Ẇ design when
Ẇrev can be changed while the design of the apparatus is modified. For this,
the designer must be free to vary at least one interaction in addition to Q̇0.
Such a designer must have free access to another reservoir of “energy” in the
exactly same manner—with the same freedom—that he or she has access to
the atmospheric heat reservoir. This is why the claim [10] that in a “realistic”
model of a power plant “minimum Ṡgen and maximum Ẇ represent two different
operating conditions” is not sufficient [11]. Any such claim would have to be
accompanied by an unambiguous description of the free, infinitely abundant
reservoir of energy (other than T0) with which the proposed power plant model
communicates. Such a reservoir does not exist.

The analytical content of this section can be summarized in two conclusions:
first, that the entropy generated by the system is a measure of the available work
that has been destroyed and, second, that by invoking the reversible limit (3.4),
it is possible to evaluate the upper limit to the work transfer rate of which the
system might be capable. The next question is whether Ẇrev (or, for that mat-
ter, Ẇ) is entirely available for consumption. The answer depends on whether
the atmospheric pressure reservoir P0 is part of the environment and whether
the system experiences a change in volume while being resisted or aided by
this pressure reservoir. In cases where the atmospheric pressure reservoir P0
exchanges work with the system (Fig. 3.1), the fraction of Ẇ that is trans-
ferred to the atmosphere is P0dV∕dt, while the remainder constitutes the rate of
available work, ĖW :

ĖW = Ẇ − P0
dV
dt

= d
dt
(E + P0V − T0S) +

n∑

i=1

(

1 −
T0

Ti

)

Q̇i

+
∑

in

ṁ(h∘ − T0s) −
∑

out

ṁ(h∘ − T0s) − T0Ṡgen (3.9)
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In most of the flow systems of interest, the atmospheric work P0dV∕dt is absent,
and ĖW is simply equal to Ẇ. The ĖW notation in eq. (3.9) was chosen in order
to be consistent with the exergy nomenclature that has been developed for the
right-hand terms of eq. (3.11) (see Table 5.1).

The work transfer rate to the atmosphere, P0dV∕dt, can be positive or neg-
ative, depending on whether the system expands or contracts while in contact
with the P0 reservoir. Consequently, the absolute value of Ẇ is not necessar-
ily greater than the absolute value of ĖW . A classical example in which |Ẇ| <
|ĖW | is Newcomen’s atmospheric pumping engine, where the work-producing
stroke occurs when the system shrinks under the “weight” of the atmosphere
(Problem 2.11).

Finally, in the reversible limit, we can identify an algebraic ceiling value for
the available work transfer rate,

(ĖW)rev = Ẇrev − P0
dV
dt

(3.10)

which can be evaluated by combining the definition (3.10) with eq. (3.4):

(ĖW)rev
⏟⏟⏟
Maximum
delivery of

useful (available)
mechanical power

= − d
dt
(E + P0V − T0S)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Accumulation

of nonflow
exergy

+
n∑

i=1

(

1 −
T0

Ti

)

Q̇i

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
Exergy transfer

via
heat transfer

+
∑

in

ṁ(h∘ − T0s)
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

Intake of
flow exergy

via mass flow

−
∑

out

ṁ(h∘ − T0s)
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

Release of
flow exergy

via mass flow

(3.11)

Under each of the terms in eq. (3.11) is the exergy terminology attached
to them in modern thermodynamics. This language is explained on a
case-by-case basis in the next three sections. The algebraically maximum
rate of available work delivery (ĖW)rev emerges as the difference between the
net flow of exergy into the control volume and the net flow of exergy out of
the control volume. This state of exergy “balance,” which exists only in the
reversible limit, is illustrated in the exergy accounting diagram of Fig. 3.3.
Note that Fig. 3.3 is the exergy flow network that is associated with Fig. 3.1 in
the reversible limit.

The concept of lost available work—defined already as the difference
between the ceiling value Ẇrev and the actual work transfer rate Ẇ—can be
defined alternatively as the difference between the corresponding available
work quantities (Fig. 3.4),

Ẇlost = (ĖW)rev − ĖW = (ĖW)lost (3.12)
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Figure 3.3 Exergy balance in the open system of Fig. 3.1 in the reversible limit.

Figure 3.4 Irreversibility destroys the balance between exergy inflow and exergy
outflow.

The relationships between work, available work, and lost available work (or lost
exergy) are summarized geometrically in Fig. 3.5, where it has been assumed
that all the work quantities are positive.

Equations (3.11) and (3.12) point out two important directions in thermody-
namics, which were noted on the first page of this chapter:

1. The estimation of the theoretically ideal operating conditions of a
proposed installation—in particular, the maximum mechanical power
output for engines or the minimum mechanical power requirement for
refrigerators [eq. (3.11)]

2. The estimation and minimization of lost available work or entropy
generation through improved design [eqs. (3.12) and (3.7)]
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Figure 3.5 Relation between work transfer Ẇ, available work or exergy ĖW , and lost
available work or exergy destruction.

The first direction is the thread of all exergy analyses, as illustrated at the end
of this chapter and in Chapters 5 and 7–11. The second direction consists of the
newer methods of entropy generation minimization and constructal theory and
design. The growth of the entropy generation minimization method forms the
subject of three books [1– 3] and Chapters 7–11 in this book. Constructal theory
started with several papers in 1996 and the 1997 edition of this book, and its
applications were reviewed in subsequent books [12–14]. In this edition the
progress with the constructal law is reviewed in Chapter 13.

3.2 CYCLES

The physics of the lost-work theorem becomes clearer if we take another look at
heat engines and refrigerators, this time from the position of trying to avoid the
destruction of available work. This step serves as an introduction to the more
detailed and advanced applications treated in Chapters 8–10. We begin with
the observation that we are dealing with a class of relatively uncomplicated
systems: namely, closed systems that operate in an integral number of cycles.
For this class, the ceiling value of the available power (3.11) reduces to

(ĖW)rev =
n∑

i=1

(

1 −
T0

Ti

)

Q̇i (3.13)

We learn that a certain heat transfer (Qi) can affect the system’s ability to
produce work if the temperature of the boundary crossed by Q̇i differs from
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the atmospheric reservoir temperature, Ti ≠ T0. Generalizing the E (exergy)
notation used in eq. (3.9), we can speak of the exergy content of heat transfer
(Q̇, T, T0) and label it

ĖQ = Q̇

(

1 −
T0

T

)

(3.14)

Although the heat transfer is fully described by Q̇, the exergy content of Q̇
requires the specification of three quantities, Q̇, T , and T0. For many years,
the quantity Q̇(1 − T0∕T) has been the availability of Q̇ or the exergy transfer
associated with heat transfer. By using the ĖQ notation, the lost-work theorem
for closed systems that operate cyclically can be written as

Ẇlost =
n∑

i=1

(ĖQ)i − ĖW (3.15)

The per-unit-time notation (⋅) drops out if the analysis refers to a complete cycle
or an integral number of cycles.

3.2.1 Heat Engine Cycles

The simplest representation of heat engine operation is in terms of cycles exe-
cuted in contact with two temperature reservoirs. Figure 3.6 shows the phys-
ical sense of the three energy interactions: The function of the device (the
closed system) is to produce work by absorbing heat from a high-temperature
reservoir and rejecting heat to a low-temperature reservoir. The simultaneous
occurrence of heat absorption and rejection is a consequence of the second

Figure 3.6 Temperature–energy interaction diagram (the T–Q graphic method) for a
heat engine cycle. Source: Adapted from Refs. 1 and 15.
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law of thermodynamics, as demonstrated by the proof to option 3 [eq. (2.8)].
The graphic definition of the physical sense of the energy interactions (Fig. 3.6)
means that, in the following analysis, QH , QL, and W represent positive numbers
of joules per cycle.

With reference to the heat engine as a closed system, the first and second
laws require

QH − QL − W = 0 (3.16)

Sgen =
QL

TL
−

QH

TH
≥ 0 (3.17)

The same statements are made graphically by the temperature–energy diagram
[1, 15] presented in Fig. 3.6. We apply the lost-work theorem (3.15) by iden-
tifying TL as the temperature that plays the role of T0 or QL as the energy
interaction that “floats” as W changes [review the assumption that preceded
eq. (3.3)]. Equation (3.15) reduces to

Wlost = EQH
− EW = QH

(

1 −
TL

TH

)

− W (3.18)

Equation (3.18) is the subject of the second diagram of Fig. 3.6.
The lost-work theorem, Wlost = TLSgen, is an integral feature of this drawing,
as the destroyed work increases in proportion to the departure from the limit
of reversible operation. The “efficiency” of the work-producing device is
related to the destruction of available work inside the device. We define the
second-law efficiency as

𝜂II =
EW

(EW)rev
= 1 −

TLSgen

(EW)rev
(3.19)

The value of 𝜂II increases from 0 to 1 as the engine approaches its reversible
limit. The subscript II is used to draw attention to the difference between this
newer figure of merit and the traditional (“first-law”) efficiency:

𝜂I =
W
QH

= 𝜂II

(

1 −
TL

TH

)

(3.20)

the range of which is 0 ≤ 𝜂I ≤ (1 − TL∕TH). A comparative view of the first- and
second-law efficiencies is presented in Fig. 3.7. The shaded area on the right
side shows the destruction of exergy during the heat engine cycle. The same
drawing also shows that the exergy transfer associated with QL is always zero.

3.2.2 Refrigeration Cycles

According to the simplest model, a refrigeration cycle is a closed system in
communication with two heat reservoirs: (1) the cold space (TL) from which
the cycle extracts the refrigeration load (QL) and (2) the room temperature
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Figure 3.7 Comparison between the first- and second-law efficiency of a heat engine
cycle.

ambient (TH) to which the refrigerator rejects heat (QH). In the drawing on the
left side of Fig. 3.8, the arrows indicate the physical sense of the energy interac-
tions; therefore, W, QH , and QL represent positive numerical values. The laws
of thermodynamics require that

QL − QH + W = 0 (3.21)

Sgen =
QH

TH
−

QL

TL
≥ 0 (3.22)

The temperature–energy diagrams of Fig. 3.8 show the content of the two
laws [1, 15]—in particular, the fact that in refrigerators the work requirement

Figure 3.8 Temperature–energy interaction diagram (the T–Q graphic method) for a
refrigeration cycle.
Source: Adapted from Refs. 1 and 15.
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and the rejected heat increase as the entropy generation increases. The identifi-
cation of QH as the heat transfer that floats as W and Sgen are minimized is the
preliminary step in using the lost-work formula (3.15); we obtain

Wlost = EQL
− EW = QL

(

1 −
TH

TL

)

− (−W) (3.23)

and note that the EQL
term is negative. A more instructive version of eq. (3.23) is

W = QL

(
TH

TL
− 1

)

+ Wlost (3.23′)

where the term QL(TH∕TL − 1) represents the fixed amount of exergy (−EQL
)

that must be deposited in the TL cold space. The work delivered to the
refrigerating machine (W) must account for both −EQL

and the available work
lost because of the irreversibility of the cycle. This observation is illustrated
on the right side of Fig. 3.9.

The second-law efficiency for the refrigeration cycle is defined as the ratio
of the minimum exergy (work) requirement divided by the actual exergy input:

𝜂II =
(−EW)rev

−EW
=

−EQL

(−EQL
) + THSgen

(3.24)

This second-law efficiency can vary from 0 to 1. The traditional (“first-law”)
figure of merit for the same cycle is the coefficient of performance:

COP =
QL

W
=

𝜂II

TH∕TL − 1
(3.25)

which can vary from 0 to (TH∕TL − 1)−1. Figure 3.9 displays side by side the
energy flow and the exergy flow through the same refrigeration system. Again,
note the zero exergy associated with the heat rejected to the ambient.

Figure 3.9 Energy conservation versus exergy destruction during a refrigeration cycle.
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Depositing the exergy amount −EQL
in the cold space is the job of the refrig-

erator. This exergy output is not stored (saved) in the cold space: It is steadily
destroyed in the leaky thermal insulation that separates the TL space from the
TH ambient (Problem 3.1). It is easy to show that, in principle, the exergy trans-
ferred to the cold space (−EQL

) could be recovered fully as useful work by
operating a reversible heat engine between TH and TL, so that the heat rejected
by the engine to TL matches the refrigeration load QL pulled by the refrigerator
out of the cold space (TL).

3.2.3 Heat Pump Cycles

The purpose of a heat pump is to deliver the heat transfer QH to the interior of
a building (TH) warmer than the ambient (TL). With reference to the left side
of Fig. 3.10, in which QH , QL, and W are all positive numbers, the first law is
written as in eq. (3.21). This is why the left sides of Figs. 3.9 and 3.10 are nearly
identical. The exergy flow diagram, however, is different because in a heat pump
cycle QL is the heat interaction with the ambient, that is, the interaction that
floats as the irreversibility of the cycle (Sgen) varies. Equation (3.15) yields in
this case

Wlost =
(

1 −
TL

TH

)

(−QH) − (−W) (3.26)

which means that the work requirement W must exceed a threshold value:

W =
(

1 −
TL

TH

)

QH + Wlost (3.26′)

The first term on the right side of eq. (3.26′) represents the exergy deposited
by the heat pump cycle into the TH space. This exergy term can be labeled−EQH

,

Figure 3.10 Energy conservation versus exergy destruction during a heat pump cycle.
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as is done on the right side of Fig. 3.10; this notation is consistent with the EQ
definition (3.14), in which Q̇ is considered positive when entering the system.
Note that −EQH

is positive and so is −Ew.
The second-law efficiency of the heat pump cycle is calculated by dividing

the minimum work requirement by the actual work:

𝜂II =
(−EW)rev

−EW
=

−EQH

(−EQH
) + TLSgen

(3.27)

Since −EQH
and TLSgen are positive quantities, the 𝜂II ratio takes values in

the interval [0, 1]. The second-law efficiency is to be distinguished from the
coefficient of performance of the heat pump:

COP =
QH

W
=

𝜂II

1 − TL0∕TH
(3.28)

which can vary between zero and (1 − TL∕TH)−1.
A graphic summary of the first- and second-law figures of merit of heat

engines, refrigerators, and heat pumps is presented in Fig. 3.11. The upper
boundary of the domain represents the limit of reversible operation. The T0
denominator in the abscissa is the ambient temperature, with which the devices
are in contact (namely, T0 = TL for heat engines and heat pumps and T0 = TH
for refrigerators).

The bottom of Fig. 3.11 shows the range of values taken by the second-
law efficiencies of refrigerators, heat engines, and heat pumps. The upper

Figure 3.11 Ranges of the first- and second-law efficiencies of heat engines, refrigera-
tors, and heat pumps.
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boundary in this second drawing (𝜂II = 1) is the common limit of reversibility
for all these systems. The second-law efficiency is a way of normaliz-
ing the traditional figures of merit so that they all equal 1 in the limit of
reversible operation.

3.3 NONFLOW PROCESSES

Consider the process 1 → 2 executed by a closed system while in contact with
n + 1 temperature reservoirs (Ti, i = 0, 1,… , n). Special among these reservoirs
is T0, because its heat transfer Q0 is assumed to vary in response to changes in
the degree of irreversibility of the process, Sgen. The available work EW deliv-
ered by the closed system during the process is obtained by integrating eq. (3.9)
from t = t1 to t = t2:

EW = A1 − A2 +
n∑

i=1

(EQ)i − T0Sgen (3.29)

where the nonflow availability (A, a) is shorthand notation for [16, 17]

A = E − T0S + P0V

a = e − T0s + P0v
(3.30)

The available work terms (EQ)i associated with heat interactions other than Q0
have been defined in eq. (3.14). The nonflow availability A is a thermodynamic
property of the system as long as T0 and P0 are fixed.

One application of eq. (3.29) is in the evaluation of the most work that
would become available as the closed system comes to thermal and mechanical
equilibrium with the atmosphere, during a process in which the atmo-
sphere is the only temperature reservoir with which the system interacts.
By replacing the subscript 2 with 0 to indicate the final state and noting that
the last two terms drop out from eq. (3.29), the maximum available work
reduces to

(EW)rev,T0 only = A − A0 (3.31)

The difference A − A0 is the nonflow exergy [18] of the system and given the
symbol (Ξ, 𝜉),

Ξ = A − A0 = E − E0 − T0(S − S0) + P0(V − V0)
𝜉 = a − a0 = e − e0 − T0(s − s0) + P0(v − v0)

(3.32)

As indicated by the notation on the left side of eq. (3.31), the nonflow exergy
is the reversible work delivered by a closed system during a process in which
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the atmosphere (T0) is the only temperature reservoir available. The final state
of equilibrium with the atmosphere, (⋅)0, is called the restricted dead state of
the system. In the present treatment of closed systems, the “restricted” dead
state is a state of only mechanical and thermal equilibrium with the atmosphere
(P = P0, T = T0). The concepts of equilibrium and dead state are generalized in
Chapter 5 after the formal introduction of the concept and formulas of chemical
equilibrium.

The numerical evaluation of “exergy” quantities (EQ, 𝛯, and as shown in
Section 3.4, Ex) depends on the numerical values assigned to the constants T0
and P0. There is a need to standardize the calculation of exergies: that is, to
ensure that the calculated values do not change from year to year and from
country to country. The (T0, P0) constants that have been used most frequently
are those that traditionally have been associated with standard atmospheric
conditions, 25∘C and 1 atm, or

T0 = 298.15 K and P0 = 0.101325 MPa (3.33)

To illustrate the calculation of nonflow exergy, consider a fixed mass of
incompressible substance at temperature T and pressure P such that T ≠ T0
and P ≠ P0. The extent to which this closed system can serve as a “source” of
available work is determined from eqs. (3.31) and (3.32): that is, by con-
sidering the reversible process by which the system reaches its restricted
dead state. The specific nonflow exergy 𝜉 rests on the incompressible
substance model,

du = c dT

dv = 0 (3.34)

ds = c
T

dT

where the lone specific heat c is, at best, a function of temperature. Assuming
that c is constant and that de = du, eq. (3.32) yields

𝜉 = cT0

(
T
T0

− 1 − In
T
T0

)

(3.35)

Figure 3.12 shows in dimensionless form the relationship between nonflow
exergy and temperature. The incompressible substance can serve as a source of
exergy as long as T ≠ T0. A hot fixed-mass system contains exergy because it
can serve as a high-temperature reservoir to a heat engine cycle that rejects heat
to the (T0) reservoir. A cold mass also contains exergy because it can serve as
a low-temperature reservoir to a heat engine cycle that absorbs heat from the
“high”-temperature reservoir (T0).

Next, consider a closed system that contains an ideal gas whose temperature
and pressure differ from the environmental conditions. We evaluate the specific
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Figure 3.12 Specific nonflow exergy of an incompressible substance.

nonflow exergy by combining the definition (3.32) with the ideal gas model

du = cv dT

dv = R d
(T

P

)

(3.36)

ds =
cP

T
dT − R

P
dP

Treating the specific heats cv(T) and cP(T) as constants and assuming again that
de = du, we obtain

𝜉 = cvT0

(
T
T0

− 1 −
cP

cv
In

T
T0

)

+ RT0

[(
T
T0

)(
P0

P

)

− 1 − In
P0

P

]

(3.37)

The nonflow exergy of an ideal gas depends on both temperature and pres-
sure in a way that, in three dimensions, resembles a well-shaped 𝜉 surface
whose minimum (𝜉 = 0) is located at T = T0 and P = P0. The ideal gas sys-
tem possesses positive nonflow exergy anywhere else in the (T, P) domain.
For example, if we set T = T0 in eq. (3.37), we arrive at an exergy–pressure
relationship that is analytically similar to the exergy–temperature relationship
for an incompressible substance, eq. (3.35). Consequently, in Fig. 3.12, we can
relabel the ordinate as 𝜉∕RT0 and the abscissa as P0∕P and use the same graph
as an illustration of the nonflow exergy of an ideal gas whose temperature is the
same as the environmental temperature, 𝜉 (T0,P). A potential for doing useful
work is therefore present at both above-atmospheric and below-atmospheric
pressure levels. We draw similar conclusions if, instead of holding T constant
in eq. (3.37), we set P equal to P0.

The convexity of the three-dimensional surface 𝜉(T ,P) can be shown analyt-
ically by considering the limit (T → T0,P → P0) in which eq. (3.37) becomes

2
𝜉

cvT0
= 𝜏2 + R

cv
(𝜋 − 𝜏)2 (3.38)
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Figure 3.13 Lines of constant nonflow exergy for an ideal gas in the limit (𝜏, 𝜋) → 0,
where 𝜏 = (T − T0)∕T0 and 𝜋 = (P − P0)∕P0. All the curves are for 𝜉∕(cvT0) = 10−3.

where 𝜏 = (T − T0)∕T0 and 𝜋 = (P − P0)∕P0. Near point (T0, P0) in the (T, P)
plane, the lines of constant nonflow exergy constitute a family of ellipses
whose axes of symmetry are inclined relative to the T–P system of coordinates
(Fig. 3.13). The complete nonflow exergy diagram for a particular ideal gas,
𝜉(T ,P), can be drawn using eq. (3.37) directly, as shown in the case of air
(cP∕cv = 1.4) in Ref. 2.

Example 3.1. In Example 1.1 we learned to analyze the bottle-filling process by
selecting a certain closed system. The bottle volume is V and the atmospheric reser-
voir is represented by T0 and P0. Rely on the concept of nonflow exergy to determine
the maximum (theoretical) work that could be extracted during the filling process.

The system is closed and occupies the space of the bottle and the mass of atmo-
spheric air that will reside inside the bottle in the final state (state 2). In the initial
state (state 1) the total volume of the system is 2V, while U1 = U0 and S1 = S0,
where U0 and S0 are the energy and entropy inventories of the mass of atmospheric air
(V , T0,P0). State 2 is characterized by the properties V2 = V , U2 = U0, and S2 = S0.
The maximum work that can be extracted from state 1 to state 2 while the system
makes contact with the atmospheric reservoir (T0,P0) is the nonflow exergy

Ξ = (Y − T0S + P0V)1 − (T − T0S + P0V)2
= P0(V1 − V2) = P0V

This agrees with Example 2.2, where it was shown that P0 V is destroyed (note
that during the bottle-filling process there is no “user” — no mechanism for extracting
and delivering Ξ to us).
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3.4 STEADY-FLOW PROCESSES

Consider the class of open systems that operate steadily or periodically if the
period-averaged behavior does not change from one period to the next. For such
systems, the combined law (3.9) reduces to

ĖW =
n∑

i=1

(ĖQ)i +
∑

in

ṁb −
∑

out

ṁb − T0Ṡgen (3.39)

where the new property (B, b) is the flow availability measured at each port [16]:

B = H∘ − T0S

b = h∘ − T0s
(3.40)

In many cases the bulk methalpy h∘ of each stream is equal to the bulk
enthalpy h. Note also the difference between the flow availability property
h − T0s and the specific Gibbs free energy h − Ts defined in Chapter 4.
Equation (3.39) states that the available work or exergy (Ew) delivered by
the flow system is equal to the net flow of exergy into the system (via heat
transfer and fluid flow) minus the exergy destroyed through thermodynamic
irreversibility.

As a first application of eq. (3.39), consider the class of systems in which the
streams ṁ do not mix as they flow through the system. The simplest examples
of this kind are the single-stream shaft work components encountered in
power and refrigeration cycles: expanders, turbines, pumps, and compressors.
Two-stream or multistream heat exchangers in which the streams do not mix
also belong to this special class of systems. By attaching the subscript (⋅)k to
the inlet/outlet properties of each of the r unmixed streams, eq. (3.39) can be
rewritten as

ĖW =
n∑

i=1

(ĖQ)i +
r∑

k=1

[(ṁb)in − (ṁb)out]k − T0Ṡgen (3.41)

Hence,

ĖW =
n∑

i=1

(ĖQ)i +
r∑

k=1

[(ṁex)in − (ṁex)out]k − T0Ṡgen (3.42)

where the new property (Ex, ex) is the flow exergy of each fluid:

Ex = B − B0 = H∘ − H0
∘ − T0(S − S0)

ex = b − b0 = h∘ − h0
∘ − T0(s − s0)

(3.43)

The flow exergy ex is defined as the difference between the flow availability of
the stream (b) and that of the same stream at its restricted dead state, that is,
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the flow availability evaluated at standard environmental conditions (T0, P0),
b0 = h0

∘ − T0s0. The transition from eq. (3.41) to eq. (3.42) is made by invok-
ing the steady-state conservation of mass for each stream [eq. (1.27)]—hence,
the reminder that eq. (3.42) applies to systems in which each stream k flows
unmixed through the apparatus (in general, it is assumed that each stream can
carry a different substance or mixture of substances). The flow exergy is a
property when the restricted dead state (T0, P0) is fixed.

In the very special case where all the flows into and out of the control vol-
ume carry the same substance, subscript k loses its usefulness and eq. (3.42)
becomes

ĖW =
n∑

i=1

(ĖQ)i +
∑

in

ṁex −
∑

out

ṁex − T0Ṡgen (3.44)

In this case, the number of inlet ports need not be equal to the number of outlet
ports (e.g., the mixing of two water streams in a steam ejector and the mixing
of two helium gas streams on the low-pressure side of the main heat exchanger
of a helium liquefier) (Chapter 10). Note further that eq. (3.44) can be obtained
directly from eq. (3.39) by invoking the steady-state conservation of the lone
substance processed by the apparatus.

Either in flow availability or in flow exergy formulation, the statements above
draw attention to the destruction of exergy in steady-flow systems (T0Ṡgen).
Figure 3.14 shows the linkage of four steady-flow components in the classical
Rankine cycle sandwiched between a high temperature TH and the atmospheric
reservoir temperature T0. The energy interactions experienced by the pump,
heater, turbine, and condenser are indicated by arrows that point in the correct
physical direction; therefore, in the present discussion, Ẇp, Q̇H , Ẇt, and Q̇0 rep-
resent positive numerical values. Each component processes a single stream; in
the case of the heater, eq. (3.42) or (3.43) yields

0 = ĖQH
+ ṁex,2 − ṁex,3 − T0Ṡgen,heater (3.45)

We rewrite this result as

ĖQH
+ ṁex,2

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
Exergy inflow

= ṁex,3
⏟⏟⏟

Exergy
outflow

+ T0Ṡgen,heater
⏟⏞⏞⏞⏟⏞⏞⏞⏟

Destroyed
exergy

(3.45′)

to show the confluence and branching out of the exergy streams in the “heater”
part of the lower diagram of Fig. 3.14. The exergy flow rate into the heater,
ĖQH

+ ṁex,2, is partly transmitted to the next flow component, ṁex,3, and partly
destroyed due to the inherent irreversibility of boilers. We concentrate on this
feature and on the minimization of power cycle irreversibilities in Chapters 7–9
and 11.
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Figure 3.14 Exergy wheel diagram for a power plant with a simple Rankine cycle.

In the corresponding analysis of the turbine, we find that the heat transfer
exergy terms (ĖQ)i are all zero, because turbines are adequately represented
by the adiabatic steady-flow system model [however, even when the turbine
leaks heat at a significant rate Q̇t to the ambient, the exergy flow associated
with Q̇t is zero; eq. (3.14)]. The right side of the exergy wheel diagram of
Fig. 3.14 shows that the turbine converts part of its exergy input ṁex,3 into
shaft work:

ĖWt
= Ẇt = ṁex,3 − ṁex,4 − T0Ṡgen,turbine (3.46)
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The remaining fraction is passed on to the condenser or is lost through
irreversibility. The fraction Ẇt∕ṁex,3 is related to the classical concept of
turbine efficiency, Ẇt∕Ẇt,rev; we examine this relationship in greater detail
in Chapter 8.

The condenser has the simplest exergy flow equation,

0 = ṁex,4 − ṁex,1 − T0Ṡgen,condenser (3.47)

because the heat transfer exergy term associated with Q̇0 is, by definition,
zero. The condenser destroys a significant portion of the stream’s exergy,
primarily as a result of the heat transfer across the finite temperature difference
between the condenser surface and the ambient. Even though the job of the
condenser is to bring the stream to thermal equilibrium with the ambient,
the exit temperature of the condensate (T1) is, in general, greater than T0,
which is why the exit exergy ex,1 is shown finite in the exergy wheel diagram
of Fig. 3.14.

Finally, by going through the pump, the ṁex,1 stream is augmented by
the exergy put into the circuit as pump work, ĖWp

= −Ẇp, and returned to
the heater. The pump adds its own contribution to the overall destruction of
exergy through the circuit; however, in order to keep the exergy flow diagram
of Fig. 3.14 simple, the pump T0Ṡgen contribution is not shown. Another
way to make the diagram more readable was to exaggerate the width of
the −ĖWp

arrow; in most steam turbine cycle calculations, the pump power
requirement and its irreversibility (T0Ṡgen,pump) are minuscule compared with
the corresponding quantities for the turbine.

As a summary, it is useful to compare the exergy wheel diagram of Fig. 3.14
with the power cycle exergy diagram of Fig. 3.7 and to recognize the agreement
between the two diagrams with regard to the external exergy interactions ĖQH

and ĖW(= 𝜂II ĖQH
). The exergy analysis of each steady-flow component of the

power cycle allows us to determine the distribution of irreversibility among
the cycle components. The exergy wheel diagrams (Figs. 3.14 and 3.15) were
proposed in the first edition of this book (1988) and have been adopted in the
subsequent literature.

The component-by-component contribution to the destruction of exergy
shown in the refrigeration cycle of Fig. 3.9 can be determined similarly.
Figure 3.15 shows the internal circulation and successive destruction of exergy
in the components of a vapor compression cycle: seen from the outside, this
exergy flow diagram is analogous to the right side of Fig. 3.9. An internal
examination of the refrigeration cycle shows that the destruction of exergy is
the combined effect of four irreversible steady-flow components: compressor,
condenser, expansion valve, and evaporator. The detailed study and minimiza-
tion if the irreversibility associated with each of these components form the
subject of Chapter 10.



Trim Size: 6.125in x 9.25in Bejan c03.tex V2 - 08/09/2016 10:52am Page 117�

� �

�

STEADY-FLOW PROCESSES 117

Figure 3.15 Exergy wheel diagram for a vapor compression refrigeration cycle.

The flow exergy analyses that led to Figs. 3.14 and 3.15 could have been
carried out just as well in terms of flow availability, based on eq. (3.39). The use
of flow exergy offers a special advantage in answering a generic question in
the thermodynamics of power generation: What is the available work (exergy)
content of a stream that is not in thermal and mechanical equilibrium with the
environment? The answer is the stream’s original specific flow exergy,

(ĖW)rev,T0 only = ṁex (3.48)
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because the outlet flow exergy ṁex,0 is by definition zero [eq. (3.43)]. It is
assumed that the environmental temperature reservoir is the only one with
which the stream can make thermal contact as it produces available work and
reaches its restricted dead state (T0,P0).

The specific flow exergy assumes a particularly simple form in the case of
an incompressible liquid (Problem 3.4):

ex = cT0

(
T
T0

− 1 − In
T
T0

)

+ v(P − P0) (3.49)

where the lone specific heat c and the specific volume v are both constant.
Reexamining the expression obtained for the nonflow exergy of the same
incompressible liquid [eq. (3.35)], we note the relationship

ex = 𝜉 + vP − P0 (3.50)

This means that the flow energy chart of an incompressible liquid is obtained
by replacing 𝜉 with ex on the ordinate in Fig. 3.12 and by shifting the
cup-shaped curve vertically by a distance (measured in joules per kiologram)
that corresponds to the value of the v(P − P0) term. The ex chart is then a
family of nonintersecting isobaric curves that have the same shape as the curve
shown in Fig. 3.12. Unlike the nonflow exergy 𝜉, which cannot be negative,
the flow exergy ex is negative in a certain, finite (T, P) domain at sufficiently
low pressures.

The flow exergy of an ideal gas has an equally simple expression,

ex = cPT0

(
T
T0

− 1 − In
T
T0

)

+ RT0 In
P
P0

(3.51)

where the ideal gas model is represented by two known constants, cP and R.
The ex chart that can be built based on eq. (3.51) will have the same features
as the chart described in the preceding paragraph, except that the vertical posi-
tion of each cup-shaped isobaric curve is controlled by the size of the pressure
term RT0 ln(P∕P0). The flow exergy of an ideal gas can be negative, unlike the
nonflow exergy listed in eq. (3.37).

Example 3.2. Derive the formulas for the specific flow exergy of an incom-
pressible liquid and of an ideal gas [eqs. (3.49) and (3.51)]. Since these formulas are
quite similar, focus on only one of them and describe the (T, P) domain in which
the flow exergy is negative. What is the physical meaning of negative values of
flow exergy?

The solution proceeds in the following steps. First, the specific flow exergy is

ex = h − h0 − T0(s − s0)
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In the case of an incompressible liquid we have, in order,

dh = c dT + v dP

h − h0 = c(T − T0) + v(P − P0)

ds = c
dT
T

s − s0 = c ln
T
T0

ex = cT0

(
T
T0

− 1 − ln
T
T0

)

+ v(P − P0)

For an ideal gas we write similarly

h − h0 = cp(T − T0)

s − s0 = c ln
T
T0

− R ln
P
P0

ex = cpT0

(
T
T0

− 1 − ln
T
T0

)

+ RT0 ln
P
P0

3.5 MECHANISMS OF ENTROPY GENERATION

As a preview of the entropy generation minimization method used in the more
applied segments of the present treatment, in this section we identify three fea-
tures that always contribute to the irreversibility of the installation in which
they are present. The mission of this section is to provide a feel for what causes
entropy generation and to teach how to identify those system components that
contribute to the overall irreversibility of the installation.

3.5.1 Heat Transfer across a Temperature Difference

Consider the drawing on the left in Fig. 3.16, in which two systems of different
temperatures (TH , TL) experience the heat transfer Q̇. Note that the two systems
do not communicate directly, because if they did, they would have a common
boundary; hence, TH ≡ TL (review the discussion of Fig. 1.2). Sandwiched
between system TH and system TL is a third system called the temperature
gap [1, 18]. The heat current Q̇ enters and leaves the temperature gap system
undiminished, which is why the temperature gap system is usually overlooked
(incorrectly).

The second law shows that the entropy generated by the temperature gap
system is finite when the temperature difference TH − TL is finite:

Ṡgen = Q̇
TL

− Q̇
TH

= Q̇
TLTH

(TH − TL) ≥ 0 (3.52)
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Figure 3.16 Destruction of useful work in the “temperature gap system” traversed by a
heat current. This figure first appeared in A. Bejan and H. M. Paynter, Solved Problems
in Thermodynamics, Department of Mechanical Engineering, Massachusetts Institute of
Technology, Cambridge, MA, 1976, Prob. VIIA. Source: After Ref. 1.

If TL happens to be greater than TH , the physical direction of Q̇ must be the
opposite of the direction shown in Fig. 3.16, so that the second law (Ṡgen ≥ 0)
is always satisfied.

The temperature gap system is a closed system that operates steadily while
in communication with two temperature reservoirs. Designating TL as the
reference (ambient) reservoir, eq. (3.15) reduces to

Ẇlost =
(

1 −
TL

TH

)

Q̇ (3.53)

or, in view of eq. (3.52), Ẇlost = TLṠgen. The physical meaning of eq. (3.53)
is illustrated in the drawings in the center and on the right of Fig. 3.16
[1, 18]. The transfer of heat from TH to TL is thermodynamically equivalent
to a reversible engine that operates between TH and TL and dissipates its
entire work output into a brake, which in turn rejects heat to either TH or TL.
The work output of the engine occupies the right side of eq. (3.53). Putting all
these observations together, we conclude that the heat transfer across a finite
temperature gap always contributes to the destruction of useful work in the
greater system that contains the temperature gap.

In Fig. 3.16 (middle) the engine was modeled as reversible only for the pur-
pose of showing the origin of eqs. (3.53) and (3.52). The engine + brake model
of the temperature gap with heat current is general: The engine can be any
irreversible engine. For example, it can be the irreversible atmospheric circu-
lation engine referred to in the preface to the third edition of this book (Fig. 1).
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The more irreversible the operation of the engine, the less power remains on its
shaft, to be dissipated in the brake.

This is a good place to repeat an observation made back in 1982 [1, p. 99]:
The method of entropy generation minimization has the power to unify the two
antagonistic sectors of thermal design—(1) heat transfer augmentation prob-
lems and (2) thermal insulation problems. The first category contains problems
in which the heat transfer rate is prescribed by design, and the objective is
to minimize the temperature difference between the heat-exchanging entities,
ΔT = TH − TL. According to eq. (3.52), this effort of enhancing the thermal
contact is essentially an entropy generation minimization effort.

In a thermal insulation problem, on the other hand, the objective is to
minimize the heat leak Q̇ when the temperature difference ΔT is fixed.
Equation (3.52) shows that solving a thermal insulation problem is also an
effort of minimizing entropy generation. Table 3.1 summarizes the conclusion
that two opposite camps of thermal designers, one devoted to enhancing
thermal contact and the other to preventing it, solve their individual problems
in ways that universally lead to reductions in entropy generation. Indeed, heat
transfer has a home in thermodynamics (see the preface to the second edition).

The engine + brake model that resides in the temperature gap system
(Fig. 3.16) is the simplest representation of how natural convection and
atmospheric and oceanic circulation work. Starting with the 1984 edition of
my convection book [19], this model has shown that buoyancy-driven flows
are examples of “free” convection because they are driven by the would-be
power output of the engine. The power output is destroyed by the heat transfer
and fluid friction irreversibilities noted in this section and the next. The same
model was used in conjunction with the constructal law to predict the main

TABLE 3.1 Two Main Problems in Thermal Engineering as Two Distinct Approaches
to Entropy Generation Minimization

Problem

Temperature
Difference,

ΔT

Heat Transfer
Rate,

Q̇

Entropy
Generation Rate,
Ṡgen = Q̇ ΔT∕T2

1. Heat transfer
augmentation
(thermal contact
enhancement)

Reduced Fixed Reduced

2. Thermal
insulation
(heat leak
minimization)

Fixed Reduced Reduced

Source: Ref. 1.
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features of global circulation and climate [20, 21]. Most recently, this model
served as explanation [22, 23] for why the heat current into a closed cavity
with natural convection must equal the heat current out of the cavity even when
the internal viscous dissipation effect is not negligible.

3.5.2 Flow with Friction

Another common source of entropy generation is the effect of fluid friction
in ducts and flow networks. To see the connection between frictional pressure
drop and thermodynamic irreversibility, consider the steady and adiabatic flow
of a pure substance through a short segment of pipe. The mass conservation
equation and the first and second laws require that

ṁin = ṁout = ṁ (3.54)

hin = hout (3.55)

Ṡgen = ṁ(sout − sin) ≥ 0 (3.56)

We relate the entropy generation rate to the pressure drop along the pipe
segment by noting that, for a fluid of fixed chemical composition, dh = T ds +
v dP (Table 4.3, the enthalpy representation); in other words,

ds = 1
T

dh − v
T

dP (3.57)

The first law (3.55) shows that the bulk enthalpy h does not change along the
stream: Combining this with eq. (3.57), we calculate the entropy generation rate
(3.56) with the pressure integral:

Ṡgen = ṁ∫
in

out

( v
T

)

h=constant
dP (3.58)

Since the integrand v∕T is positive and the direction of integration is upstream
(i.e., toward higher pressures), we conclude that the entropy generation rate is
finite as soon as the pressure drop ΔP = Pin − Pout is finite. It is known in fluids
engineering and convection heat transfer that, regardless of the flow regime,
the pressure drop is finite when both ṁ and the length of the duct are finite
[19]. The pressure drop is the result of (it is balanced by) the frictional shear
stress integrated over the internal surface of the duct—hence the name flow with
friction for the entropy generation mechanism discussed here.

The one-to-one relationship between entropy generation rate and pressure
drop is more visible in the two limits of thermodynamic behavior in fluids.
In the case of an ideal gas, eq. (3.58) becomes [1]

Ṡgen = ṁR ln
Pin

Pout
(3.59)
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and for pressure drops that are much smaller than the local absolute pressure,

Ṡgen ≅ ṁR
ΔP
Pin

(ΔP ≪ Pin) (3.60)

The corresponding expressions for an incompressible liquid are [1]

Ṡgen = ṁc ln
Tout

Tin
(3.61)

Ṡgen = ṁ
v

Tin
ΔP

(

ΔP ≪
c
v

Tin

)

(3.62)

These expressions show that it takes both flow (ṁ) and pressure drop (ΔP) to
have entropy generation in duct flow, in much the way that Q̇ and ΔT together
contribute to generating entropy in a heat transfer device.

The duct segment can also be viewed as an open system that steadily destroys
flow exergy. Since the flow is steady and adiabatic, eq. (3.44) reduces to

T0Ṡgen = ṁ(ex,in − ex,out)

= ṁ[(h − T0s)in − (h − T0s)out] (3.63)

which says the same thing as eqs. (3.55) and (3.56) combined. The flow
exergy decreases downstream, and the decrease is proportional to both ΔP
and ṁ.

The “flow with friction” acts as an entropy generation mechanism in all flow
configurations, not just in the internal flow configuration discussed above. As a
most general example of external flow, consider the entropy generated by an
object (strut, fin, vehicle body) that is swept by a much larger reservoir of fluid
whose velocity relative to the object is U∞. The object experiences a net drag
force FD. The analysis is greatly simplified by choosing the fluid reservoir (the
“rest of the world,” more accurately) as a closed system [1]. Next, we note that
the only energy interaction experienced by this closed system is the work done
by the entity that drags the object through the reservoir. The system is otherwise
encased in a constant-volume adiabatic enclosure. The first and second laws for
this closed system are

FDU∞ = dU
dt

(3.64)

Ṡgen = dS
dt

≥ 0 (3.65)

The incremental changes in the fluid reservoir’s internal energy and entropy are
related by (Table 4.3)

dU = T∞ dS − P∞dV (3.66)



Trim Size: 6.125in x 9.25in Bejan c03.tex V2 - 08/09/2016 10:52am Page 124�

� �

�

124 ENTROPY GENERATION, OR EXERGY DESTRUCTION

where (T∞, P∞) are the temperature and pressure of the reservoir, respectively,
and where dV = 0. Eliminating dU and dS between eqs. (3.64)–(3.66) yields

Ṡgen =
FDU∞

T∞
(3.67)

In conclusion, an external flow configuration that is characterized by a drag
force FD and a relative velocity U∞ is also the locus of thermodynamic irre-
versibility (e.g., animal locomotion, Section 13.4.4). The rate of entropy gen-
eration is proportional to the mechanical power invested in dragging the object
through the fluid reservoir, FDU∞: that is, to the rate of lost work.

3.5.3 Mixing

Entropy is also generated by mixing processes. The examples of mixing are
as diverse as the number and type of dissimilar entities that are being mixed.
Even when the mixing process involves only two substances, there can be two
types of mixing apparatuses that can be modeled as adiabatic and zero work:
(1) a “flow” device in which two streams are mixed and (2) a “nonflow” device
in which mixing occurs between two batches. Furthermore, the two substances
that mix can be “dissimilar” because of their respective temperatures, pres-
sures, chemical constitution (chemical potentials), or any combination of
these properties.

Consider the mixing of two streams that carry the same substance into a
third, mixed stream. At the joining of the three streams is a control volume
with two inlets labeled 1 and 2 and one outlet labeled 3. The control surface
is a zero-work transfer surface; assuming further that the surface is adiabatic,
the statements for mass conservation and the first and second laws in the steady
state are

ṁ1 + ṁ2 = ṁ3 (3.68)

ṁ1h1 + ṁ2h2 = ṁ3h3 (3.69)

Ṡgen = −ṁ1s1 − ṁ2s2 + ṁ3s3 (3.70)

How the entropy generation rate depends on the degree of dissimilarity
between the two inflowing streams becomes visible if we place the analysis
in the limit of small changes or “marginal mixing” (ΔT ≪ T , ΔP ≪ P,
Δv ≪ v, etc.). In other words, we are assuming that a differential form such
as dh = T ds + v dP can be integrated to obtain an approximate linear relation
between the enthalpy changes that appear in the first law (3.69) and the
entropy changes that add up to the entropy generation rate (3.70). For example,
between states 1 and 3, we can write approximately

h3 − h1 ≅ Ts3 − s1 + v(P3 − P1) (3.71)
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so that, taken together, eqs. (3.68)–(3.70) yield

1
ṁ3

Ṡgen ≅ x
[ 1

T
(h3 − h1) −

v
T
(P3 − P1)

]

+(1 − x)
[ 1

T
(h3 − h2) −

v
T
(P3 − P2)

]

(3.72)

Is this last expression, x represents the fraction contributed by the ṁ1 stream to
the final mixed stream ṁ3:

x =
ṁ1

ṁ3
hence 1 − x =

ṁ2

ṁ3
(3.73)

Two applications of eq. (3.72) are particularly instructive, the case where
the mixing streams carry the same ideal gas (or ideal gas mixture) with known
constants R and cP,

Ṡgen

ṁcP
≅ x(1 − x)

(
T1 − T2

T1

)2

+ x
R
cP

(
P1 − P3

P3

)

+ (1 − x) R
cP

(
P2 − P3

P3

)

≥ 0

(3.74)

and the case of an incompressible liquid with known constants v and c,

Ṡgen

ṁc
≅ x(1 − x)

(
T1 − T2

T1

)2

+ x
v

cT1
(P1 − P3) + (1 − x) v

cT1
(P2 − P3) ≥ 0

(3.75)

The symmetry between these last two results is instructive. The first term on
the right side expresses the irreversibility associated with the initial tempera-
ture mismatch between streams 1 and 2. It does not matter which of these two
streams is the warmer one: The thermal mixing irreversibility increases as the
inflowing temperature difference squared. An additional feature of the first term
is its dependence on the mass fraction x. The first term reaches its maximum
value at x = 1

2
; in other words, the thermal mixing is the greatest when neither

of the streams overwhelms the other.
The remaining two terms on the right side of eqs. (3.74) and (3.75) account

for the pressure drops experienced by the streams as they pass through the
three-port joint. In many cases, the exit pressure P3 is dictated by one of the
two original streams (e.g., P3 = P2), so that only one of the pressure mixing
terms contributes to entropy generation. Examples of tee-shaped joints that mix
two ideal gas streams abound in the flow architecture of advanced liquid helium
temperature refrigeration cycles (Chapter 10) and in tree-shaped networks for
distribution and collection (Chapter 13).

Finally, we note that each pressure mixing term also depends on the mass
fraction x, which means that in general the maximum entropy generation
rate of the mixing joint depends on all three effects (one ΔT and two ΔP’s).
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Highlighting only the x dependence, we note that eqs. (3.74) and (3.75) are of
the form

𝜎 ≅ x(1 − x)t2 + xp1 + (1 − x)p2 (3.76)

Hence, the mass fraction for maximum entropy generation rate is

x ≅ 1
2
+

p1 − p2

2t2
(3.77)

The shorthand notation (t, p1, p2) changes from ideal gases (3.74) to incom-
pressible liquids (3.75). In all cases, the absolute values of t, p1, and p2 are
considerably smaller than 1—this as a result of the linearization assumption
adopted before eq. (3.71).

The link between heat and fluid flow and the generation of entropy was first
established in Ref. 1 and is now an active field of research. For example, the
fundamentals of combined heat and fluid flow irreversibilities are examined in
Refs. 24 and 25. The local generation of entropy in turbulent shear flows and the
incorporation of this local calculation in computational fluid dynamics (CFD)
numerical codes are the focus of Ref. 26. Use of the entropy generation rate as
a criterion for flow regime selection is applied to Bénard convection in Ref. 27
and to boundary layer flow in Ref. 28. This criterion is related to the constructal
law of the maximization of flow access in time, which was also invoked to pre-
dict the laminar–turbulent transition and all the features of large-scale structure
in turbulent flow.

3.6 ENTROPY GENERATION MINIMIZATION

3.6.1 The Method

Entropy generation minimization is now recognized as a method of modeling
and optimization of real devices that owe their thermodynamic imperfection
to heat transfer, mass transfer, and fluid flow and other transport processes.
It is also known as thermodynamic optimization in engineering, where it was
developed. In the physics literature it appeared later under the name finite-time
thermodynamics. The method combines from the start the most basic principles
of thermodynamics, heat transfer, and fluid mechanics, and it covers the domain
between these very important disciplines [1–3].

The objectives of the optimization may differ from one application to the
next: for example, minimization of entropy generation in heat exchangers, max-
imization of power output in power plants, and minimization of power input
in a refrigeration plant. Common in these applications is the use of models
that feature rate processes (heat transfer, mass transfer, fluid flow), the finite
sizes of actual devices, and the finite times or finite speeds of real processes.
The optimization is then carried out subject to physical (palpable, visible) con-
straints that are in fact responsible for the irreversible operation of the device.
The combined heat transfer and thermodynamics model “visualizes” for the
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analyst the irreversible nature of the device. From an educational standpoint,
the optimization of such a model gives us a feel for the concept of entropy
generation—specifically, where and how much entropy is being generated, how
it flows, and how it degrades thermodynamics performance.

The emergence of a new field of research is marked by the appearance of
several fundamental results that hold for entire classes of known and future
applications. Although isolated publications had appeared throughout the 1950s
and 1960s, thermodynamic optimization (EGM) emerged as a self-standing
method and field in the 1970s in engineering, with applications notably in cryo-
genics, heat transfer engineering, solar energy conversion, and education. These
developments were first presented in book form [1] in 1982, where EGM was
first described as a modeling and optimization method and as a special univer-
sity course. The field was reviewed more recently in Refs. 3 and 4. Its history
is presented in Ref. 5.

To calculate Ṡgen, the analyst need not rely on exergy concepts. The criti-
cally new aspect of the EGM method—the aspect that makes the use of ther-
modynamics insufficient and distinguishes EGM from exergy analysis—is the
minimization of the calculated entropy generation rate. To minimize the irre-
versibility of a proposed design, the analyst must first develop an expression
for Sgen: This requires the use of the relations between temperature differences
and heat transfer rates and between pressure differences and mass flow rates.
He or she must relate the degree of thermodynamic nonideality of the design
to the physical characteristics of the system: namely, to configuration (design,
drawing) (see Chapters 11 and 13), finite dimensions, shapes, materials, finite
speeds, and finite-time intervals of operation. For this the analyst must rely
on heat transfer and fluid mechanics principles in addition to thermodynamics.
Only by varying one or more of the physical characteristics of the system—by
morphing the design—can the analyst bring the design closer to the opera-
tion characterized by minimum entropy generation subject to finite-size and
finite-time constraints.

3.6.2 Tree-Shaped Fluid Flow

Since most of the EGM examples used in this book are characterized by
entropy generation due at least in part to heat transfer (Chapters 7–11),
let us consider an example where the irreversibility is due entirely to fluid
friction. This example—the tree flow organization—is in fact one of the most
fascinating designs of nature. If we open our eyes, we discover the geometric
features of Fig. 3.17 in unrelated places: the air passages in the lung, the blood
vessels in the circulatory system, the branches of the tree, the root system of
the tree, the veins of the leaf, the basin (tributaries) of a river, the delta of
a large river, the dendrites of the nervous system, and the ramifications of a
lightning bolt. Is there a basic reason why these images look alike?

For simplicity, assume that a body of volume V is filled by branching ducts
(Fig. 3.17). Each duct is approximated by a round tube of length Li and internal
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Figure 3.17 Main features of a tree-shaped flow organization.

diameter Di. One end of the network is the single tube (L0, D0), which is also
the largest tube. The network is modeled as a sequence of n branching stages, or
a sequence of n tube sizes. The result of the ith branching stage is the tube size
(Li, Di). The number of tubes of size (Li, Di) is Ni; this number is left unspecified
at this point, even though for the sake of clarity we assumed in Fig. 3.17 that
each tube undergoes bifurcation at each branching stage. In Chapter 13 we will
learn that just like the round-tube cross section, the bifurcation (or pairing) is
an optimized feature in a flow architecture that is free to morph.

Assume that the fluid is an ideal gas and that the overall pressure drop across
the network (ΔP) is small compared with the absolute pressure (P). The tem-
perature is uniform. The flow is steady, and therefore the total mass flow rate
ṁ (fixed) is the same from one end of the network to the other. Under these
conditions, the rate of entropy generation is given by eq. (3.60).

We begin with the assumption that the flow through each tube is laminar and
fully developed (Hagen–Poiseuille). Since the mass flow rate through each tube
of size (Li, Di) is ṁ∕Ni, the pressure drop across the ith branching stage is

ΔPi =
128
𝜋

ṁv
Li

NiD
4
i

(3.78)

where 𝜈 is the kinematic viscosity of the fluid. The overall pressure drop,

ΔP =
n∑

i=0

ΔPi (3.79)
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can be combined with eq. (3.60) to express the entropy generation rate as a
function of geometry:

Ṡgen

(128∕𝜋)ṁ2 R𝜈∕P
=

n∑

i=0

Li

NiD
4
i

(3.80)

Equation (3.80) shows that Ṡgen decreases when the diameter of each tube
(Di) and the number of tubes in each stage (Ni) increase. This approach to
minimizing Ṡgen runs against the volume constraint mentioned at the start.
The volume occupied by the flowing fluid is

V =
n∑

i=0

Ni
𝜋

4
D2

i Li (3.81)

The challenge is to determine the geometric features (Li, Di) that minimize the
Ṡgen expression (3.80) subject to the volume constraint (3.81). This problem is
equivalent to minimizing the linear combination Ṡgen + 𝜆′V or the sum

Φ =
n∑

i=0

(
Li

NiD
4
i

+ 𝜆NiD
2
i Li

)

(3.82)

where 𝜆 (or 𝜆′) is a Lagrange multiplier. We perform the optimization with
respect to the n + 1 tube diameters (D0,D1,… ,Dn) by solving the system

𝜕Φ
𝜕Di

= −4
Li

NiD
5
i,opt

+ 2𝜆NiDi,opt Li = 0 (i = 0, 1, 2,… , n) (3.83)

The resulting sequence of optimal tube diameters

Di,opt =
(2
𝜆

)1∕6

N−1∕3
i (i = 0, 1, 2,… , n) (3.84)

shows that the optimal tube diameters decrease as N−1∕3
i from one branching

stage to the next. The Lagrange multiplier 𝜆 is determined by substituting the
optimal distribution (3.84) into the volume constraint (3.81)

4
𝜋

V =
(2
𝜆

)1∕3 n∑

i=0

N1∕3
i Li (3.85)

such that the minimized entropy generation rate becomes

Ṡgen,min

8𝜋𝜈(R∕P)(ṁ∕V)2
=

(
n∑

i=0

N1∕3
i Li

)3

(3.86)
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In conclusion, if the numbers Ni are known, there exists an optimal sequence
of diameters [eq. (3.84)]. For illustration, let us assume that in every branching
stage each tube gives birth to two new tubes, which means that Ni = 2i. In this
case, Di,opt decreases as 2−i∕3, and the optimal ratio between two consecutive
tube sizes is a universal constant:

(
Di+1

Di

)

opt

= 2−1∕3 ≅ 0.8 (3.87)

The analysis (3.78)–(3.87) also holds when the fluid is an incompressible liquid
that obeys the model shown in eq. (3.62). The flow direction in Fig. 3.17 could
be either from the left or from the right as long as ΔP is the pressure drop along
the flow.

Equation (3.84) is theoretical and general because the Ni and Li values were
left unspecified. Equation (3.87) is a special case because it rests on the obser-
vation that in the lung and the circulatory system each duct is continued by two
smaller ducts, Ni = 2i.

I had completed this analysis in the summer of 1995—a problem proposed
to myself (perhaps, an exam problem someday)—as I was becoming curious
about the natural configuring of fluid flow systems with irreversibilities [29].
By chance, I discovered that eq. (3.87) [but not eq. (3.84)] is quite old and well
known in the field of physiology [30], where it is known as the Hess–Murray
rule [31–33]. I was astonished that after so many years the branching fluid the-
ory was still stuck on eq. (3.87), which is not even of purely theoretical origin.
A lot remained to be predicted in order to construct a theory of the fluid tree: the
sequence of duct diameters (Di), the sequence of duct lengths (Li), the sequence
of duct numbers (Ni), the orientation of each duct (i.e., the drawing of how the
network “fills the volume”), and why the ducts cannot be smaller than a certain
size. This led me to the purely theoretical line of inquiry that was first disclosed
in the second edition of this book (1997) and is now reviewed in Chapter 13
and Refs. 12–14 and 34.

3.6.3 Entropy Generation Number

The examples that are presented in Chapters 7–11 illustrate how the EGM
method blends thermodynamics with heat transfer and fluid mechanics in the
optimization of real systems. The minimum entropy generation design (Ṡgen,min)
is determined for each model, as in the case of the diameter of a duct with flow
and heat transfer or in the case of the hot-end temperature of a power plant with
a bypass heat leak to the ambient. The approach of any other design (Ṡgen) to
the limit of “realistic” thermodynamic ideality represented by the design with
minimum entropy generation (Ṡgen,min) is monitored in terms of the entropy
generation number [1]

NS =
Ṡgen

Ṡgen,min

(3.88)
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Alternative forms of this ratio can also be used: for example, Ṡgen,min∕Ṡgen or
(Ṡgen∕C)∕(Ṡgen,min∕C), where C is a constant that has the same units as Ṡgen.

As an example of how NS may be constructed, consider again the fluid tree
of Fig. 3.17 and assume a distribution of diameter sizes that differs from the
optimum represented by eq. (3.84). One such distribution is Di = Dc, where
Dc is a constant that must be chosen such that the volume constraint (3.81) is
satisfied:

Dc =
⎛
⎜
⎜
⎜
⎝

4V∕𝜋
n∑

i=0

NiLi

1∕2⎞
⎟
⎟
⎟
⎠

(3.89)

The entropy generation rate that corresponds to this geometry, Ṡgen(Di = Dc),
is obtained by combining eqs. (3.80) and (3.89). This quantity can be com-
pared with the minimum entropy generation rate (3.86), which is associated
with the same volume (V), lengths (Li), and branch numbers (Ni). The entropy
generation number is the ratio

NS =
Ṡgen(Di = Dc)

Ṡgen,min

=

(
n∑

i=0

NiLi

)2 n∑

i=0

Li

Ni

(
n∑

i=0

N1∕3
i Li

)3
(3.90)

It can be verified that the NS expression from Ref. 1 yields values greater than
1. For example, when each duct undergoes bifurcation (Ni = 2i) and each new
length is a certain fraction (f ) of the preceding length (i.e., Li = L0 f i), eq. (3.90)
reduces to

NS =

[
n∑

i=0

(2f )i
]2 n∑

i=0

(
f

2

)i

[
n∑

i=0

(21∕3f )i
]3

(3.91)

This expression can be evaluated numerically for various pairs (n, f) to verify
that, indeed, NS > 1.

The fundamental sector of this entire field continues to grow [4]. The con-
nection between entropy generation number, exergy destruction, and a more
general irreversibility number is described by Pons [35]. Irreversibility comes
from flows that overcome resistances, and for this reason it is important to
know the true paths of such flows; see, for example, the method of heatlines
and masslines [36] and the constructal law of generation and evolution of flow
configuration.
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PROBLEMS

3.1 Consider a thermal insulation device sandwiched between a cold space
(TL) and the ambient (TH): that is, between the same entities that border
the refrigerator of Figs. 3.8 and 3.9. Heat leaks from TH to TL through the
device at exactly the same rate at which it is removed from the cold space
by the refrigerator. Show that the exergy delivered by the refrigerator to
the cold space is destroyed fully in the thermal insulation.

3.2 Show that the entropy maximum principle encountered in the study of
isolated systems [eq. (2.50)] is equivalent to the statement that the non-
flow exergy of an isolated system is destined to decrease or, at best,
remain unchanged.

3.3 Consider the adiabatic and zero-work mixing of two streams (ṁ1, ṁ2)
that carry the same ideal gas (R, cP). The two inflowing streams and the
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resulting mixed stream are at the same pressure. The inlet temperatures
(T1, T2) are such that the absolute temperature ratio 𝜏 = T2∕T1 is not
approximately equal to 1. Show that the entropy generated during the
flow mixing process is maximum when the mass fraction x = ṁ1∕(ṁ1 +
ṁ2) is equal to

x = 𝜏 − 1 − 𝜏 ln 𝜏

(1 − 𝜏) ln 𝜏

3.4 A new vehicle propulsion scheme calls for the use of liquid nitrogen as
“fuel.” The details of the power cycle are not the issue here (in brief, the
liquid nitrogen is heated in contact with the atmosphere, pressurized, and
expanded through the turbine that drives the vehicle). Calculate the max-
imum work that could theoretically be extracted from the liquid nitrogen
fuel. During each refueling stop, the driver purchases a Dewar vessel
(a bottle) containing 0.05 m3 of liquid nitrogen at atmospheric pressure.
The driver leaves in exchange a used bottle, that is, a bottle contain-
ing gaseous N2 at atmospheric pressure and temperature. The proper-
ties of nitrogen as saturated liquid at 1 atm are v = 1.24 × 10−3 m3∕kg,
h = −121.5 kJ∕kg, and s = 2.85 kJ∕kg ⋅ K. The corresponding proper-
ties of nitrogen at atmospheric temperature and pressure (300 K, 1 atm)
are v = 0.49 m3∕kg, h = 172.1 kJ∕kg, and s = 6.25 kJ∕kg ⋅ K.

3.5 A heat pump is a closed system that operates steadily (or in cycles) while
requiring the mechanical power input Ẇ, absorbing the heat transfer rate
Q̇0 from the ambient, and transferring heat at the rate Q̇H to the inside
of a house. In the steady state, the house temperature remains constant
as the heating effect Q̇H is balanced by the heat that leaks to the ambient
through the house insulation. The heat pump operates irreversibly. Show
that the power requirement of the heat pump is proportional to the rate of
entropy generation in the entire region where the temperature is higher
than the ambient temperature T0. Which features and components are
responsible for this entropy generation rate?

3.6 The work produced by the irreversible power plant (P) shown in Fig. P3.6
drives the irreversible refrigeration plant (R). The second-law efficien-
cies of the power and refrigeration plant are called 𝜂(P)II and 𝜂(R)II . Now
consider the aggregate system (P + R), which operates between TH and
TL. Show that the second-law efficiency of the aggregate system is

𝜂
(P+R)
II = 𝜂

(P)
II 𝜂

(R)
II

3.7 An ice storage facility is maintained at the low temperature TL (below
the ambient T0) by a refrigerator modeled as a closed system operating
in cycles. See Fig. P3.7. The coefficient of performance of the refriger-
ator (COP) is specified. The ice storage facility is an enclosure with the
surface area AL which absorbs a heat leak from the ambient at the rate
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Figure P3.6

R
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QH

QH

WR TH

QL

QL

TL

T0

Figure P3.7

QL = ALUL(T0 − TL). The proportionality factor UL is called the overall
heat transfer coefficient, and it is specified.

A former student of this course proposed to use the heat rejected
by the refrigerator in order to heat a building. The temperature inside
the building is TH , the surface of the building enclosure is AH , and
the rate at which heat leaks from the building to the ambient is
QH = AHUH(TH − TL), where UH is another specified heat transfer
coefficient. It turns out that, as a good approximation, UH = UL and T0
is halfway between TH and TL. Show that the warm building (AH) must
be larger than the cold building (AL).

3.8 The warning about global warming is particularly strident when it
comes from a position of authority. A few years ago, at an energy
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summit sponsored by the National Science Foundation, a member of
the national academy expressed this warning in simple thermodynamic
terms. He said that increasing the efficiency of a power plant is twice
beneficial, because (1) it increases the power delivered to us per unit of
fuel consumption and (2) it decreases the rate at which the atmosphere
is heated by the power generation process. In this problem, you are
asked to question authority. Is the academician correct?

3.9 Global warming is being discussed. One argument is that the efficiency
of all power plants will decrease because the ambient temperature will
increase. In this problem, you the reader are asked to determine whether
this argument is correct or a false alarm. Imagine a power plant operat-
ing in cycles between the temperatures TH ∼ 1300 K and TL ∼ 300 K.
Assume that during the next 50 years TL will increase by ΔTL ∼ 1 K.
Examine Fig. 8.3 and note that 𝜂II is on an average of order 0.5 and
that during 50 years 𝜂II increases by Δ𝜂II ∼ 0.1. Show analytically how
the efficiency of a power plant (𝜂, not 𝜂II) varies with ΔTL and Δ 𝜂II. In
50 years, will 𝜂 be greater or smaller than today?

3.10 Compressed air is stored at room temperature (T0) and high pressure
(PH) in a rigid tank. A stream of flow rate ṁ is allowed to flow from
the tank and is used in order to generate power. The stream is expanded
through a turbine, from PH to atmospheric pressure (PL).

ṁ , PH, T0

ṁ , PL, Tout

ẆsS

S

ṁ , PH, T0

ṁ , PL, T0

ṁ , PH, T0

T0

PL, Tout PL, T0

ẆT

Ẇs

Q̇

T

Figure P3.10
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(a) Assume that the expansion is reversible and adiabatic and report
the expression for the specific power output ẆS∕ṁ as a function of
PH∕PL. Treat the air as an ideal gas.

(b) Assume that the expansion occurs reversibly and isothermally
(at T0) and report the expression for the specific power output
ẆT∕ṁ as a function of PH/PL.

(c) Show that ẆS < ẆT and explain (in words) why this should be so.
(d) After the reversible and adiabatic expansion (a), the air stream is

heated from Tout back to T0 by direct contact with the ambient.
See Fig. P3.10 and determine the rate of entropy generation (Sgen)
in the control volume indicated with a dashed line. Invoke the
Gouy–Stodola theorem to determine the lost power (Ẇlost) that
corresponds to Sgen. Show that Ẇlost = ẆT − ẆS, which means that
if the expansion is executed reversibly and isothermally (instead
of reversibly and adiabatically), then the destruction of power is
avoided.

3.11 The refrigerator (R) shown in Fig. P3.11 is a closed system that oper-
ates in cycles while in communication with the cold space (TL) and the
building (TB). The refrigeration load (QL) reaches the cold space by leak-
ing from TB to TL across the thermal insulation system (I), which is a
closed system operating steadily. If the work required by the refrigera-
tor is WR, what is the net heat transferred by systems (R) and (I) to the
building (TB)?

The net heat transferred by (R) and (I) to the building (QB) is
removed by a heat pump (HP) that functions cyclically as a closed
system. The heat pump requires the work WHP and rejects heat to the
ambient of temperature Ta, which is warmer than the building. Together,
the closed systems (R), (I), (B), and (HP) perform the function of
removing the refrigeration load QL by rejecting heat to the ambient Ta.

TB

TL

QH

QL QL

WR

WHP

QB

Ta

(B)

(HP)

(R) (I)

Figure P3.11



Trim Size: 6.125in x 9.25in Bejan c03.tex V2 - 08/09/2016 10:52am Page 138�

� �

�

138 ENTROPY GENERATION, OR EXERGY DESTRUCTION

The total work requirement is WR + WHP, and the overall coefficient of
performance is

COP =
QL

WR + WHP

Write the formulas for the coefficients of performance of the refriger-
ator (COPR) and the heat pump (COPHP) and determine the relationship
COP = function(COPR,COPHP).

Consider the limit where (R) and (HP) operate reversibly, express
COPR and COPHP in terms of (TB, TL) and (Ta, TB), respectively, and
finally express the overall COP as COPrev = function(Ta, TB,TL). On
a summer day, the following temperatures are measured: Ta = 310 K,
TB = 300 K, and TL = 275 K. Calculate COPrev.

3.12 A power plant is modeled as a closed system operating steadily between
the high temperature TH = 1000 K and the ambient at T0 = 300 K. The
heat input is Q̇H and the power output is Ẇ. Define the power plant effi-
ciency 𝜂P and complete the inequality 𝜂P <?.

3.13 A refrigeration plant is modeled as a closed system operating steadily
between the cold space TL = 280 K and the ambient at T0 = 300 K. The
refrigeration load extracted from the cold space is Q̇L, and the power
input is Ẇ. Define the refrigerator coefficient of performance COPR and
complete the inequality COPR < ?.

3.14 A heat-driven refrigeration plant operates steadily as a closed system.
There is no mechanical power input or output. The refrigeration load
extracted from TL = 280 K is Q̇L. The plant receives the heat input Q̇H
from the high temperature TH = 1000 K. The plant rejects Q̇0 to the
ambient at T0 = 300 K. The efficiency of this power plant is defined as
𝜂 = Q̇L∕Q̇H . Complete the inequality 𝜂 < ?.

3.15 The heating rate that a heat pump delivers to a living space of tempera-
ture 20∘C is 5 kW. The coefficient of performance of the heat pump is
COP = 2. The temperature of the ambient is 0∘C.
(a) What is the electrical power required by the heat pump?
(b) What is the rate at which the heat pump draws heat from the

ambient?
(c) What is the highest COP value that the heat pump may attain?
(d) Is the operation of this heat pump violating the second law of

thermodynamics?

3.16 The store advertisement claims that a new light bulb type consumes
only 9 W to generate the same visible light as an old 40-W light bulb.
The advertised saving in electric power consumption is 31 W. The objec-
tive of this problem is to question this advertisement. Assume that the
light bulb is on inside a building of temperature TB = 20∘C, while the
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atmospheric temperature is TA = 35∘C. A heat pump removes the heat
current generated by the light bulb (Q̇) and rejects it to the ambient.
The heat pump power required to do this is ẆHP. The Q̇∕ẆHP ratio of
the heat pump is one-fifth of what it would be in the limit of reversible
operation.
(a) Determine the Q̇∕ẆHP ratio in the reversible limit and in the actual

heat pump design.
(b) Calculate the heat pump power ẆHP required to evacuate Q̇ from the

old light bulb and the new light bulb.
(c) Calculate and compare the total power dissipated because of the old

light bulb and the new light bulb. The total power of one light bulb is
the sum of the power dissipated by the light bulb and the heat pump
power required to remove the heat generated by the light bulb.
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Single-Phase Systems

4.1 SIMPLE SYSTEM

This chapter outlines an important analytical segment that serves as skeleton
for the classical thermodynamics. The most recognizable features are the ana-
lytical, tabular, and graphic relationships that have been established among
thermodynamic properties. One objective is to sort these relationships for future
reference in specialized applications. Another objective is to introduce the con-
cept of chemical equilibrium and widen the applicability of the exergy concepts
of Chapter 3.

We restrict the discussion to a class of systems that are general enough to
serve adequately as models in many engineering circumstances and sufficiently
uncomplicated to lend themselves to concise analytical treatment. Consider a
system that is not subjected to the influence of gravitational, electrical, and mag-
netic fields and inertial forces. The system is sufficiently large so that surface
(capillarity) effects can be neglected. Furthermore, the system is macroscopi-
cally homogeneous and isotropic; in other words, it does not contain internal
constraints (e.g., adiabatic, impermeable, or rigid and immobile partitions; if the
system is solid, it is in a state of uniform hydrostatic compression). Following
Gibbs [1], this “simplest kind of system” will be called a simple system.

Review the contents of Table 4.1 and develop a feeling for the kind of phys-
ical system that fits the simple-system description. The table contains com-
mon examples of batches of substances. Each batch is characterized by a state
of internal equilibrium, because of the absence of internal constraints. If we
examine the chemical composition of each sample, we can divide Table 4.1
into single-component substances (the upper half) and multicomponent sub-
stances (the lower half). The feature that separates the simple systems from the
examples of Table 4.1 is the requirement that the system be “macroscopically
homogeneous and isotropic.” Therefore, only the single-phase examples shown
on the left of Table 4.1 qualify as simple systems. The right side of the table
shows examples of macroscopically heterogeneous (multiphase) substances,
which, as a class, form the subject of Chapter 6.

140
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.



Trim Size: 6.125in x 9.25in Bejan c04.tex V2 - 08/09/2016 7:18am Page 141�

� �

�

EQUILIBRIUM CONDITIONS 141

TABLE 4.1 Samples of Substances in Internal Equilibrium: Distinction between
Homogeneous and Heterogeneous and Single Component and Multicomponent As a Way
of Visualizing the Meaning of Simple System and Pure Substance

Homogeneous (Single Phase) Heterogeneous (Multiphase)

Steam (H2O) Steam and water

Single component Water (H2O) Ice and water

Ice (H2O) Steam, water, and ice

Air (gaseous mixture:
N2, O2, CO2, etc.)

Gaseous air and
liquid air

Multicomponent
Products of combustion
(gaseous mixture: CO2,
H2O, N2, O2, etc.)

Gaseous mixture
(fuel vapor, air) and
liquid fuel

Seawater (liquid
mixture: H2O, NaCl,
etc.)

Sea ice and seawater

Table 4.1 also shows the relationship between the Gibbsian terminology
and the concept of pure substance, which is also common. Pure substances are
all the samples in which the chemical composition does not vary (spatially)
through the sample. Therefore, we recognize as pure substances all the
single-component examples. In addition, the examples placed in the lower
left quarter of the table (multicomponent, homogeneous) qualify as pure
substances. The only group that does not accept the pure-substance label is the
one in the lower right quarter of the table (multicomponent, heterogeneous).
For example, in a batch of gaseous air in equilibrium with liquid air, the
proportions of N2, O2, CO2, and so on, in the liquid phase are not the same as
in the gaseous phase.

4.2 EQUILIBRIUM CONDITIONS

A simple system can be open or closed. We select an open simple system
because the closed-system conclusions can be derived from the more general
conclusions reached in the study of open systems. We examine once again
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the implications of the combined first and second laws that opened Chapter 3,
this time in the context of the simple system defined by the control volume of
Fig. 4.1. The system is in thermal contact with the temperature reservoir (T0),
while its volume change is being resisted or assisted by the pressure reservoir
(P0). Noting the filial position of Fig. 4.1 relative to Fig. 3.1, we write the first
and second laws as in eqs. (3.1) and (3.2). This time, however, we integrate the
resulting equations over the infinitesimal time interval dt:

dU = 𝛿Q − 𝛿W +
n∑

i=1

h0, i dmi (4.1)

𝛿Sgen = dS − 𝛿Q
T0

−
n∑

i=1

s0, i dmi ≥ 0 (4.2)

Equation (4.1) reflects the use of the simple-system model: namely, the ruling
out of gravity and inertia (E = U, h∘ = h). In accordance with the boundary
selection rule stressed in Fig. 1.2, the local temperature of the boundary crossed
by 𝛿Q is equal to the known temperature of the reservoir, T0. At this stage we
say nothing about the system temperature T except that it is equal to T0 right on
the boundary crossed by 𝛿Q (later, we invoke the notion of equilibrium in the
absence of internal constraints to conclude that the temperature of the simple
system, T, must be uniform and equal to T0).

Figure 4.1 Open system in communication with n mass reservoirs and the atmospheric
temperature and pressure reservoirs.
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We are interested in the relationship between the chemical composition
of the simple system and other properties such as its energy U, volume V,
pressure P, and temperature T. In Fig. 4.1 we picture a system that exchanges
mass with an unspecified number of mass reservoirs (i); each mass reservoir
contains a single chemically pure substance that is also present in the chemical
composition of the system. The thermodynamic properties of each mass
reservoir are known (e.g., h0,i and s0,i). The mass flows between the system and
each mass reservoir occur through boundary patches that can be modeled as
adiabatic and rigid (zero work); in addition, each boundary patch is assumed
permeable only to the chemical species of the respective mass reservoir. This
type of mass transfer boundary is called a semipermeable membrane, even
though the name selectively permeable membrane is more accurate.

The chemical composition is described by the masses of the individual chem-
ical species found at time t inside the control volume, Mi (i = 1, 2,… , n). Each
Mi represents the number of kilograms of species i. The same chemical com-
position can be expressed in terms of the number of moles of each species,
Ni (i = 1, 2, … , n); this alternative description will be used later in this section.
As a unit of quantity of matter (i.e., not as unit of mass), one mole is the amount
of substance that contains as many elementary entities (molecules, in this case)
as there are in 0.012 kg of carbon 12. That special number of entities is Avo-
gadro’s constant, 6.023 × 1023.

Ruling out the occurrence of any chemical reaction inside the system, we
invoke the mass conservation principle (1.23) for each species and, integrating
the resulting equations over the time interval dt, write

dMi = dmi(i = 1, 2,… , n) (4.3)

Next, we combine eqs. (4.1)–(4.3) and obtain

dU = T0 dS − 𝛿W +
n∑

i=1

(h0,i − T0s0,i) dMi − T0 𝛿Sgen (4.4)

This combination of the laws of thermodynamics is analogous to eq. (3.3).
In the present analysis, we pursue the relationship between system property

increments such as dU, dS, and dMi. With reference to Fig. 4.2, we consider
two infinitesimally close equilibrium states, a and a + da, represented by the
properties (U, S, Mi, etc.) and (U + dU, S + dS, Mi + dMi, etc.), respectively.
The system can evolve from a to a + da in an infinite number of ways: Among
the possible paths a → a + da, only the reversible ones can be traced as con-
tinuous lines (sequences of points, i.e., equilibrium states) in the bottom plane
of Fig. 4.2. Regardless of the irreversibility of each path, the end states of all
paths are represented by points a and a + da.

In the reversible limit, the entropy generation 𝛿Sgen is zero, whereas the work
transfer interaction assumes the form 𝛿Wrev = P0dV (note the use of P0 as the
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Figure 4.2 Reversible and irreversible paths linking the same initial and final equilib-
rium states, a and a + da.

pressure measured along the moving boundary) (Fig. 4.1). The other modes of
reversible work transfer, which are summarized in eq. (1.8′) and Table 1.1, are
ruled out by the definition of “simple system.” Therefore, eq. (4.4) becomes

dU = T0 dS − P0 dV +
n∑

i=1

(h0,i − T0s0,i) dMi (4.5)

which is simply a relation between the property increments (dU, dS, etc.)
that separate two neighboring equilibrium states. It holds for any process
(irreversible or reversible) that takes the system from a to a + da. Opting for
the molar description of the chemical composition of our simple system, we
have

dU = T0 dS − P0 dV +
n∑

i=1

𝜇0, i dNi (4.5′)

where each coefficient 𝜇0,i is the chemical potential of species i supplied by
the mass reservoir i (Fig. 4.1). The chemical potential notation is shorthand
for the partial molal Gibbs free energy (h0,i − T0s0,i), that is, for the per-mole
equivalent of the (h0,i − T0s0,i) coefficients that appear in eq. (4.5).

In conclusion, the energy of a simple system can be affected independently
by changes in its entropy, volume, and chemical composition. The coefficients
that appear on the right side of eq. (4.5′) are fixed by the specification of the
reservoirs with which the system interacts during the process a → a + da. Each
mass reservoir acts as a chemical potential reservoir (𝜇0,i) in the same way that
the atmosphere acts as a pressure reservoir (P0) and a temperature reservoir (T0).

Next, we apply the analysis of eqs. (4.1)–(4.5′) to the external system that
contains the temperature, pressure, and chemical potential reservoirs of Fig. 4.1.



Trim Size: 6.125in x 9.25in Bejan c04.tex V2 - 08/09/2016 7:18am Page 145�

� �

�

EQUILIBRIUM CONDITIONS 145

We continue to identify the properties of the external system with the subscript
0. This time, however, we assume that the original system (U, S,V,Ni) is charac-
terized by one temperature T, one pressure P, and one chemical potential 𝜇i for
each of the species that leak out of it through the semipermeable membranes. In
other words, we assign the values (T , P, 𝜇i) to the boundary segments crossed
by heat, work, and mass interactions. Repeating the analysis, we obtain, in place
of eq. (4.5′),

dU0 = T dS0 − P dV0 +
n∑

i=1

𝜇i dN0,i (4.6)

Finally, we examine under what conditions the reservoir parameters
(T0, P0, 𝜇0,i) match the corresponding parameters of the original system
(T , P, 𝜇i). Consider the isolated aggregate system indicated in Fig. 4.1: This
new system includes the original system and the external system. We identify
the properties of the aggregate system with the subscript Σ and recognize that
its boundary is impermeable, rigid, adiabatic, and zero work. Analytically,
these boundary features amount to writing

dN∑
,i = dNi + dN0,i = 0 (i = 1, 2,… , n)

dV∑ = dV + dV0 = 0 (4.7)

dU∑ = dU + dU0 = 0

Combining eqs. (4.5′)–(4.7) to eliminate dN0,i, dV0, and dU0, we evaluate the
net change in the entropy of the aggregate system:

dSΣ = dS + dS0

=
(

1
T0

− 1
T

)

dU +
(
P0

T0
− P

T

)

dV +
n∑

i=1

(
𝜇i

T
−
𝜇0,i

T0

)

dNi (4.8)

The net change dSΣ is also the entropy generated inside the aggregate sys-
tem, because the aggregate system is an isolated system. In accordance with the
entropy maximum principle [eq. (2.51)] and Fig. 2.7, dSΣ is zero if the aggre-
gate system is internally in a state of unconstrained equilibrium; in this case,
eq. (4.8) requires, in order,

T = T0

P = P0 (4.9)

𝜇i = 𝜇0,i (i = 1, 2,… , n)

Since the two parts of the aggregate system (the external system plus the
original system) are not separated by a rigid, adiabatic, or impermeable
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partition, eqs. (4.9) are the equilibrium conditions for the simple system and its
environment. In conclusion, at equilibrium, the temperature, pressure, and n
chemical potentials of an open simple system are exactly the same as their
corresponding environmental values.

The aggregate system argument that culminated with the entropy maximum
principle and eqs. (4.9) can be used any number of times to show that a sim-
ple system is internally in equilibrium if its T, P, and 𝜇i values are the same
throughout the system. This can be shown by first isolating the simple sys-
tem and dividing it into two subsystems, A and B, that are not separated by a
rigid, impermeable, and adiabatic partition. The equilibrium conditions result-
ing from this first step are TA = TB, PA = PB, and 𝜇A,i = 𝜇B,i. Next, subsystemA
can be divided into A1 and A2 to show that TA1 = TA2, PA1 = PA2, 𝜇A1,i = 𝜇A2,i,
and so on.

4.3 THE FUNDAMENTAL RELATION

In the remainder of this chapter we consider simple systems in equilibrium with
their respective environments. In view of the equilibrium conditions (4.9), the
equilibrium version of eq. (4.5′) for an open system is

dU = T dS − P dV +
n∑

i=1

𝜇i dNi (4.10)

The physical meaning of each of the n + 2 terms that appear on the right side
of eq. (4.10) is illustrated in Fig. 4.3. The reversible heat transfer 𝛿Qrev is

Figure 4.3 Meaning of the terms on the right side of the fundamental relation (4.10):
reversible heat transfer, reversible work transfer, and reversible chemical work transfer.
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associated with the flow of entropy dS from the temperature reservoir (T)
through a boundary of temperature T. The reversible work 𝛿Wrev = P dV takes
place as the pressure reservoir and the system match pressures at the moving
boundary (Fig. 1.5). New in Fig. 4.3 is the reversible chemical work transfer
𝛿Wch,i,rev, which is shorthand for each of the 𝜇i dNi terms of eq. (4.10). The
flow of dNi moles of i from the chemical potential reservoir (𝜇i) through the
system boundary has the effect of increasing the internal energy of the system
in the same way as 𝛿Qrev and −𝛿Wrev. An important assumption is that the
n + 2 reservoirs, T, P, and 𝜇1,… , 𝜇n, are large enough so that their respective
intensities (T , P, 𝜇1,… , 𝜇n) remain constant throughout the infinitesimal
change of state invoked in writing eq. (4.10).

4.3.1 Energy Representation

The analytical form of the combined law (4.10) proclaims the existence of a
function of n + 2 variables:

U = U(S,V ,N1,… ,Nn) (4.11)

where

T =
(
𝜕U
𝜕S

)

V ,N1,… ,Nn

(4.12)

−P =
(
𝜕U
𝜕V

)

S,N1,… ,Nn

(4.13)

𝜇i =
(
𝜕U
𝜕Ni

)

S,V ,N1,… ,Ni−1,Ni+1,… ,Nn

(i = 1,… , n) (4.14)

Equation (4.11) is the fundamental relation in energy representation, or the
energetic fundamental equation. It describes a surface on which every stable
equilibrium state is represented by a point, as shown symbolically in the hor-
izontal plane of Fig. 4.2. As first partial derivatives of the U(S, V, N1,… , Nn)
surface, the thermodynamic temperature, pressure, and n chemical potentials
are themselves functions of S, V, and Ni:

T = T(S,V ,N1,… ,Nn) (4.15)

P = P(S,V ,N1,… ,Nn) (4.16)

𝜇i = 𝜇i(S,V ,N1,… ,Nn) (i = 1, 2,… , n) (4.17)

Equations (4.15)–(4.17) are the n + 2 equations of state of the simple system.
Since all the equations of state can be obtained by differentiating the funda-
mental relation, we note that the information conveyed by eqs. (4.15)–(4.17) is
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already available in the fundamental relation. Later, we show that the reverse is
also true, that is, that the fundamental relation and the n + 2 equations of state
(taken together) are equivalent.

4.3.2 Entropy Representation

An alternative formulation of the fundamental equation and the equations of
state begins with rewriting eq. (4.10) as

dS = 1
T
dU + P

T
dV −

n∑

i=1

𝜇i

T
dNi (4.18)

Hence

S = S(U,V ,N1,… ,Nn) (4.19)

1
T
=
(
𝜕S
𝜕U

)

V ,N1,… ,Nn

(4.20)

P
T
=
(
𝜕S
𝜕V

)

U,N1,… ,Nn

(4.21)

−
𝜇i

T
=
(
𝜕S
𝜕Ni

)

U,V ,N1,… ,Ni−1,Ni+1,… ,Nn

(i = 1,… , n) (4.22)

Equation (4.19) is the fundamental relation in entropy representation,
or the entropic fundamental relation. Each of the n + 2 coefficients
(T−1, P∕T , −𝜇i∕T) is a function of U, V, and Ni; these relations constitute the
n + 2 equations of state in entropy representation.

In either energy or entropy representation, the fundamental equation serves
as origin for all the relations that exist between properties at equilibrium. Since
only some of these properties and relations can be measured with relative ease
(e.g., pressure, temperature, specific heat at constant pressure, and coefficient of
thermal expansion), the fundamental equation makes the connection between
direct measurements and properties that cannot be measured directly and must
be derived (e.g., internal energy, entropy, enthalpy, and exergy). The pivotal role
played by the fundamental equation is why the treatment of simple systems in
equilibrium can begin with the postulate that a relation of type (4.11) or (4.19)
exists. Witness in this regard Callen’s postulate I, which states: “There exist
particular states (called equilibrium states) of simple systems that, macroscop-
ically, are characterized completely by the internal energy U, the volume V,
and the mole numbers N1, N2,… , Nn of chemical components” [2]. Although
it would have been expedient to start out by postulating eq. (4.11), here we
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thought it is more appropriate to trace the roots of the fundamental relation to
the first and second laws: that is, to eqs. (4.1) and (4.2).

4.3.3 Extensive Properties versus Intensive Properties

In the fundamental relation (4.11), all the variables that appear in it are exten-
sive properties. If, for example, a simple system (A) is made up of 𝜆 identical
“unit” subsystems in mutual equilibrium, the property X of the unit subsystem
is “extensive” if the corresponding property of system (A) obeys the relation
XA = 𝜆X. With reference to the properties in eq. (4.11), we write

UA = 𝜆U, SA = 𝜆S, VA = 𝜆V , NA,i = 𝜆Ni (4.23)

and invoking eq. (4.11),

UA(SA,VA,NA,i) = 𝜆U(S,V ,Ni) (4.24)

In these statements, Ni is an abbreviation for N1, N2,… , Nn. System A has its
own combined law (4.10):

dUA = TA dSA − PA dVA +
n∑

i=1

𝜇A,i dNA,i (4.25)

Therefore, we ask what relationship exists between the coefficients
(TA, PA, 𝜇A,i) and the corresponding properties of the unit system (T , P, 𝜇i).
By definition, we have

TA =
(
𝜕UA

𝜕SA

)

VA,NA,i

=
[
𝜕(𝜆U)
𝜕(𝜆S)

]

𝜆V ,𝜆Ni

=
(
𝜕U
𝜕S

)

V ,Ni

(4.26)

which, according to eq. (4.12), means that

TA(𝜆S, 𝜆V , 𝜆Ni) = T(S,V ,Ni) (4.27)

The temperature of the aggregate system A is therefore the same as the tem-
perature of any of its units; in other words, TA is independent of the size of the
system (i.e., independent of 𝜆). This conclusion is the same as in the last para-
graph of Section 4.2. The operations listed in eq. (4.26) can be repeated for PA
and 𝜇A,i to conclude that

PA(𝜆S, 𝜆V , 𝜆Ni) = P(S,V ,Ni) (4.28)

𝜇A,i(𝜆S, 𝜆V , 𝜆Ni) = 𝜇i(S,V ,Ni) (i = 1, 2,… , n) (4.29)
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Properties such as T, P, and 𝜇i are called intensive properties or intensities.
Looking back at the structure of the combined law (4.10), we note that the places
of partial differential coefficients are all occupied by intensive properties. The
fundamental equation (4.11), on the other hand, is exclusively a relation among
extensive properties. Each of the n + 2 equations of state (4.15)–(4.17) contains
at least one intensive property.

4.3.4 The Euler Equation

An important relation among extensive and intensive properties follows directly
from eq. (4.24). Differentiating both sides with respect to parameter 𝜆, we
obtain
(
𝜕UA

𝜕SA

)

VA,NA,i

𝜕SA
𝜕𝜆

+
(
𝜕UA

𝜕VA

)

SA,NA,i

𝜕VA

𝜕𝜆
+

n∑

i=1

(
𝜕UA

𝜕NA,i

)

SA,VA,NA, j,(j≠1)

𝜕NA,i

𝜕𝜆
= U

(4.30)
or

TAS − PAV +
n∑

i=1

𝜇A,iNi = U (4.30′)

and since T, P, and the 𝜇i’s are intensive properties [cf. eqs. (4.27)–(4.29)],

U = TS − PV +
n∑

i=1

𝜇iNi (4.30′′)

or, in entropy representation,

S = 1
T
U + P

T
V −

n∑

i=1

𝜇i

T
Ni (4.30′′′)

In thermodynamics, eq. (4.30′′) is recognized as the Euler equation
because it is an application of Euler’s theorem on homogeneous func-
tions† [3] to U(S, V , N1,… , Nn) as a homogeneous function of degree 1.

†A function z = f (x, y) is said to be homogeneous of degree k in a region R if the relation

f (𝜆x, 𝜆y) = 𝜆kf (x, y)

holds identically for every point (x, y) that belongs to R and for every 𝜆 from a certain neighborhood
of 𝜆 = 1. Note that, according to eqs. (4.23) and (4.24), the function U(S, V, Ni) is homogeneous of
degree k = 1. According to the general theorem, the following relation also holds in R:

x
𝜕f

𝜕x
+ y

𝜕f

𝜕y
= kf (x, y)
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TABLE 4.2 Alternatives to Reconstructing the Information Content of the
Fundamental Relation

I The fundamental equation, U = U(S, V , Ni) or S = S(U, V , Ni)

II The Euler equation The n + 2 equations of state

III The Euler
equation

Only n + 1
equations of
state

The Gibbs–Duhem
relation [to deduce
the (n + 2)th
equation of state
through
integration]

One undetermined
constant of
integration

The Euler equation justifies an earlier claim that taken together, the n + 2
equations of state are equivalent to the fundamental relations. When T, P,
and 𝜇i (i = 1,… , n) are known as functions of only (S, V , N1,… , Nn), these
functions can be substituted into eq. (4.30′′) to recover the fundamental relation
(4.11). This equivalence is illustrated as alternatives I and II in Table 4.2.

4.3.5 The Gibbs–Duhem Relation

The combined law (4.10) is a relation among the infinitesimal changes of n + 3
extensive properties, where n is the number of constituent species in the chem-
ical composition of the system. The Euler equation (4.30′′), on the other hand,
is a relation among the n + 3 extensive properties (i.e., not among the changes
dU, dS, etc.) and the system’s n + 2 intensive properties. A third relation that
follows from the preceding two is obtained by first differentiating the Euler
equation,

dU = T dS + S dT − P dV − V dP +
n∑

i=1

𝜇i dNi +
n∑

i=1

Ni d𝜇i (4.31)

and by subtracting eq. (4.31) from eq. (4.10). The result is the Gibbs–Duhem
relation, which corresponds to the energetic fundamental relation

S dT − V dP +
n∑

i=1

Ni d𝜇i = 0 (4.32)

What distinguishes this relation from the fundamental relation (4.10) is that
all the infinitesimal changes represent changes in intensive properties. Fur-
thermore, only n + 1 of the total of n + 2 intensities can be changed indepen-
dently of one another: If the changes in n + 1 intensive properties are specified,
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the change in the (n + 2)th intensive property results from the Gibbs–Duhem
equation (4.32). The intensive properties that can be varied independently are
the degrees of freedom of the system; consequently, a simple system containing
n species has n + 1 degrees of freedom.

For example, in the case of a chemically pure substance (i.e., a single-species
system, n = 1), only two of the three intensive properties T, P, and 𝜇 can be
varied independently. The change in chemical potential is fixed by the changes
in temperature and pressure:

d𝜇 = − S
N

dT + V
N
dP (4.33)

If this system evolves at constant T and constant P, its chemical potential does
not change. Continuing with the same example, we note that the Euler equation
for n = 1 reduces to

U = TS − PV + 𝜇N (4.34)

Hence,

𝜇 = G
N

= g (4.34′)

where G = U − TS + PV is the Gibbs free energy displayed in Table 4.3 and g
is the molal Gibbs free energy expressed in joules per mole. In conclusion, at
constant T and P, the molal Gibbs free energy of the single-species system is
constant.

An alternative version of the Gibbs–Duhem relation is obtained by using,
instead of eq. (4.10), the fundamental relation in entropy representation,
eq. (4.18):

U d
( 1
T

)

+ V d
(P
T

)

−
n∑

i=1

Ni d
(𝜇i

T

)

= 0 (4.35)

Again, it is worth noting that all the infinitesimal changes refer to intensive
properties in the entropy representation: namely, T−1, P/T, and 𝜇1∕T ,… , 𝜇n∕T .
It can be shown that eqs. (4.35) and (4.32) are analogous; that is, eq. (4.35) can
be derived from eq. (4.32), and vice versa (Problem 4.1).

A graphic summary of these analytical results is presented in Table 4.2.
The equivalence between alternatives I and II as conveyers of maximum ther-
modynamic information was discussed in connection with the Euler equation.
Alternative III is made possible by the Gibbs–Duhem relation: When only n + 1
equations of state are known, the missing equation of state can be obtained by
integrating the Gibbs–Duhem relation once. Because of this operation, alterna-
tive III differs from either alternative I or II through one undetermined constant
of integration.
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Example 4.1. To illustrate the construction of the fundamental relation on the
basis of experimental measurements, consider the case of a single-component ideal
gas. We seek the fundamental relation in entropy representation, S = S(U, V, N),
where N is the number of moles of the single chemical species (e.g., O2, N2, CO2, or
H2O). Guided by Table 4.2, we identify the appropriate Euler equation [eq. (4.30′′)]:

S = 1
T

U + P
T

V − 𝜇

T
N (a)

and the equations of state that have been determined based on experiments. In the case
of ideal gases (either single component or multicomponent), there are two equations
of state:

PV = NRT (b)

U = U(T) (c)

Equation (b) is the Clapeyron relation, in which R is the universal ideal gas constant:

R = 8.314 J∕mol ⋅ K (d)

while eq. (c) is the result of calorimetric measurements (e.g., Joule’s free-expansion
experiment). In sufficiently narrow temperature intervals, eq. (c) is well approximated
by the line

U = NcvT (e)

where cv (J/mol ⋅ K) is a constant. Figure 4.4 shows that the constant- cv approxima-
tion is especially good for monatomic gases. In the literature we also find the term

Figure 4.4 The cv∕R ratio of ideal gases as a function of temperature.
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perfect gas for the ideal gas represented by eqs. (b) and (e), with cv = const. The
ideal gas whose specific heats (cv and cP) are functions of temperature—that is,
the gas represented by eqs. (b) and (c)—is called semiperfect.

The two equations of state, (e) and (b), deliver the first two coefficients that appear
on the right side of eq. (a):

S =
Ncv
U

U + NR
V

V − 𝜇

T
N (a′)

The third equation of state, for 𝜇 ∕T , follows from the Gibbs–Duhem relation in
entropy representation [eq. (4.35)]:

N d
(𝜇

T

)

= U d
( 1
T

)

+ V d
(P
T

)

= U d

(
Ncv
U

)

+ V d

(
NR
V

)

(f)

Integrating from a reference condition where U = U0 and V = V0 yields the third
equation of state:

𝜇

T
= −cv ln

U
U0

− R ln
V
V0

+ C (g)

where C is the undetermined constant of integration (option III, Table 4.2). Combin-
ing eq. (g) with eq. (a′), we obtain the entropic fundamental relation,

S(U, V , N) = S0 + Ncv ln
U
U0

+ NR ln
V
V0

(h)

where S0 = N(cv + R − C) is the undetermined constant. The corresponding relation
in the energy representation is

U(S, V , N) = U0

(
V
V0

)−R∕ cv
exp

(
S − S0

Ncv

)

(i)

The fundamental relation is a surface in four-dimensional space (U, S, V, N). As an
extensive property, however, the entropy scales with the size of the system (N); there-
fore, the fundamental relation can be visualized as a surface in the three-dimensional
space (U, S/N, V). Figure 4.5 shows the shape of the surface represented by eq. (h) or
(i) in the reduced three-dimensional space; the same figure also shows the geometric
significance of T and (−P).

4.4 LEGENDRE TRANSFORMS

The variables that appear in the fundamental relation are extensive proper-
ties of the simple system, eqs. (4.11) and (4.19). The intensive properties
(T , P, 𝜇1,… , 𝜇n) can be derived from the fundamental relation in the same
way that the slopes of the internal energy hypersurface U(S, V , N1,… , Nn) can
be measured geometrically at any given point in the (n + 3)-dimensional frame
(U, S, V , N1,… , Nn). The preponderance of applications in which systems
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Figure 4.5 Surface that represents the fundamental relation of a single-component
ideal gas.

undergo changes while in thermal (T), mechanical (P), or thermomechanical
(T and P) equilibrium with the ambient reservoir of constant temperature and
pressure has created a demand for alternatives to the all-extensive presentation
of thermodynamic relations: that is, for alternative fundamental relations
in which T, or P, or T and P together appear as independent variables.
Furthermore, temperature and pressure are relatively easy to measure in the
laboratory.

We focus on three alternatives to the energy fundamental relation (4.11): the
enthalpy fundamental relation

H = H(S,P,N1,N2,… ,Nn) (4.36)

the Helmholtz free-energy fundamental relation

F = F(T ,V ,N1,N2,… ,Nn) (4.37)

and, the Gibbs free-energy fundamental relation

G = G(T ,P,N1,N2,… ,Nn) (4.38)

Note the appearance of T and P, alone or together, as coordinates of the
thermodynamic space in which these new fundamental relations are defined.
These three alternatives are not the only ones that can be constructed. Of
special interest is the equivalence between any two such alternatives: in other
words, the transformation that guarantees that no information is lost from the
fundamental relation as we travel from the U(S, V , N1,… , Nn) representation
to, for example, H(S, P, N1,… , Nn), and vice versa.
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The transformation is best understood in geometric terms [4, 5]. Consider
the curve

y = y(x) (4.39)

which in the x–y frame of Fig. 4.6 is represented by an alignment of points (x,
y). We regard y = y(x) as the two-dimensional version of the fundamental rela-
tionU = U(S, V , N1,… , Nn); therefore, the wish to replace one of the extensive
properties (S, V , N1,… , Nn) with an intensive property (a slope of the U sur-
face) reduces to replacing x with dy/dx as the independent variable in a new
analytical expression that represents the same curve. Therefore, we seek the
new function

𝜂 = 𝜂(𝜁 ) (4.40)

where
𝜁 =

dy

dx
(4.41)

such that to each (x, y) point corresponds only one point (𝜁, 𝜂), and vice versa.
The analytical form of 𝜂(𝜁 ) follows from the observation that the curve that
originally was drawn as a sequence of special points [x, y(x)] can also be drawn
as the envelope of the straight lines that have the slope dy/dx while passing
through each point [x, y(x)]. In other words, the curve can be drawn by means
of tangent lines, as shown in Fig. 4.6b.

To “describe” the curve means to vary the cut (the intercept) on the ordinate
(𝜂) in a certain way relative to the slope of each line (𝜁 ), so that the original curve
is the one that emerges as the envelope of all the tangent lines. This special rela-
tion between 𝜂 and 𝜁 is the condition that each straight line that passes through
the point [x, y(x)] must be tangent to the original y = y(x) curve (Fig. 4.6b):

y =
dy

dx
x + 𝜂 (4.42)

or, using the definition (4.41),

𝜂(𝜁 ) = y(x) − 𝜁x (4.43)

Eliminating x and y between eqs. (4.39), (4.41), and (4.43) yields the new func-
tion 𝜂 = 𝜂 (𝜁 ), which is shown in Fig. 4.6c. The elimination is possible as long
as the new variable 𝜁 is not independent of x: that is, when

d𝜁
dx

≠ 0 or
d2y

dx2
≠ 0 (4.44)

If the original function is a straight line, d2y∕dx2 = 0, the tangents of Fig. 4.6b
would fall on top of each other and the entire [x, y(x)] curve would collapse into
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Figure 4.6 A curve can be represented as a sequence of points (a) and as the envelope
of a family of lines (b), which leads to the transformed curve (c).

a single point in the 𝜁–𝜂 plane: In this extreme, to each (𝜁, 𝜂) would correspond
more than one point in the x–y plane, and the 𝜂(𝜁 ) function defined in eq. (4.40)
does not exist. It turns out that in simple systems the condition is satisfied as
long as the equilibrium is stable [see eq. (6.3)].

The function 𝜂(𝜁 ) is the Legendre transform of y(x). The drawings in Fig. 4.6
are exact and stress that, although graphically (and also analytically) y(x) and
𝜂(𝜁 ) can be quite different, they do represent the same curve. Said another way,
the original relation and its Legendre transform contain the same information.
Analytically, the transformation consists of using eqs. (4.41) and (4.43) for the
purpose of eliminating x and y as variables. One distinguishing feature of this
transformation is that by applying it one more time to the Legendre transform
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𝜂(𝜁 ), we recover the original function y(x). For example, if �̂�(𝜁 ) is the Legendre
transform of 𝜂(𝜁 ), eqs. (4.41) and (4.43) require that

𝜁 = d𝜂
d𝜁

(4.45)

�̂� = 𝜂 − 𝜁𝜁 (4.46)

However, according to eq. (4.43), the derivative d𝜂 ∕d𝜁 is equal to−x; therefore,
eqs. (4.45) and (4.46) become

𝜁 = −x (4.45′)

�̂� = y (4.46′)

Except for the minus sign in eq. (4.45′), the successive application of two Leg-
endre transformations leads back to the original function y(x). We can substitute
eqs. (4.45′) and (4.46′) into (4.45) and (4.46) and call the resulting set the
inverse Legendre transformation:

−x = d𝜂
d𝜁

(4.47)

y = 𝜂 − (−x)𝜁 (4.48)

The symmetry between the inverse transformation listed above and the direct
transformation of eqs. (4.41) and (4.43) is evident. If d2𝜂∕d𝜁2 ≠ 0, we can elim-
inate 𝜂 and 𝜁 between eqs. (4.40), (4.47), and (4.48) to recover the original
relation y = y(x).

This discussion can be extended to a function of n + 2 variables:

y = y(x1, x2,… , xn+1, xn+2) (4.49)

such as the energetic fundamental relationU = U(S, V , N1,… , Nn). The y func-
tion has n + 2 first partial derivatives:

𝜁k =
𝜕y

𝜕xk
= 𝜁k(x1, x2,… , xn+1, xn+2) (k = 1, 2,… , n + 2) (4.50)

while each derivative is a function of the same n + 2 variables x1, x2,… , xn+2.
Based on the argument presented in Fig. 4.6, the effect of xk on y can be rep-
resented as a curve [i.e., an alignment of points according to eq. (4.49)] in the
xk–y plane, or as the envelope of all the lines drawn tangent to that curve. Let
𝜂(1) be the y intercept that corresponds to the tangent of slope 𝜁k; in place of
eq. (4.43), we write

𝜂(1)(x1,… , xk–1, 𝜁k, xk+1,… , xn+2) = y − 𝜁kxk (4.51)

The function 𝜂(1) is the first Legendre transform of the original function y
with respect to xk [6]. The superscript (1) indicates that only one of the original
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n + 2 variables was replaced by the corresponding partial derivative. There are
n + 2 first Legendre transforms, as 𝜁k can replace any single one of the origi-
nal variables x1, x2,… , xn+2. In the examples of first Legendre transforms that
conclude this section (Table 4.3) we see that the role of 𝜁k is played once by
−P in the construction of the enthalpy fundamental relation and another time
by T in the Helmholtz fundamental relation. The first Legendre transform, 𝜂(1),
emerges as a function of (x1,… , xk−1, 𝜁k, xk+1,… , xn+2) by eliminating y and
xk between eqs. (4.49)–(4.51); this elimination is possible if 𝜕2y∕𝜕x2

k ≠ 0.
If we are interested in replacing not one xk by its corresponding slope 𝜁k,

but two, we can apply the first Legendre transformation once more to the 𝜂(1)

function of eq. (4.51). We obtain

𝜂(2)(x1,… , 𝜁k,… , 𝜁l,… , xn+2) = y − 𝜁kxk − 𝜁1x1 (4.52)

where 𝜁l is the slope 𝜕y∕𝜕xl that now occupies the place of the second variable
(xl) that had to be eliminated. Considering the relationship between eqs. (4.52)
and (4.51), the superscript (2) is shorthand notation for [(⋅)(1)](1) and stresses
that two of the original variables have been replaced by corresponding partial
derivatives. The function 𝜂(2) is the second Legendre transform of y with respect
to xk and xl [6]. Depending on the selection of the (xk, xl) pair, the original
function y can have a maximum of (n + 1)(n + 2)∕2 second Legendre trans-
forms. Table 4.3 shows only one example of the second Legendre transform:
construction of the Gibbs free-energy fundamental relation, in which the chosen
(𝜁k, 𝜁l) pair is (T , −P). Legendre transforms of higher order can be developed
by continuing the procedure represented by the step from eq. (4.51) to eq. (4.52)
(Problem 4.2).

In conclusion, the fundamental relation can be transformed without loss
of information by replacing one or more of its original arguments with the
corresponding first partial derivatives. In the case of first Legendre transforms,
the procedure consists of writing three equations: eq. (4.49), eq. (4.50) once
for the lone variable xk that is to be replaced, and eq. (4.51). Eliminating
y and xk between these three equations yields the first Legendre transform
𝜂(1) (x1,… , 𝜁k,… , xn+2) listed on the left side of eq. (4.51).

In Table 4.3, the enthalpy fundamental relation and the Helmholtz free-
energy fundamental relation are developed as first Legendre transforms of
U = U(S, V , N1,… , Nn). The Gibbs free-energy fundamental relation can be
viewed as a second Legendre transform of U = U(S, V , N1,… , Nn), as done
in Table 4.3, or as a first Legendre transform of either H = H(S, P, N1,… , Nn)
or F = F(T , V , N1,… , Nn). The Gibbs free-energy fundamental relation
G = G(T , P, N1,… , Nn) is particularly useful in view of the presence of easily
measurable properties (T, P) as arguments.

Example 4.2. As an application of the steps outlined in Table 4.3, consider the
transformation of the fundamental relation of a single-component ideal gas from the
energy representation U(S, V, N) (Fig. 4.5) to the enthalpy representation H(S, P, N).
The analysis consists of writing three equations: the original fundamental relation
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deduced in Example 4.1,

U(S, V , N) = U0

(
V
V0

)−R∕cv
exp

(
S − S0

Ncv

)

(a)

the partial derivative (−P) that is to replace the extensive variable (V) in the new
representation,

− P =
(
𝜕U
𝜕V

)

S,N
= − R

cv
VR∕cv

0 U0V
−cP∕cv exp

(
S − S0

Ncv

)

(b)

and the Legendre transform definition,

H = U + PV = … = H(S,V ,N) (c)

Note that the three equations (a)–(c) correspond to eqs. (4.49)–(4.51) [i.e., steps I,
III, and IV in Table 4.3, where the corresponding equations are marked with (*)].
The elimination of U and V between these three equations yields

H(S, P, N) = H0

(
P
P0

)R∕cP
exp

(
S − S0

NcP

)

(d)

where cP = cv + R. The new constants P0 and H0 are

P0 =
U0

V0
and H0 = U0

⎡
⎢
⎢
⎣

(
cv

R

)R∕cP
+
(
R
cv

)cv∕cP⎤
⎥
⎥
⎦

(e)

It is shown in Fig. 4.7 that the enthalpy fundamental relation H(S, P, N) repre-
sents a surface whose main features can be drawn in the reduced three-dimensional
space (H, S/N, P). Similar surfaces can be constructed for the other representations
of the fundamental equation of a single-component ideal gas. Examined side by side,
Figs. 4.5 and 4.7 show the geometric meaning of the first Legendre transformation:
One of the slopes of the original fundamental relation (−P in Fig. 4.5) replaces its
corresponding directional argument (V in Fig. 4.5) and becomes a new argument in
the transformed relation (Fig. 4.7). The equations of state for T, V, and 𝜇 as functions
of (S, P, N) follow immediately from eq. (d):

T(S, P, N) =
H0

NcP

(
P
P0

)R∕cP
exp

(
S − S0

NcP

)

(f)

V(S, P, N) =
H0R

P0cP

(
P
P0

)−cv∕cP

exp

(
S − S0

NcP

)

(g)

𝜇(S, P, N) = −
H0

N

S − S0

NcP

(
P
P0

)R∕cP
exp

(
S − S0

NcP

)

(h)

Regarding N as constant, we identify T and V as the S slope and the P slope of the
enthalpy fundamental relation (Fig. 4.7). The equations of state (f)–(h) are consistent
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Figure 4.7 Enthalpy fundamental surface for a single-component ideal gas, or the first
Legendre transform of the surface shown in Fig. 4.5.

with the original equations of state that were used to construct the energy fundamental
relation in Example 4.1; note that eqs. (f)–(h) can be used to re-create eqs. (b), (c),
and (g) of that example.

4.5 RELATIONS BETWEEN THERMODYNAMIC PROPERTIES

In Examples 4.1 and 4.2, we invoked the ideal gas model to show how the
fundamental relation and one of its Legendre transforms serve as a summary
for the empirical information stored in the equations of state. This allows us
to deduce the changes in properties that cannot be measured in the laboratory
(e.g., entropy). We were able to derive the fundamental relation for an ideal gas
in closed form only because the ideal gas equations of state are very simple.

For most other substances, the equations of state produced by measurements
are complicated and make it impossible to derive the fundamental relation ana-
lytically. The challenge remains the same: to calculate the changes in some
properties while measuring the least number of accessible properties. The con-
nection between the two groups of properties was established through several
relations that have their origin in the geometric features of the surface repre-
sented by the fundamental relation.

4.5.1 Maxwell’s Relations

The calculus theorem on the change of order of differentiation in functions of
two or more variables states that, given a function f (x, y), the mixed derivatives

𝜕2f

𝜕x 𝜕y
and

𝜕2f

𝜕y 𝜕x
(4.53)
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are equal at a point (x0, y0) if they are continuous [3, p. 446]. The geometric
meaning of the equality of 𝜕2f∕𝜕x 𝜕y and 𝜕2f∕𝜕y 𝜕x is illustrated in the upper
right of Fig. 4.7. When the equality holds, we can move from one point (a)
on the surface and arrive at the same neighboring point (a + da) on the sur-
face, either by stepping first in x and second in y (option 1) or by stepping
first in y and second in x (option 2). If we recall that in Fig. 4.5 the role of
first derivatives of the fundamental surface is played by T and −P, we see that
the mixed-derivatives theorem (4.53) indicates the equality between the first
derivatives of T and −P.

The fundamental relation U = U(S, V , N1,… , Nn) presents U as a function
of n + 2 variables. We can form a number of relations of the type

𝜕2 f

𝜕x 𝜕y
=

𝜕2 f

𝜕y 𝜕x
(4.54)

by replacing f with U and the pair (x, y) with any pair of the n + 2 arguments
of the fundamental relation. The U function has a total of (n + 1)(n + 2) mixed
derivatives, hence only (n + 1)(n + 2)∕2 equations of type (4.54). In the case of
a single-component system (n = 1), for example, we obtain the three relations
listed in the first block of Table 4.4. These relations are headed by the differen-
tial form of the fundamental relation, which shows that the intensities T , −P,
and 𝜇 play a role of first derivatives. Similar three-equation sets are obtained
for the Legendre transforms of the fundamental relation, as shown under dH,
dF, and dG in Table 4.4.

TABLE 4.4 Maxwell’s Relations for a Single-Component System

dU = T dS − P dV + 𝜇 dN dH = T dS + V dP + 𝜇 dN

(
𝜕T
𝜕V

)

S,N
= −

(
𝜕P
𝜕S

)

V ,N

(
𝜕T
𝜕P

)

S,N
=
(
𝜕V
𝜕S

)

P,N

(
𝜕T
𝜕N

)

S,V
=
(
𝜕𝜇

𝜕S

)

V ,N

(
𝜕T
𝜕N

)

S,P
=
(
𝜕𝜇

𝜕S

)

P,N

−
(
𝜕P
𝜕N

)

S,V
=
(
𝜕𝜇

𝜕V

)

S,N

(
𝜕V
𝜕N

)

S,P
=
(
𝜕𝜇

𝜕P

)

S,N

dF = −S dT − P dV + 𝜇 dN dG = −S dT + V dP + 𝜇 dN

(
𝜕S
𝜕V

)

T ,N
=
(
𝜕P
𝜕T

)

V ,N
−
(
𝜕S
𝜕P

)

T ,N
=
(
𝜕V
𝜕T

)

P,N

−
(
𝜕S
𝜕N

)

T ,V
=
(
𝜕𝜇

𝜕T

)

V ,N

−
(
𝜕S
𝜕N

)

T ,P
=
(
𝜕𝜇

𝜕T

)

P,N

−
(
𝜕P
𝜕N

)

T ,V
=
(
𝜕𝜇

𝜕V

)

T ,N

(
𝜕V
𝜕N

)

T ,P
=
(
𝜕𝜇

𝜕P

)

T ,N
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As a second example, we list the mixed-derivative equalities for a closed sys-
tem: that is, for a simple system whose chemical composition (N1, N2,… , Nn)
is fixed. Referring once again to the analysis centered on Fig. 4.1, the closed
system is in a state of restricted equilibrium with its environment, because
out of the total of n + 2 intensities of the system, only T and P are the same
throughout the system and the environment. Writing dN1 = 0,… , dNn = 0,
the differential forms of the U, H, F, and G fundamental equations reduce
to (Table 4.3)

dU = T dS − P dV (4.55u)

dH = T dS + V dP (4.55h)

dF = −S dT − P dV (4.55f)

dG = −S dT + V dP (4.55g)

Note that in a state of restricted equilibrium (zero mass transfer) the system
possesses only two modes of reversible energy interactions, T dS and −P dV
[eq. (4.55u)]. Therefore, we can write only one equality of mixed derivatives
for each of the four differential forms listed above:

(
𝜕T
𝜕V

)

S
= −

(
𝜕P
𝜕S

)

V
(4.56u)

(
𝜕T
𝜕P

)

S
=
(
𝜕V
𝜕S

)

P
(4.56h)

(
𝜕S
𝜕V

)

T
=
(
𝜕P
𝜕T

)

V
(4.56f)

−
(
𝜕S
𝜕P

)

T
=
(
𝜕V
𝜕T

)

P
(4.56g)

where for the sake of brevity the constant mole numbers (N1, N2,… , Nn) have
been omitted from the usual subscript notation.

The four relations (4.56) were identified by Maxwell [7] based on a very
interesting geometric construction involving the intersection of two T = const
lines with two S = const lines in the (P, V) plane: that is, without using the
fundamental relation differentials and, certainly, without invoking the calculus
theorem on the interchangeability of mixed derivatives. In a section-ending
footnote, Maxwell also pointed out that his four geometric equalities “may
be concisely expressed in the language of differential calculus” as eqs.
(4.56u)–(4.56g). Among these, the last two relations are especially useful
because, as shown next, their right-hand terms can be calculated directly from
volume expansivity and isothermal compressibility measurements. Equations
(4.56) and their more numerous counterparts for systems with more than two
modes of reversible energy transfer (e.g., Table 4.4) are Maxwell’s relations.
Note, however, that eq. (4.54) was known before Maxwell.
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4.5.2 Relations Measured during Special Processes

The empirical information on how the system behaves as it shifts to a new state
of equilibrium is stored in a few special relations. We focus on the behavior
of a system whose equilibrium with the environment is restricted to the equal-
ity of temperature and pressure only. Through direct (P, V, T) measurements
that go back to the pre-thermodynamics era of thermometry and calorimetry,
the most accessible relation has been the one between pressure, temperature,
and volume, or, on a per-unit-mass basis, the P = P(v, T) surface. A sepa-
rate class of relations has been developed by combining the changes measured
during special processes with the requirements posed by the first and second
laws. Figure 4.8 shows a summary of the processes that support the relations
presented below.

(a) Reversible Heating at Constant Volume (Fig. 4.8a). By measuring the heat
transfer 𝛿Qrev and the temperature change dT, it is possible to calculate and
record the specific heat at constant volume:

cv =
(
𝛿Qrev

m dT

)

v

or cv =
(
𝛿Qrev

N dT

)

v

(4.57)

which, in general, depends on both T and v (or T and P, etc.). Invoking the first
and second laws for this infinitesimal change, dU = 𝛿Qrev and 𝛿Qrev = T dS,
the cv definition (4.57) translates into

cv =
(
𝜕u
𝜕T

)

v
and cv = T

(
𝜕s
𝜕T

)

v
(4.58)

With cv known as a function of T and v, eqs. (4.58) represent two relations
between properties and changes in properties that are measured directly and
changes in internal energy and entropy. The specific-heat relation is particu-
larly simple in ideal gases, where cv is only a function of temperature or, in
sufficiently narrow temperature intervals, a constant (Fig. 4.4).

(b) Reversible Heating at Constant Pressure (Fig. 4.8b). The measurement
of 𝛿Qrev and dT while the pressure is maintained constant by contact with a
pressure reservoir (P) permits the calculation of the specific heat at constant
pressure:

cP =
(
𝛿Qrev

m dT

)

P

or cP =
(
𝛿Qrev

N dT

)

P

(4.59)

The reversible heating process executed by the closed system of Fig. 4.8b is
also accompanied by work transfer, 𝛿Wrev = P dV . At constant pressure, the
first law states that 𝛿Qrev = dU + P dV + (dH)P. In addition, the second law
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Figure 4.8 Five processes for the measurement of relations between properties.
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states that 𝛿Qrev = T dS; therefore, the per-unit-mass cP definition (4.59) can
be restated as

cP =
(
𝜕h
𝜕T

)

P
or cP = T

(
𝜕s
𝜕T

)

P
(4.60)

Assuming that the function cP(T , P) is known from experiment, eqs. (4.60)
provide the means to calculate the changes in enthalpy and entropy associated
with a change in temperature when the pressure is held constant. In the case
of ideal gas behavior, Fig. 4.4 and Mayer’s equation (cP − cv = R) show that
cP is at most a function of temperature. The specific-heat methodology, like the
state principle (Section 1.7), are reminders of how much of the present-day ther-
modynamics is the contribution of the calorimetrists of the late 1700s and the
1800s—despite those who proclaim the death of the caloric theory. The concept
of “specific heat,” as distinct from that of “quantity of heat,” was introduced in
1772 by J. C. Wilcke.

An additional measurement that is made possible by the constant-pressure
process of Fig. 4.8b is the volumetric coefficient of thermal expansion, or the
volume expansivity:

𝛽 = 1
v

(
𝜕v
𝜕T

)

P
(4.61)

The same quantity occurs in the study of buoyancy-induced (natural) convec-
tion, where it is defined in terms of density, 𝛽 = −𝜌−1(𝜕𝜌∕𝜕T)P [8].

(c) Reversible and Adiabatic Volume Change (Fig. 4.8c). From the second law,
we know that during a reversible and adiabatic expansion the entropy remains
constant while measurable properties such as P and v change. Viewing the
entropy as a function of P and v,

ds =
(
𝜕s
𝜕P

)

v
dP +

(
𝜕s
𝜕v

)

P
dv (4.62)

and invoking the second law (in this case, ds = 0), we obtain

0 =
(
𝜕s
𝜕P

)

v
dP +

(
𝜕P
𝜕v

)

v
dv (4.63)

The partial derivatives can be replaced using the first two of Maxwell’s relations
(4.56):

0 = −
(
𝜕v
𝜕T

)

s
dP +

(
𝜕P
𝜕T

)

s
dv (4.64)

In other words, during the isentropic volume change, P and v are related by

0 = dP
P

+ k
dv
v

(4.65)
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where the isentropic expansion exponent k is

k = − v
P

(
𝜕P
𝜕v

)

s
(4.66)

In general, k is a function of both P and v (or T and P); eq. (4.65) suggests that
the pressure and volume vary locally as

Pvk = const (4.67)

In conclusion, the measurement of k provides a relation between P and V
during a constant-entropy reversible expansion. This relation is particularly
important in applications, because of the role of reference model played by the
reversible and adiabatic expansion in the analysis of work transfer components
of power and refrigeration systems. The work delivered by the system during a
reversible and adiabatic expansion from a state (P1, V1) to a sufficiently close
end state (P2, V2) such that k can be treated as constant is found by combining
the local path (4.67) with 𝛿Wrev = P dV:

Wrev, 1−2 ≅
P1V1

k − 1

[

1 −
(
V1

V2

)k−1
]

(4.68)

Figure 4.9 shows that in general k is a function of two variables. The k =
const lines were drawn based on the data available in Ref. 9. Only in the

Figure 4.9 Isentropic expansion exponent (k) of steam.
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Figure 4.10 Effect of temperature on the isentropic expansion exponent of several ideal
gases (note that k = cp∕cv for ideal gases).

limit of extremely low pressure (i.e., in the limit of ideal gas behavior) does k
become a function of temperature only. This observation is emphasized further
by Fig. 4.10, which shows the isentropic exponent of the ideal gases reviewed
in Fig. 4.4. Figures 4.10 and 4.4 are both based on the data provided for gases
at low pressures in Ref. 10. It is important to distinguish between the isentropic
expansion exponent k and specific-heat ratio cP∕cv: As shown in Problem 4.3,
in general k is not the same as cP∕cv:

k = − v
P

(
𝜕P
𝜕v

)

T

cP
cv

(4.69)

The isentropic exponent k equals cP∕cv only in the ideal gas limit, as noted on
the ordinate of Fig. 4.10 and in Table 4.5.

(d) Reversible and Isothermal Volume Change (Fig. 4.8d). During this process,
the system is maintained at constant temperature by contact with temperature
reservoir T. Measuring the change in pressure associated with a given change
in volume, we calculate the isothermal compressibility:

k = −1
v

(
𝜕v
𝜕P

)

T
(4.70)



Trim Size: 6.125in x 9.25in Bejan c04.tex V2 - 08/09/2016 7:18am Page 171�

� �

�

RELATIONS BETWEEN THERMODYNAMIC PROPERTIES 171

TABLE 4.5 Ideal Gas and Incompressible Liquid Limits of the Relations Measured
during the Special Processes Discussed in Connection with Fig. 4.8

Relation for: Ideal Gas Limit Incompressible Substance Limit

P = P(v, T) Pv = RT v = const

cv =
(
𝜕u
𝜕T

)

v
= T

(
𝜕s
𝜕T

)

v
cv(T) c(T)

cP =
(
𝜕h
𝜕T

)

P
= T

(
𝜕s
𝜕T

)

P
cP(T) = cv + R c(T)

𝛽 = 1
v

(
𝜕v
𝜕T

)

P
T–1 0

k = − v
P

(
𝜕P
𝜕v

)

s
cP∕cv ∞

𝜅 = −1
v

(
𝜕v
𝜕P

)

T
P−1 0

kT = − v
P

(
𝜕P
𝜕v

)

T
1 ∞

𝜇J =
(
𝜕T
𝜕P

)

h
0 −v

c

where the new symbol k should not be confused with the isentropic exponent k.
The isothermal compressibility is a function of T and P that bridges the gap
between the ideal gas and incompressible liquid limits listed in Table 4.5. The
k relation (4.70) and the 𝛽 relation (4.61) record the measurement of two slopes
of the v(T,P) surface. In terms of these measurements, the last two of Maxwell’s
relations (4.56) are

(
𝜕s
𝜕v

)

T
= 𝛽

𝜅
(4.71f)

−
(
𝜕s
𝜕P

)

T
= 𝛽v (4.71g)

The variation of pressure with volume during the constant-temperature
expansion [i.e., the path P(v) of the process] is found by considering the total
differential of the function T(P, v):

dT =
(
𝜕T
𝜕P

)

v
dP =

(
𝜕T
𝜕v

)

P
dv (4.72)

which, since dT = 0, yields

0 = dP
P

+ kT
dv
v

(4.73)
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The isothermal expansion exponent kT is defined as

kT = v
P

(
𝜕T
𝜕v

)

P

(
𝜕P
𝜕T

)

v
(4.74)

or, invoking the cyclical relation (see the Appendix),

kT = − v
P

(
𝜕P
𝜕v

)

T
= (𝜅P)−1 (4.74′)

Like k, the isothermal exponent kT depends on both T and P. For sufficiently
small departures from a given state, kT can be regarded as constant; therefore,
the local path suggested by eq. (4.73) is

PvkT = const (4.75)

By analogy with eq. (4.68), the reversible and isothermal work output is

Wrev, 1−2 ≅
P1V1

kT − 1

[

1 −
(
V1

V2

)kT−1
]

(4.76)

and in the ideal gas limit,

lim
kT→1

(Wrev, 1−2) = P1V1 ln
V2

V1
(4.77)

Finally, comparing eqs. (4.69) and (4.74′), we find that

k
kT

=
cP
cv

(4.78)

(e) Constant-Enthalpy Expansion (Fig. 4.8e). The variation of temperature
with pressure at constant enthalpy can be measured in the classical experiment
of Thomson and Joule [11]. A fluid flows slowly through a fine porous plug
(flow restriction) such that both upstream and downstream of the plug any
finite-size sample taken out of the fluid is in a state of equilibrium. If the duct
that confines the flow and the plug is bounded by an adiabatic surface, the first
law for steady flow states that the enthalpy downstream of the plug is the same
as that upstream. The measurement of temperatures and pressures upstream
and downstream of the flow restriction yields the Joule–Thomson coefficient:

𝜇J =
(
𝜕T
𝜕P

)

h
(4.79)

where, in general, 𝜇J is a function of T and P (Fig. 4.11). The 𝜇J notation should
not be confused with Gibbs’s chemical potentials 𝜇i.
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Figure 4.11 T(P) inversion curves (𝜇J = 0) for nitrogen and helium 4.

The Joule–Thomson coefficient is important in the field of low-temperature
refrigeration (Chapter 10). When the 𝜇J value of a fluid is positive, it means
that the depressurization of a stream through a throttle is accompanied by a
drop in temperature: That is, the resulting stream can be used as a refrigerant.
An incompressible liquid, on the other hand, warms up while being throttled
adiabatically, as indicated by the negative 𝜇J listed in Table 4.5.

These features are evident in Fig. 4.11, which shows the “inversion
curves” 𝜇J(T , P) = 0 for the two most common low-temperature refrigerants,
gaseous nitrogen and helium 4. These curves were drawn based on tabulated
data [12, 13]. The Joule–Thomson expansion proceeds from right to left along
the dashed line shown in the figure. On the right side of the inversion curve
(𝜇J < 0), the expansion brings about a temperature increase, meaning that only
the 𝜇J > 0 domain bordered by the inversion curve contains (T, P) states from
which the temperature can drop via a throttling process.

4.5.3 Bridgman’s Table

The relationships discussed in this section were put to use by Bridgman [14].
His objective was to express all the first partial derivatives of the most frequently
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used properties P, T, v, s, u, h, f , and g in terms of the measured P = P(v, T) sur-
face and three-dimensional slopes (first partial derivatives) that are the easiest
to measure in the laboratory, cP, 𝛽, and k.

Table 4.6 is a reproduction of Bridgman’s table for first partial derivatives. To
construct the most concise table possible, Bridgman made use of the peculiar
notation (𝜕xj)xj , whose meaning will become clear shortly. The most general
way of writing one of the first partial derivatives that can be constructed with
the eight properties listed above is

(
𝜕xj
𝜕xk

)

xi

where xj, xk, and xi can represent eight, seven, and six properties, respectively.
This means that the total number of first partial derivatives that can be evalu-
ated via Table 4.6 is (8)(7)(6) = 336. Compare 336 with 28, which is the total
number of lines in Table 4.6, and you begin to appreciate the merit of Bridg-
man’s notation (𝜕xj)xi . In principle, the wanted partial derivative (𝜕xj∕𝜕xk)xi can
be found by dividing two other derivatives, say,

(
𝜕xj
𝜕xk

)

xi

=
(𝜕xj∕𝜕𝛼i)xi
(𝜕xk∕𝜕𝛼i)xi

(4.80)

where 𝛼i is any other property, not necessarily one of the original eight,
P, T,… , g. Bridgman’s notation (𝜕xj)xi is shorthand for (𝜕xj∕𝜕𝛼i)xi only in the
sense that the wanted derivative can be obtained by dividing the quantities
listed as (𝜕xj)xi and (𝜕xk)xi in Table 4.6:

(
𝜕xj
𝜕xk

)

xi

=
(𝜕xj)xi
(𝜕xk)xi

(4.81)

Note that the purpose of the table is not the determination of the auxiliary vari-
ables 𝛼i that were used in the construction of the table. Bridgman’s table is
to be used in association with eq. (4.81), that is, by dividing the appropriate
two expressions (lines) from the table in order to generate the wanted partial
derivative.

Example 4.3. Consider the problem of calculating the Joule–Thomson coeffi-
cient in terms of the experimental information listed in Table 4.6. We write, in order,

𝜇j =
(
𝜕T
𝜕P

)

h
=
𝜕T∕𝜕𝛼h)h
(𝜕P∕𝜕𝛼h)h

=
(𝜕T)h
(𝜕P)h

(a)

and by dividing the eleventh and fifth lines of Table 4.6, we obtain

𝜇j =
v − 𝛽vT
−cP

= v
cP

(𝛽T − 1) (b)
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TABLE 4.6 Bridgman’s Relations for First Partial Derivativesa

[P] (𝜕T)P = −(𝜕P)T = 1

(𝜕v)P = −(𝜕P)v = 𝛽v

(𝜕s)P = −(𝜕P)s =
cP
T

(𝜕u)P = −(𝜕P)u = cP − 𝛽Pv
(𝜕h)P = −(𝜕P)h = cP
(𝜕f)P = −(𝜕P)f = −s − 𝛽Pv
(𝜕g)P = −(𝜕P)g = −s

[T] (𝜕v)T = −(𝜕T)v = kv

(𝜕s)T = −(𝜕T)s = 𝛽v

(𝜕u)T = −(𝜕T)u = 𝛽Tv − kPv

(𝜕h)T = −(𝜕T)h = −v + 𝛽Tv
(𝜕f)T = −(𝜕T)f = −kPv
(𝜕g)T = −(𝜕T)g = −v

[v] (𝜕s)v = −(𝜕v)s = 𝛽2v2 −
𝜅vcP
T

(𝜕u)v = −(𝜕v)u = T𝛽2v2 − kvcP
(𝜕h)v = −(𝜕v)h = T𝛽2v2 − 𝛽v2 − kvcP
(𝜕f)v = −(𝜕v)f = kvs

(𝜕g)v = −(𝜕v)g = kvs − 𝛽v2

[s] (𝜕u)s = −(𝜕s)u = 𝛽2v2P −
𝜅vcPP

T

(𝜕h)s = −(𝜕s)h = −
vcP
T

(𝜕f )s = −(𝜕s)f = 𝛽vs + 𝛽2v2P −
𝜅vcPP

T

(𝜕g)s = −(𝜕s)g = 𝛽vs −
vcP
T

[u] (𝜕h)u = −(𝜕u)h = P𝛽v2 + kvcPP − vcP − PT𝛽2v2

(𝜕f)u = −(𝜕u)f = sT𝛽v − kvcPP − kvsP + PT𝛽2v2

(𝜕g)u = −(𝜕u)g = 𝛽v2P + 𝛽vsT − vcP − kvsP

[h] (𝜕f)h = −(𝜕h)f = (−s − v𝛽P)(v − v𝛽T) − kvcPP

(𝜕g)h = −(𝜕h)g = 𝛽vsT − v(−s + cP)

[g] (𝜕f)g = −(𝜕g)f = kvsP − vs − 𝛽v2P

Source: After Ref. 14.
aThe property listed in brackets, [⋅], indicates that the respective group of relations is for either
[𝜕(⋅)]x or − (𝜕x)(⋅).
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As a second example, consider deducing the value of cv from measurements of the
P = P(v, T) surface and cP, 𝛽, and k. Again, we start with the wanted derivative and
express it in terms of Bridgman’s special notation:

cv =
(
𝜕u
𝜕T

)

v
=

(𝜕u)v
(𝜕T)v

(c)

Dividing the fifteenth and eighth lines of Table 4.6, we have

cv =
T𝛽2v2 − kvcP

−kv
= cP −

𝛽2

k
vT (d)

The validity of the two identities discovered above [eqs. (b) and (d)] can be tested
easily against the ideal gas and incompressible liquid limits summarized in Table 4.5.
As demonstrated in Problem 4.4, the work of proving eqs. (b) and (d) is considerably
more challenging in the absence of Bridgman’s table.

4.5.4 Jacobians in Thermodynamics

We close this section by outlining a more general method that was proposed by
Shaw [15, 16]. The method relies on the concept of a functional determinant or
Jacobian, which for the functions of two variables x(𝛼, 𝛽) and y(𝛼, 𝛽) is labeled
𝜕(x, y)∕𝜕(𝛼, 𝛽) and is defined by

𝜕(x, y)
𝜕(𝛼, 𝛽)

=

|
|
|
|
|
|
|
|
|

(
𝜕x
𝜕𝛼

)

𝛽

(
𝜕x
𝜕𝛽

)

𝛼(
𝜕y

𝜕𝛼

)

𝛽

(
𝜕y

𝜕𝛽

)

𝛼

|
|
|
|
|
|
|
|
|

=
(
𝜕x
𝜕𝛼

)

𝛽

(
𝜕y

𝜕𝛽

)

𝛼

−
(
𝜕x
𝜕𝛽

)

𝛼

(
𝜕y

𝜕𝛼

)

𝛽

(4.82)

Of special interest are the properties

𝜕(x, y)
𝜕(𝛼, 𝛽)

= −
𝜕(y, x)
𝜕(𝛼, 𝛽)

(4.83)

𝜕(x, y)
𝜕(𝛼, 𝛽)

=
[
𝜕(𝛼, 𝛽)
𝜕(x, y)

]−1

(4.84)

𝜕(x, y)
𝜕(𝛼, 𝛽)

=
𝜕(x, y)
𝜕(z, w)

𝜕(z, w)
𝜕(𝛼, 𝛽)

(4.85)

where the last two equations are similar to the reciprocal and chain rules (see
the Appendix).

We focus on evaluating a first partial derivative, (𝜕x∕𝜕z)y, and note that this
derivative can be written in Jacobian notation as

(
𝜕x
𝜕z

)

y

=
𝜕(x, y)
𝜕(z, y)

(4.86)
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It is easy to verify the validity of eq. (4.86) by invoking the original definition
(4.82). Next, we apply the chain rule (4.85) and conclude that

(
𝜕x
𝜕z

)

y

=
𝜕(x, y)
𝜕(𝛼, 𝛽)

/
𝜕(z, y)
𝜕(𝛼, 𝛽)

(4.87)

Using eq. (4.87), we can express any derivative (𝜕x∕𝜕z)y in terms of the partial
derivatives of x, y, and z with respect to the same two properties, 𝛼 and 𝛽. The
derivatives with respect to 𝛼 and 𝛽 appear on the right side of eq. (4.87), after
invoking twice the Jacobian definition (4.82).

Partial derivatives of the type (𝜕x∕𝜕z)y occur in the description of simple
systems of fixed composition (e.g., Tables 4.5 and 4.6). The generalization of
the rule (4.87) for the case where x is a function of any number of properties
(z, y, u, v,…) reads

(
𝜕x
𝜕z

)

y,u,v,···
=
𝜕(x, y, u, v, · · ·)
𝜕(𝛼, 𝛽, 𝛾, 𝛿, · · ·)

/
𝜕(z, y, u, v, · · ·)
𝜕(𝛼, 𝛽, 𝛾, 𝛿, · · ·)

(4.88)

Note that the number of auxiliary properties (𝛼, 𝛽, 𝛾, 𝛿, …) must match the
number of properties on which x depends, namely, (z, y, u, v ,…).

Example 4.4. Consider again the Joule–Thomson coefficient of Example 4.3:

𝜇J =
v
cP

(𝛽T − 1) (a)

Let us prove it using the Jacobian expression (4.87). The Joule–Thomson coefficient
is a partial derivative of type (𝜕x∕𝜕z)y; therefore, we write

𝜇J =
(
𝜕T
𝜕P

)

h
= (𝜕T , h)
𝜕(𝛼, 𝛽)

/
𝜕(P, h)
𝜕(𝛼, 𝛽)

(b)

Next, we select the auxiliary properties 𝛼 and 𝛽 using the right side of the target
identity (a) as a guide. Since cP is present on the right side of eq. (a) and cP=(𝜕h∕𝜕T)P,
we conclude that all the partial derivatives that form on the right side of eq. (b) must
be taken with respect to T or P. Therefore, setting 𝛼 = T and 𝛽 = P in eq. (b), we
have

𝜇J =
𝜕(T , h)
𝜕(T , P)

/
𝜕(P, h)
𝜕(T , P)

= −
(
𝜕h
𝜕P

)

T

/(
𝜕h
𝜕T

)

P

= − 1
cP

(
𝜕h
𝜕P

)

T
(c)
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At this stage, we reconstructed only the cP denominator of the right side of eq. (a).
To show that (𝜕h∕𝜕P)T is the same as v(1 − 𝛽T) is to express (𝜕h∕𝜕P)T solely in terms
of (P, v, T) information. From the differential expression for enthalpy (Table 4.3) we
write that for fixed-composition simple systems

dh = T ds + v dP (d)

Hence,
(
𝜕h
𝜕P

)

T
= T

(
𝜕s
𝜕P

)

T
+ v

= −T
(
𝜕v
𝜕T

)

P
+ v

= v(−𝛽T + 1) (e)

The last two steps in eq. (e) consisted of applying Maxwell’s relation (4.56g) and the
volume expansivity definition (4.61). Putting eqs. (c) and (e) together completes the
reconstruction of the target identity (a).

Example 4.5. The analysis sandwiched between eqs. (d) and (e) in the preced-
ing example is an important sequence of steps that often occur together, as a building
block, in the construction of more complicated relations between properties. Table 4.7
shows one group of such relations, namely, the relations that permit the calculation
of du, dh, and ds strictly from (P, v, T) and specific-heat (caloric) information. These
relations form the analytical foundation of the many numerical tables of thermody-
namic properties.

TABLE 4.7 Calculation of Changes in Internal Energy, Enthalpy, and Entropy Based
on the Information Provided by the P=P(v, T) Surface and Specific-Heat
Measurements

Closed Simple Systema

(Fixed Composition) Ideal Gas Limit
Incompressible
Substance Limit

du = cv dT +
(
𝛽

k
T − P

)

dv du = cv dT du = c dT

dh = cP dT + (1 − 𝛽T)v dP dh = cP dT dh = c dT + v dP

ds =
cP
T
dT − 𝛽v dP ds =

cP
T
dT − R

P
dP ds = c

T
dT

=
cv
T
dT + 𝛽

k
dv =

cv
T
dT + R

v
dv

=
cP
v𝛽T

dv +
𝜅cv
𝛽T

dP =
cP
v
dv +

cv
P
dP

Source: After Ref. 17.
aThe coefficients cv, cP, 𝛽, and k are defined in Table 4.5.
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The challenge that we faced in the second half of Example 4.4 was to express an
(enthalpy) partial derivative in terms of (P, v, T) and specific-heat information. The
sequence of steps that followed was this:

1. The (enthalpy) derivative was first replaced by an entropy derivative using the
appropriate differential form listed in Table 4.3.

2. The entropy derivative was replaced by a partial derivative involving only P, v,
and T using one of the last two of Maxwell’s relations (4.56).

We rediscover these steps as we attempt to rederive the formulas listed in the left
column of Table 4.7. For example, the internal energy formula is one of the type

du =
(
𝜕u
𝜕T

)

v
dT +

(
𝜕u
𝜕v

)

T
dv (a)

where the first partial derivative on the right side is clearly cv. To evaluate the
(𝜕u∕ 𝜕v)T derivative in terms of (P, v, T) information, we execute steps (1 and 2) by
replacing the word enthalpy with internal energy:

1. du = T ds − P dv (b)

(
𝜕u
𝜕v

)

T
= T

(
𝜕s
𝜕v

)

T
− P (c)

2.
(
𝜕u
𝜕v

)

T
= T

(
𝜕P
𝜕T

)

v
− P (d)

Equations (a) and (d) contain the result desired:

du = cv dT +
[

T
(
𝜕P
𝜕T

)

v
− P

]

dv (e)

The du expression in the first line of Table 4.7 is the result of an additional step in
which (𝜕P∕𝜕T)v is expressed in terms of expansivity (𝛽) and compressibility (k) by
invoking the cyclical relation

(
𝜕P
𝜕T

)

v

(
𝜕T
𝜕v

)

P

(
𝜕v
𝜕P

)

T
= −1 (f)

The derivation of the dh and ds formulas of Table 4.7 proceeds along a similar
course. Note that step 1 disappears in the derivation of ds.

4.6 PARTIAL MOLAL PROPERTIES

In the presentation of property relations of the preceding sections, we assumed
that the system composition is fixed and focused on the effects associated with
changes in temperature and pressure. In this section we adopt the reverse point
of view and focus on a simple system whose temperature and pressure are held
fixed, for example, by contact with the atmospheric reservoir (Fig. 4.1). We are
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particularly interested in the effect of composition variations on the extensive
properties of the system.

Let X represent an extensive property of the system. Assuming that X
depends on T, P, and composition (N1, N2,… , Nn), we have

dX =
(
𝜕X
𝜕T

)

P,N1,…,Nn

dT +
(
𝜕X
𝜕P

)

T ,N1,…,Nn

+ dP

+
n∑

i=1

(
𝜕X
𝜕Ni

)

T ,P,Nj

dNi (j ≠ i) (4.89)

The partial molal value of X with respect to the ith constituent is

xi =
(
𝜕X
𝜕Ni

)

T ,P,Nj

( j ≠ i) (4.90)

so that at constant temperature and pressure

dX =
n∑

i=1

xi dNi (constant T , P) (4.91)

The partial molal property xi describes the change caused in the extensive xi
property X by the addition of one unit of constituent i while holding T, P, and
all the other mole numbers fixed. It is easy to see that at constant T and P the
function X is first-order homogeneous in (N1,… , Nn); invoking Euler’s theorem
on homogeneous functions (p. 150), we conclude that

X =
n∑

i=1

xiNi (constant T , P) (4.92)

A related result is obtained by differentiating eq. (4.92) and subtracting it
side by side from eq. (4.91):

n∑

i=1

Nidxi = 0 (constant T , P) (4.93)

The partial molal properties xi should not be confused with the mole fraction
(xi), whose definition is

xi =
Ni

N
, where N =

n∑

i=1

Ni; hence
n∑

i=1

xi = 1 (4.94)
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Using mole fractions (xi) instead of numbers of moles (Ni) in eq. (4.93), we can
also write

n∑

i=1

xi dxi = 0 (constant T , P) (4.95)

An entirely different molal quantity can be defined by dividing X by the total
number of moles present in the system:

x = X
N

(4.96)

To distinguish it from the partial molal properties defined earlier, we regard
x as the molal or proper molal quantity associated with the extensive x
property X. Again, the x notation should not be confused with the classical
x mole fraction notation xi. Finally, from eqs. (4.92) and (4.96), we learn
that in single-component systems (n = 1) the partial molal and proper molal
quantities associated with property X are equal:

x = xi (n = 1) (4.97)

To see the difference between partial molal and proper molal quantities, con-
sider a binary mixture whose composition is described by the mole fractions
x1 = x and x2 = 1 − x. According to eq. (4.91), we have

dX = x1 dN1 + x2 dN2 (constant T , P) (4.98)

And, after dividing by N,

dx = x1 dx1 + x2 dx2 = (x1 − x2)dx (constant T , P) (4.99)

or (
𝜕x
𝜕x

)

T ,P

= x1 − x2 (4.100)

On the other hand, dividing eq. (4.92) by N, we obtain

x = (x)x1 + (1 − x)x2 (4.101)

Solving eqs. (4.100) and (4.101) for x1 and x2, we see that in general the partial
molal quantities are not the same as the proper molal quantity x:

x1 = x + (1 − x)
(
𝜕x
𝜕x

)

T ,P

(4.102)

x2 = x − x

(
𝜕x
𝜕x

)

T ,P

(4.103)
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Figure 4.12 Relation between a proper molal quantity (x) and the partial molal quanti-
ties (x1, x2) of a binary mixture.

These results have a simple graphic interpretation. The solid curve in
Fig. 4.12 shows one way in which the proper molal x might vary with the
composition. The left extremity of the diagram corresponds to a pure system
that contains only the i = 1 component. The state of the system is represented
by the point M of unspecified concentration x. Equations (4.102) and (4.103)
show that the partial molal quantities x1 and x are the cuts made by the
dashed-line tangent on the x = 1 and x = 0 side lines, respectively. When point
M moves to the left, the discrepancy between x1 and x2 vanishes as the system
approaches the single-component description [eq. (4.97)]. The same effect is
observed as M approaches the right extremity of the diagram.

An example of extensive property of type X (T , P, N1,… , Nn) is the Gibbs
free energy G. Comparing the 𝜇i equations of state (the bottom of the fourth
column in Table 4.3) with the definition (4.90), we see the identity between
chemical potentials and partial molal Gibbs free energies:

gi = 𝜇i (4.104)

This identity was commented on in the context of single-component systems
[eq. (4.34′)]. Since gi is also a function of (T , P, N1,… , Nn), we can write

dgi = d𝜇i =
(
𝜕𝜇i

𝜕T

)

P,N1, … ,Nn

dT +
(
𝜕𝜇i

𝜕P

)

T ,N1,…,Nn

dP

+
n∑

j=1

(
𝜕𝜇i

𝜕Nj

)

T ,P,Nk

dNj (k ≠ j) (4.105)

and note that
(
𝜕𝜇i

𝜕T

)

P,N1, … ,Nn

= −
(
𝜕S
𝜕Ni

)

T ,P,Nj

(j ≠ i) (4.106)
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(
𝜕𝜇i

𝜕P

)

T ,N1, … ,Nn

=
(
𝜕V
𝜕Ni

)

T ,P,Nj

(j ≠ i) (4.107)

Equations (4.106) and (4.107) are two Maxwell relations of type (4.54) writ-
ten for the Gibbs free energy: dG = −S dT + V dP + Σ𝜇i dNi. According to
the partial molal property definition (4.90), the right sides of eqs. (4.106) and
(4.107) are (−si) and vi, respectively. We reach the conclusion that

dgi = d𝜇i = −si dT + vi dP +
n∑

j=1

(
𝜕𝜇i

𝜕Nj

)

T ,P,Nk

dNj (k ≠ j) (4.108)

which for a single-component system reduces to

dgi = d𝜇i = −si dT + vi dP (4.109)

Other relations between partial molal quantities and between proper molal
quantities can be obtained through the consistent application of definitions
(4.90) and (4.96):

H = G + TS, hi = gi + Tsi, h = g + Ts (4.110h)

U = H − PV , 𝜇i = hi − Pvi, u = h − Pv (4.110u)

F = U − TS, f i = ui − Tsi, f = u − Ts (4.110f)

In these expressions, H, U, F, and their molal counterparts are functions of
(T, P, N1,… , Nn).

4.7 IDEAL GAS MIXTURES

The analytical treatment of a mixture of ideal gases that itself behaves like an
ideal gas rests on Dalton’s 1802 law, which states that “any gas is a vacuum to
any other gas mixed with it” [18]. Let P, V, N, and T represent the pressure,
volume, total number of moles, and temperature, respectively, of an ideal gas
mixture. Imagine that the ith component fills the entire volume V while at the
mixture temperature T. The pressure attained by the ith component in these
circumstances is the partial pressure Pi:

Pi = Ni
RT
V

(4.111)

Comparing this quantity with the pressure of the mixture (P = NRT∕V), we
see that the sum of all the partial pressures defined by eq. (4.111) equals the
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pressure of the “mixture” system:

P =
n∑

i=1

Pi (4.112)

We also note that the relative partial pressure of the ith component is the same
as its mole fraction:

Pi

P
=

Ni

N
= xi (4.113)

Equation (4.112) constitutes the law of additivity of pressures, as the first
part of Gibbs’s analytical reformulation of Dalton’s law, now recognized gen-
erally as the Gibbs–Dalton law. The second part of this law is that an extensive
mixture property such as U, H, and S is equal to the sum of the corresponding
properties of each ideal gas component (Ui, Hi, Si) that would fill the mixture
volume V at the mixture temperature T:

U =
n∑

i=1

Ui =
n∑

i=1

Niui, u =
n∑

i=1

xiui (4.114u)

H =
n∑

i=1

Hi =
n∑

i=1

Nihi, h =
n∑

i=1

xihi (4.114h)

S =
n∑

i=1

Si =
n∑

i=1

Nisi, s =
n∑

i=1

xisi (4.114s)

A special feature of ideal gas mixtures is that the molal quantities u, ui, h, and
hi are functions of T only, whereas the molal entropies depend also on pressure,
si = si(T , Pi).

It is the additivity property exhibited by the “energies” of eqs. (4.114u) and
(4.114h) that makes the gaseous mixture an ideal one. This additivity property
allows us to calculate the specific heats of the ideal gas mixture:

cv =
(
𝜕u
𝜕T

)

V ,N1,…,Nn

=
n∑

i=1

xicv,i (4.115)

cP =
(
𝜕h
𝜕T

)

P,N1,…,Nn

=
n∑

i=1

xicP,i (4.116)

where the molal specific heats of each component are defined as

cv,i =
(
𝜕ui
𝜕T

)

V

and cP,i =

(
𝜕hi
𝜕T

)

P

(4.117)
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The Gibbs free energy of the ideal gas mixture follows from eqs. (4.114):

G = H − TS =
n∑

i=1

Ni(hi − Tsi)

=
n∑

i=1

Ni𝜇i (4.118)

Note that the chemical potential of the ith component is equal to the partial
molal Gibbs free energy evaluated at mixture temperature (T) and the compo-
nent partial pressure (P1):

𝜇i = gi(T , Pi) (4.119)

Focusing on the ith component alone, eq. (4.109) implies that

d𝜇i = dgi = −si dT + vi dP (4.120)

To calculate the partial molal volume vi, we use the definition (4.90) and
H = U + PV:

vi =
(
𝜕V
𝜕Ni

)

T ,P,Nj

= 1
P

[
𝜕

𝜕Ni
(H − U)

]

T ,P,Nj

(j ≠ i) (4.121)

According to eqs. (4.114u) and (4.114h), this result translates into

vi =
1
P
(hi − ui) (4.122)

Where, if we view the ith constituent as an ideal gas of pressure Pi, temperature
T, and volume V, we obtain

Nihi − Niui = PiV = NiRT (4.123)

It follows that the group (hi − ui) is equal toRT and that the partial molal volume
of eq. (4.122) is simply

vi =
RT
P

(4.124)

Before proceeding with the chemical potential formula (4.120), in which vi
is known, consider a different description of an ideal gas mixture of ideal vi gas
components. We define the partial volume Vi of constituent i as

Vi = Ni
RT
P

(4.125)
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that is, as the volume that would be occupied by the entire quantity of i if its
temperature and pressure would match the T andP of the mixture. We see imme-
diately that

V =
n∑

i=1

Vi (4.126)

and that
Vi

V
=

Ni

N
= xi (4.127)

Equation (4.126) represents Amagat’s law of the additivity of volumes. This
law and eq. (4.125) can be substituted into the vi definition (4.121) to obtain eq.
(4.124) directly.

We are now in a position to integrate eq. (4.120) at constant temperature from
the reference pressure P to the partial pressure Pi:

𝜇i = 𝜇
(xi=1)
i (T , P) + RT ln

Pi

P
(4.128)

where 𝜇(xi=1)
i (T , P) is the chemical potential of the ith constituent when it is

alone in the system at the temperature T and pressure P: that is, when the system
is a “single-component” system. From eq. (4.128), we learn that the chemical
potential of an ideal gas constituent of an ideal gas mixture, 𝜇i, is a function of
only three properties: the temperature and pressure of the mixture and the mole
fraction of the particular constituent (Pi∕P or xi):

𝜇i(T , P, xi) = 𝜇
(xi=1)
i (T , P) + RT ln xi (4.129)

In addition, the effect of the mole fraction xi is felt through the factor ln xi,
which is negative. It means that the chemical potential 𝜇i(T , P, xi) decreases
monotonically as the constituent i gradually disappears from the mixture: that
is, as the mole fraction xi decreases. Conversely, 𝜇(xi=1)

i represents the ceiling
value of 𝜇i at constant T and P.

Systems where constituents obey a 𝜇i expression of type (4.129) belong to a
more general class of systems that are called ideal systems [19]. The ideal gas
mixture considered in this section is just one example of ideal system behavior.
Another example is the class of extremely dilute solutions; these systems fall
outside the scope of the present treatment.

4.8 REAL GAS MIXTURES

Mixtures of real gases depart from the behavior shown in eqs. (4.128) and
(4.129), especially as the pressure P increases. At sufficiently high pressures,
the ith chemical potential is the considerably more complicated function
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suggested by the 𝜇i = 𝜇i(T , P, N1, N2,… , Nn) equation of state presented
in the fourth column of Table 4.3. The special 𝜇i form that in the case of
real gas mixtures replaces eqs. (4.128) and (4.129) of ideal gas mixtures is
easier to see if we focus first on a single-component system. If, in addition,
this single-component system behaves as an ideal gas, we can combine
eqs. (4.120) and (4.124) to write that during an isothermal change we obtain

d𝜇 = dg = RT
P

dP (4.130)

In other words,

d𝜇 = dg = RT d(ln P) (constant T , single ideal gas) (4.131)

If the single-component gas system does not behave as an ideal gas, its isother-
mal change in 𝜇 (or g) does not obey the special function of T and P shown on
the right side of eq. (4.131). The actual function of T and P that represents this
change can be structured in a way that mimics eq. (4.131),

d𝜇 = dg = RT d(ln f ) (constant T , single nonideal gas) (4.132)

where f (T, P) is the new property called fugacity† [20]. In the case of a nonideal
gas, the fugacity plays a role analogous to that of pressure in the limit of ideal
gas behavior. Recognizing P → 0 as the ideal gas limit, eqs. (4.131) and (4.132)
require that

lim
P→0

f

P
= 1 (4.133)

The fugacity of an ideal gas system is equal to its pressure.
The departure of the fugacity function of a real gas is directly related to the

departure of the shape of the P(v, T) surface from the shape approached by
this surface in the ideal gas limit, Pv = RT . This can be shown analytically by
integrating eq. (4.132) along an isothermal path from the reference state (T , P∗)
to an arbitrary state (T, P):

g(T , P) − g∗(T , P∗) = RT ln
f

f ∗
(constant T) (4.134)

where f ∗ = f ∗(T , P∗). However, since in general dg = −s dT + v dP, the
isothermal-change difference (g − g∗) shown above is also equal to

g(T , P) − g∗(T , P∗) =
(

∫
P

P∗
v dP

)

T

(4.135)

†The name fugacity is patterned after the Latin feminine noun fuga (the run, the act of running) to
suggest the escaping tendency of the nonideal gas. In fact, before naming it fugacity, G. N. Lewis
labeled the same quantity escaping tendency and gave it the symbol 𝜓 .
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Putting eqs. (4.134) and (4.135) together, we see that

ln f = ln f ∗ + 1
RT

(

∫
P

P∗
v dP

)

T

(4.136)

and, after subtracting ln P from both sides,

ln
f

P
= ln

f ∗

P∗ − ln
P
P∗ +

(

∫
P

P∗

v

RT
dP

)

T

= ln
f ∗

P∗ +
[

∫
P

P∗

(
v

RT
− 1

P

)

dP

]

T

(4.137)

Taking this last conclusion to the limit P∗ → 0 and recognizing that in this limit
ln( f ∗∕P∗) → 0, we learn finally that

ln
f

P
=
[

∫
P

0

(
v

RT
− 1

P

)

dP

]

T

(4.138)

or, in terms of the specific volume v (m3/kg),

ln
f

P
=
[

∫
P

0

( v
RT

− 1
P

)

dP

]

T

(4.139)

In the case of an ideal gas, the integrand is zero; therefore, f = P regardless
of P. Just like the fugacity function, the fugacity coefficient f /P is a function of
both T and P. The fugacity coefficient can be either smaller or greater than 1.

Consider now the chemical potential of the gaseous constituent i in a mixture.
Reexamining eq. (4.128), we see that in the ideal gas limit the change in 𝜇i
(or gi) at constant temperature has the special form

d𝜇i = dgi = RT d(ln Pi) (constant T , ideal gas) (4.140)

Following the same argument that gave us eq. (4.132), the isothermal change
in the chemical potential of a constituent in a nonideal gas mixture is

d𝜇i = dgi = RT d(ln fi) (constant T , nonideal gas) (4.141)

where f i is the fugacity of the ith constituent in that particular mixture. In the
limit of ideal gas behavior, P → 0, the fugacity of the constituent becomes the
same as its partial pressure in the sense of Dalton (i.e., a partial pressure in a
mixture that behaves as an ideal gas, Pi = xiP):

lim
P→0

fi
xiP

= 1 (4.142)
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Integrating at constant temperature as the overall system pressure increases
from the reference P∗ to P, eq. (4.141) yields

𝜇i = 𝜇∗
i + RT ln

fi
f ∗i

(4.143)

In this expression 𝜇∗
i and f ∗i represent the chemical potential and fugacity,

respectively, of i if the mixture conditions are T and P∗. This form can be
compared now with eq. (4.128) to see the similarity in their construction. We
use these forms in the treatment of applications involving nonreacting and
reacting gaseous mixtures (Chapters 5 and 7, respectively).
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PROBLEMS

4.1 Derive the Gibbs–Duhem relation in entropy representation [eq. (4.35)]
by relying on the Euler equation and the entropic fundamental relation
(4.18). Show that the same relation can be derived directly from the
Gibbs–Duhem relation in energy representation [eq. (4.32)].

4.2 Continuing the procedure represented by the step from eq. (4.51) to eq.
(4.52), we can construct the kth Legendre transform:

𝜂(k) = y −
k∑

i=1

𝜁ixi

in which the xi values are k of the original n + 2 arguments of function
y, while the 𝜁i values represent the corresponding first derivatives that
replace the xi values. The ultimate example of this kind is the total
Legendre transform 𝜂(n+2), in which all the original arguments are
replaced by the corresponding first derivatives. Show that the total
Legendre transform of the energy fundamental relation U = U(S, V , N1,
… , Nn) is identically equal to zero.

4.3 Prove the validity of eq. (4.69); in other words, show that

(
𝜕P
𝜕v

)

T

cP
cv

=
(
𝜕P
𝜕v

)

s

Hint: Use the entropic relations for cP and cv [eqs. (4.58) and (4.60)] and
the cyclical relation (see the Appendix).

4.4 Without using Table 4.6, prove the validity of the following relations:

(a)
(
𝜕s
𝜕v

)

T
= 𝛽

𝜅

(b)
(
𝜕s
𝜕P

)

T
= −𝛽v
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(c) cv = cP −
v
𝜅
𝛽2 T

(d)
(
𝜕h
𝜕P

)

T
= v(1 − 𝛽T)

(e) 𝜇J =
v
cP

(𝛽T − 1)

(f)
(
𝜕T
𝜕P

)

s
= 𝛽

cP
vT

(g)
(
𝜕cP
𝜕P

)

T

= −T
(
𝜕2 v
𝜕T2

)

P

4.5 Use the formulas assembled in Table 4.6 to prove the identity

𝜕2u
𝜕v2

−
(
𝜕2u
𝜕s 𝜕v

)2/(
𝜕2u
𝜕s2

)

=
𝜕2 f

𝜕v2

where, according to Table 4.3 for closed systems, u = u(s, v) and
f = f (T , v).

4.6 Reconstruct the relations listed in the left column of Table 4.7 by follow-
ing the two-step procedure highlighted in Example 4.5. Use Table 4.6
only to verify the accuracy of your results.

4.7 The two equations of state for compressed liquid water near its density
maximum can be written approximately as

v(T ,P) = v0[1 + 𝜆(T − T0 + aP)2 − k0P]

(cP)P=0 atm = c0 − b(T − T0)

where v0, 𝜆, T0, a, k0, c0, and b are known constants (see the Appendix).
(a) Use these two equations to show that the specific heat at pressures

other than atmospheric is

cP(T ,P) = c0 − b(T − T0) − 2𝜆v0TP

(b) Choosing as reference entropy s(T0, 0) = 0, show that

s(T , P) = (c0 + bT0) ln
T
T0

− b(T − T0)

−2𝜆v0P(T − T0) − 𝜆v0aP
2

and that the reversible and adiabatic curves must appear cup shaped
in the T − P plane.

(c) Derive the fundamental relation in the Gibbs free-energy represen-
tation, g = g(T , P). As a reference, choose g(T0, 0) = 0.



Trim Size: 6.125in x 9.25in Bejan c04.tex V2 - 08/09/2016 7:18am Page 192�

� �

�

192 SINGLE-PHASE SYSTEMS

(d) Show that for an incompressible liquid with constant specific heat
the fundamental relation derived above reduces to

g(T , P) = c0(T − T0) − c0T ln
T
T0

+ v0P

4.8 A simple system is held in a rigid, constant-volume container. The
system experiences an infinitesimal change of state during which its
pressure rises. The question is whether during this constant-volume
pressurization process the system is being cooled or heated. Show
that the constant-volume pressurization is the result of heating if the
system’s properties vary such that

𝜅

𝛽
cv > 0

where cv, k, and 𝛽 are the specific heat at constant volume, the isothermal
compressibility, and the volumetric coefficient of thermal expansion,
respectively.

4.9 The speed with which small pressure waves travel through a compress-
ible fluid is the speed of sound, a, which is defined by

a2 =
(
𝜕P
𝜕𝜌

)

s

where 𝜌 is the density of the fluid, 𝜌 = 1∕v. Demonstrate the validity of
the following relations:

(a) a2 =
vcP
𝜅cv

(b) a = (kRT)1∕2 for an ideal gas

4.10 The P = P(v, T) equation of state of a van der Waals gas is

P = RT
v − b

− a
v2

in which R, a, and b are three constants.
(a) Prove that if cv is also constant the “caloric” equation of state

u = u(T , v) of the same gas is

u = u0 + cv(T − T0) + a

(
1
v0

− 1
v

)

where u0 = u(T0, v0).
(b) Derive the expression for the entropy function s = s(T , v), which is

valid under the same conditions.
(c) Combining this last result with dh = T ds + v dP, derive the corre-

sponding expression for enthalpy, h = h(T , v).



Trim Size: 6.125in x 9.25in Bejan c04.tex V2 - 08/09/2016 7:18am Page 193�

� �

�

PROBLEMS 193

4.11 Prove the validity of the following relations:

(a)
(
𝜕2u
𝜕s2

)

v

= T
cv

(b)
(
𝜕2h
𝜕s2

)

P

= T
cP

(c)
(
𝜕2f

𝜕v2

)

T

= 1
𝜅v

4.12 An ideal gas with constants cv and R fills a cylinder that is divided into
two chambers (A, B) by an adiabatic partition (thin piston). In state 1, the
piston is locked in place. Given are the masses of the gas placed in the
two chambers (mA, mB), the initial pressures (PA1, PB1), and the initial
temperatures (TA1, TB1). Determine the initial position of the partition.
Taken together, masses A and B constitute an isolated system. The pro-
cess 1–2 begins with unlocking the piston, which slides without friction
to an equilibrium position. The partition is massless and a perfect insula-
tor. This means that during process 1–2 there is no heat transfer between
chambers A and B. Determine the final state of the system, namely, the
final position of the partition, and TA2, TB2, PA2, and PB2. Verify that your
solution does not violate the second law.

4.13 An air stream of temperature Tin and pressure Pin is being compressed
in an irreversible compressor to the temperature Tout and pressure Pout,
where Tout > Tin. See Fig. P4.13. Measurements show that the inlet and
outlet properties are related by the expression Pinv

n
in = Poutv

n
out, where

vin,out is the specific volume of air and n is the polytropic compression
exponent. The objective is to derive the isothermal compression effi-
ciency 𝜂c as a function of the pressure ratio (π = Pout∕Pin) and n. Use
the following steps:
(a) Model the actual compressor as a reversible isothermal compressor

at Tin (power input Ẇrev) followed by a flow section along which
the ṁ stream is heated to Tout by dissipating in a brake an additional
mechanical power input (Ẇdiss). The compressed stream is heated
by the brake.

(b) Analyze the reversible isothermal compressor. Find the expressions
for Ẇrev and Q̇ as functions of ṁ and the pressure ratio π = Pout∕Pin.

(c) Analyze the brake and find the relation between Ẇdiss and Tout.
(d) Determine the relation between Tout∕Tin and 𝜋.
(e) The actual power requirement is Ẇrev + Ẇdiss. Calculate the isother-

mal compressor efficiency defined as

𝜂c =
Ẇrev

Ẇactual

(f) Find the relationship between 𝜂c and n.
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Tin

Tin

Pin

Tout

Pout

Irreversible compressorṁ ṁ 

Ẇdiss

Ẇrev

Ẇ

Ẇ

Q̇

Tin

Tin

Pin

Tout

Brake

Pout

Reversible
isothermal
compressor

ṁ ṁ 

Q̇

Tin

Pout

Figure P4.13

4.14 (a) Show that for a single-phase substance the function s(T , P) has the
differential form

ds =
cP
T

dT −
(
𝜕v
𝜕T

)

P
dP

Report the forms of this expression in two limits: ideal gas and
incompressible substance.

(b) Use the same method and show that the function s(T , v) has the dif-
ferential form

ds =
cv
T

dT +
(
𝜕P
𝜕T

)

v
dv

Derive the corresponding ds expressions for the ideal gas and incom-
pressible substance limits.

(c) Compare the (a) and (b) ds formulas for an incompressible substance
and show that in this limit cP has the same value as cv.
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Exergy Analysis

The concept of chemical equilibrium introduced in Chapter 4 permits us now
to reexamine the concept of exergy, this time in the more general and diverse
world of systems that can reach not only thermal and mechanical equilibrium
but also chemical equilibrium with their respective environments. The mission
of this chapter then is to establish in quantitative terms the theoretical limit to
the production of useful work in processes in which systems can experience not
only heat transfer and work transfer but also mass transfer.

5.1 NONFLOW SYSTEMS

Consider a “mixture” system containing N1,N2,… ,Nn moles of n constituents.
The initial equilibrium state of the system is characterized by the temperature
(T), pressure (P), and n chemical potentials (𝜇1, 𝜇2,… , 𝜇n), which differ from
the corresponding intensities of the environment (T0,P0, 𝜇0,1, 𝜇0,2,… , 𝜇0,n).
In other words, the batch system and the environment are not in thermal,
mechanical, and chemical equilibrium.

What is the maximum useful work that could be produced as the system
and the environment reach equilibrium? The same question was studied in the
context of closed systems in Section 3.3, where equilibrium with the environ-
ment meant only T = T0 and P = P0. The new idea in this section is that the
equilibrium is not only thermal and mechanical but also chemical.

Figure 5.1 shows the initial and final states of a process 1→ 2 that brings
our original system in a state of equilibrium with the environment. Note the
equality between the system intensities and the environmental intensities in the
final state. Note that all the extensive properties change from state 1 to state 2,
including the mole numbers Ni (i = 1, 2,… , n). These numbers change as each
of the n constituents diffuses through its own semipermeable membrane on the
system–environment boundary. It is due to these mass transfer interactions from
state 1 to state 2 that the mixture system is an open system.

The equations that account for the conservation of each constituent and for
the first and second laws are

dNi

dt
= Ṅi (i = 1, 2,… , n) (5.1)

195
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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Figure 5.1 Nonflow system that reaches thermal, mechanical, and chemical equilib-
rium with the environment.

dU
dt

= Q̇0 − Ẇ +
n∑

i=1
Ṅih0,i (5.2)

Ṡgen =
dS
dt

−
Q̇0

T0
−

n∑

i=1
Ṅis0,i ≥ 0 (5.3)

where h0,i and s0,i are the molal enthalpy and entropy of the ith constituent that
crosses the mixture–environment boundary. Integrating in time from state 1 to
state 2 and splitting Ẇ into work done on the environment, P0dV∕dt, plus a
useful component ĖW , called “exergy,” eqs. (5.1)–(5.3) yield.

N(2)
i − N(1)

i = ∫
2

1
Ṅi dt (i = 1, 2,… , n) (5.4)

U(2) − U(1) = Q0 − EW − P0

(
V (2) − V (1)) +

n∑

i=1
h0,i∫

2

1
Ṅi dt (5.5)

Sgen = S(2) − S(1) −
Q0

T0
−

n∑

i=1
s0,i∫

2

1
Ṅi dt (5.6)

Eliminating Q0 and the n integrals of type ∫ 21 Ṅi dt, we obtain

EW = U(1) − T0S
(1) + P0V

(1) −
n∑

i=1
𝜇0,iN

(1)
i

−

[

U(2) − T0S
(2) + P0V

(2) −
n∑

i=1
𝜇0,iN

(2)
i

]

− T0Sgen (5.7)
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where 𝜇0,i = g0,i = h0,i − T0s0,i. Finally, we note that since T0,P0, and the 𝜇0,i’s
are the intensive properties of the mixture in the final state (Fig. 5.1), the Euler
equation (4.30′′) states that the terms collected inside brackets in eq. (5.7) add
up to zero:

U(2) − T0S
(2) + P0V

(2) −
n∑

i=1
𝜇0,iN

(2)
i = 0 (5.8)

The first four terms on the right side of eq. (5.7) represent the maximum
useful work that could be extracted (or the minimum work that would have to
be invested) as the mixture and the environment come to equilibrium at the end
of a reversible process. Dropping the 1 superscripts, we conclude that

(EW)rev = U − T0S + P0V −
n∑

i=1
𝜇0,iNi (5.9)

where (U, S,V ,N1,N2,… ,Nn) are the original extensive properties of the mix-
ture system.

Compare this last result with the Chapter 3 conclusion that the maxi-
mum work to be extracted from a closed system that reaches only thermal
and mechanical equilibrium with the ambient is the nonflow exergy Ξ, or,
according to eq. (3.32),

Ξ = U − U∗ − T0(S − S∗) + P0(V − V∗) (5.10)

The new notation (⋅)* indicates properties associated with the restricted dead
state of the mixture system, which is the state where only the temperature
and pressure match the corresponding environmental values. Invoking Euler’s
equation at the restricted dead state,

U∗ = T0S
∗ − P0V

∗ +
n∑

i=1
𝜇∗
i Ni (5.11)

we note that the restricted dead-state chemical potentials 𝜇∗
i (T0,P0) are not

necessarily equal to the chemical potentials (𝜇0,i) of the mixture in its ulti-
mate (proper) dead state, when its equilibrium with the environment is thermal,
mechanical, and chemical. Combining eqs. (5.9)–(5.11), we learn that

(EW)rev = U − U∗ − T0(S − S∗) + P0(V − V∗) +
n∑

i=1
(𝜇∗

i − 𝜇0,i)Ni (5.12)

or, in view of eq. (5.10),
(EW)rev = Ξ + Ξch (5.13)

in which Ξch represents the nonflow chemical exergy defined by

Ξch =
n∑

i=1
(𝜇∗

i − 𝜇0,i)Ni (5.14)
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The maximum available work from the nonflow system, (EW)rev, emerges
as the sum of two contributions—the nonflow exergy Ξ released en route to
the restricted dead state plus the chemical exergy Ξch released as the mixture
reaches chemical equilibrium with the environment—while the mixture tem-
perature and pressure before and after this last process are fixed at T0 and P0,
respectively.

To distinguish Ξ from Ξch, the former is also recognized as the nonflow
thermomechanical exergy (or the nonflow physical exergy) of the original
fixed-mass and fixed-composition system (U, S,V ,N1,N2,… ,Nn) [1]. This
name enforces the observation that useful work of algebraically maximum
size Ξ is released as the system and the environment reach only thermal and
mechanical equilibrium. The sum (Ξ + Ξch) listed in eq. (5.13) can be viewed
as the nonflow thermomechanical and chemical exergy, or, more succinctly,
the total exergy Ξt of the original mixture batch:

Ξt = Ξ + Ξch (5.13′)

5.2 FLOW SYSTEMS

Consider next the companion problem of calculating the maximum useful
power that could be extracted from a stream in steady flow as it reaches ther-
mal, mechanical, and chemical equilibrium with the environment. The fluid
that flows into the control volume has the initial composition (N1,N2,… ,Nn).
Figure 5.2 shows that the inflowing stream is the superposition of n streams
with molal flow rates Ṅi,in (i = 1, 2,… , n). Inside the control volume, the
mixture and the environment exchange mass, so that, in general, the outflowing
mixture has a different composition, Ṅi,out (i = 1, 2,… , n). The steady-state
conservation of each constituent is guaranteed by writing on the figure

Figure 5.2 Steady-flow apparatus, in which a mixture stream is brought into thermal,
mechanical, and chemical equilibrium with the environment.
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(Ṅi,out − Ṅi,in) for the flow rate of constituent i through the ith semipermeable
membrane at the boundary between the control volume and the environment.

The first- and second-law statements for the control volume in the steady
state are

ĖW = Q̇0 +
n∑

i=1
(hiṄi)in −

n∑

i=1
(hiṄi)out +

n∑

i=1
h0,i(Ṅi,out − Ṅi,in) (5.15)

Ṡgen = −
Q̇0

T0
−

n∑

i=1
(siṄi)in +

n∑

i=1
(siṄi)out −

n∑

i=1
s0,i(Ṅi,out − Ṅi,in) (5.16)

where, keeping up with the notation used in Section 3.4, ĖW is the exergy
delivery rate (or the mechanical power Ẇ put out by the control volume). Elimi-
nating Q̇0 between eqs. (5.15) and (5.16) and writing 𝜇0,i instead of h0,i − T0s0,i,
we obtain

ĖW =
n∑

i=1
[(hi − T0si)in − 𝜇0,i]Ṅi,in

−
n∑

i=1
[(hi − T0si)out − 𝜇0,i]Ṅi,out − T0Ṡgen (5.17)

The outflowing mixture is in thermal, mechanical, and chemical equilibrium
with the ambient:

(hi − T0si)out = g0,i = 𝜇0,i (5.18)

which means that all the terms in the second summation of eq. (5.17) vanish.
We arrive at the conclusion that the maximum-exergy delivery rate occurs when
the flow apparatus functions reversibly (Ṡgen = 0):

(ĖW)rev = hṄ − T0sṄ −
n∑

i=1
𝜇0,iṄi,in (5.19)

where Ṅ is the total flow rate measured at the inlet,

Ṅ =
n∑

i=1
Ṅi,in (5.20)

and h and s are the molal enthalpy and entropy of the inflowing mixture,

h = 1
Ṅ

n∑

i=1
hi,inṄi,in, s = 1

Ṅ

n∑

i=1
si,inṄi,in (5.21)
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On a per-unit-Ṅ basis, the maximum-exergy delivery rate (5.19) can be
written as

(ĖW)rev
Ṅ

=
n∑

i=1
(hi,in − T0si,in − 𝜇0,i)xi

= h − T0s −
n∑

i=1
𝜇0,ixi (5.22)

in which xi represents the mole fraction of the ith constituent in the inflowing
mixture, Ṅi,in∕Ṅ. The right side of eq. (5.22) lists the total molal flow exergy et
of the mixture stream Ṅ:

et = h − T0s −
n∑

i=1
𝜇0,ixi (5.22′)

where the word total means that the stream is brought to thermal, mechanical,
and chemical equilibrium with the environment (the dead state). This quantity
is also known as the molal thermomechanical and chemical flow exergy.

Equation (5.22′) can be compared with the flow exergy delivered as the
stream reaches the restricted dead state (T0,P0) [eq. (3.43)]; on a per-unit-Ṅ
basis, that result is written as

ex = h − h∗ − T0(s − s∗) (5.23)

where (⋅)* indicates properties evaluated at the restricted dead state. Note fur-
ther than h∗ and s∗ are defined according to eqs. (5.21):

h∗ =
n∑

i=1
h
∗
i xi, s∗ =

n∑

i=1
s∗i xi (5.24)

Combining eqs. (5.22) and (5.23), we find that the total or thermomechanical
and chemical flow exergy is the sum of two contributions:

et = ex + ech (5.25)

where ech is the molal chemical flow exergy released as the bulk state of the
stream changes from the restricted dead state to the dead state:

ech =
n∑

i=1
(𝜇∗

i − 𝜇0,i)xi (5.26)

The step from eqs. (5.22) and (5.23) to eq. (5.25) involves use of the definition

h∗ = u∗ + P0v
∗ (5.27)
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and the Euler equation corresponding to the restricted dead state:

u∗ = T0s
∗ − P0v

∗ +
n∑

i=1
𝜇∗
i xi (5.28)

In conclusion, the total or thermomechanical and chemical flow exergy
et can be divided into the thermomechanical (or physical) flow exergy ex
of Chapter 3 plus the chemical flow exergy ech defined by eq. (5.26). The
physical flow exergy accounts for the maximum useful work delivered to an
external user as the stream reaches the restricted dead state (T0,P0), whereas
the chemical flow exergy represents the maximum useful work associated with
the stream’s transition from the restricted dead state to the ultimate dead state
(T0,P0, 𝜇0,1, 𝜇0,2,… , 𝜇0,n).

Note that the restricted dead-state chemical potentials 𝜇∗
i , which are short-

hand for (h∗ − T0s
∗
i ), have the samemeaning as in eq. (5.11). The chemical flow

exergy ech is identical to the molal nonflow chemical exergy of eq. (5.14):

𝜉ch =
Ξch

N
= ech (5.29)

where N is the total number of moles in the initial state of the nonflow system
of Fig. 5.1, N =

∑n
i=1 N

(1)
i .

5.3 GENERALIZED EXERGY ANALYSIS

We are now in a position to generalize the exergy analysis that opened
Chapter 3. The difference is that this time the open system can also experience
mass transfer with the environment (Fig. 5.3). The present system embodies
the features of Figs. 5.1 and 5.2 added to the general configuration of Fig. 3.1,
in which the actual numbers of inlet ports, outlet ports, and heat reservoirs
are not specified. The first- and second-law analyses of Fig. 5.3 combine into
(Problem 5.1)

ĖW = −
dΞt

dt
+

p∑

l=1
(ĖQ)l +

q∑

j=1
(Ṅet)j −

r∑

k=1
(Ṅet)k − T0Ṡgen (5.30)

where the j’s and k’s refer to inlet ports and outlet ports, respectively. The
exergy associated with each heat transfer interaction, (ĖQ)l, has been defined
in eq. (3.14). The “nonflow” and “flow” conclusions [eqs. ((5.13)) and (5.25)]
emerge as two special cases of the general result listed above.

One difficult aspect of “second-law” or exergy analysis is the proliferation
of exergy-type names and symbols given to what are, in fact, different
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Figure 5.3 Open system exchanging heat, work, and mass with the environment.

TABLE 5.1 Summary of Exergy Names and Symbols

Nonflow Flow

Name Symbol Definition Symbol Definition

Exergy (total, or
thermomechanical and
chemical)

Ξt, 𝜉t Eq. (5.13′) Et, et Eq. (5.22′)

Thermomechanical exergy
(or physical exergy)

Ξ, 𝜉 Eq. (3.32) Ex, ex Eq. (3.43)

Chemical exergy Ξch, 𝜉ch Eq. (5.14) Ech, ech Eq. (5.26)

(i.e., self-standing) concepts and quantities. Table 5.1 is offered as a summary
of the six-name exergy language of Chapters 3 and 5. As dead-state conditions
for humid air, Lewins [2] proposed T0 = 25∘C,P0 = 1 bar, and 𝜙0 = 1.

The connection between the total, physical, and chemical exergies is illus-
trated further in Fig. 5.4 for nonflow systems (top) and flow systems (bottom).
Note that the labeling in both drawings is correct only if there are two or more
components in the mixture, n ≥ 2 (recall that the number of degrees of freedom
is n + 1). In the case of a single-component batch, the lone chemical potential
cannot vary independently of T and P (see Section 4.3.5). An example of how
a single-component substance reaches the dead state prescribed by the ambient
is given in Section 5.4.3.
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Figure 5.4 Relation between the total, physical, and chemical exergies of a nonflow
system (top) and a flow system (bottom).

5.4 AIR CONDITIONING

To practice the new concepts of this chapter, consider the thermodynamics of
air-conditioning processes and systems. The working fluid is atmospheric air,
which, as a first approximation, can be viewed as a two-component mixture of
dry air (a) and water vapor (v). The objective of most air-conditioning installa-
tions is to bring the humid air (a + v) mixture to a state in which the temperature
and composition differ from the conditions found in the actual (environmen-
tal) atmospheric air. It is for this reason that the concepts of total exergy and
chemical exergy play a crucial role in assessing the merit of these applications.

5.4.1 Mixtures of Air and Water Vapor

The classical way of describing the thermodynamic properties of humid air
is to treat it as an ideal gas mixture of two components (a, v) that individu-
ally exhibit ideal gas behavior (review the two parts of the Gibbs–Dalton law,
Section 4.8). For the nearly environmental temperature and pressure ranges cov-
ered by most air-conditioning calculations, the appropriate ideal gas constants
of these two components are the values corresponding to T ≅ 300 K and the
low-pressure limit:

Dry air Water vapor

Ra = 0.287 kJ∕kg ⋅ K Rv = 0.461 kJ∕kg ⋅ K
cP,a = 1.003 kJ∕kg ⋅ K cP,v = 1.872 kJ∕kg ⋅ K

Ma = 28.97 kg∕kmol Mv = 18.015 kg∕kmol

(5.31)
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The state of any mixture of dry air and water vapor is pinpointed by three prop-
erties: for example, the temperature T, the pressure P, and the composition. The
latter consists of specifying one of the twomole fractions, xa or xv, because their
sum is equal to 1:

xa + xv = 1 (5.32)

The field of psychrometry† developed its own terminology for describing
the composition of a humid air mixture—as an alternative to speaking in terms
of xa and xv. One way is to specify the mass ratio called specific humidity or
humidity ratio:

𝜔 =
mv

ma
(5.33)

which represents the number of kilograms of water that correspond to 1 kg of
dry air in the given mixture. Another is the mole fraction ratio:

�̃� =
xv
xa

(5.34)

which represents the number of moles of water corresponding to 1 mol of dry
air in the mixture. The proportionality between 𝜔 and �̃� is

�̃� =
Nv

Na
=

mv∕Mv

ma∕Ma
= 28.97

18.015
𝜔

= 1.608𝜔 (5.35)

The relations between �̃� (or 𝜔) and the individual mole fractions are

xa =
1

1 + �̃�
xv =

�̃�

1 + �̃�
(5.36)

An alternative to the composition of a mixture of air and water vapor is the
relative humidity:

𝜙 =
xv[in the actual mixture (T ,P)]

xv (in the saturated mixture at the same T and P)
(5.37)

This definition becomes clear as we look at the T–s diagram of the water vapor
that exists in the mixture (Fig. 5.5). The isobars are lines of constant partial
pressure of water vapor, Pv. The figure shows that when T is held fixed, the
partial pressure cannot exceed the ceiling value represented by Psat(T). In the
limitPv = Psat(T), the humid-airmixture is said to be “saturated.” Recalling that

xv =
Pv

P
(5.38)

†Psychrometry is the science concerning the measurement of the moisture content of atmospheric
air. Its name comes from the Greek word psychros (“cold”).
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Figure 5.5 T–s diagram for water, showing the position of water vapor (v) at state
(T, Pv) and liquid water (w) at state (T, P).

the relative humidity can also be defined as

𝜙 =
Pv

Psat(T)
(5.39)

where T is the temperature of the dry air–water vapor mixture. That 𝜙 is an
alternative to specifying the moisture content of humid air is stressed by the
relations

𝜙 =
𝜔Pa

0.622Psat(T)
(Pa = P − Pv) (5.40)

𝜙 = 𝜔

𝜔 + 0.622
P

Psat(T)
(5.41)

𝜔 = 0.622
[P∕𝜙Psat(T)] − 1

(5.42)

Figure 5.6 summarizes these relations for the case where the pressure of
the mixture is atmospheric, P = 1 atm: the state of the mixture is specified by
only two parameters, the temperature T and one composition parameter (𝜙, 𝜔,
or �̃�). The figure shows that if T is constant, the relative humidity increases
monotonically with 𝜔 (or �̃�) and 𝜔 is always proportional to �̃�.

5.4.2 Total Flow Exergy of Humid Air

If we are to apply eq. (5.30) to a system that processes one or more streams of
humid air in the steady state, what we need is a way to calculate the total exergy
(et) of each stream [3, 4]. The concept of exergy requires the specification of a
dead state. In the present case, the dead state is set by the atmospheric conditions
T0,P0, and 𝜙0 (or𝜔0, or �̃�0), which in the following analysis are being assumed
fixed and different from the corresponding properties of the mixture (T, P, 𝜙).
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Figure 5.6 Relation between relative humidity and humidity ratio for humid air at
atmospheric pressure.

The total flow exergy per mole of a humid-air mixture is deduced from
eqs. (5.23)–(5.26):

et = xa[ha − h
∗
a − T0(sa − s∗a) + 𝜇∗

a − 𝜇0,a]

+ xv[hv − h
∗
v − T0(sv − s∗v ) + 𝜇∗

v − 𝜇0,v] (5.43)

Inside the first pair of brackets we make use of the ideal gas model and the
notion that the (⋅)* superscript indicates only mechanical and thermal equilib-
rium with the ambient—that is, properties evaluated at T0 and P0:

ha − h
∗
a = ha(T) − h

∗
a(T0) = cP,a(T − T0) (5.44)

sa − s∗a = sa(T ,P) − s∗a(T0,P0) = cP,a ln
T
T0

− R ln
P
P0

(5.45)

𝜇
∗
a − 𝜇0,a = 𝜇

∗
a(T0,P0 xa) − 𝜇0,a(T0,P0, x0,a) = RT0 ln

xa
x0,a

(5.46)

Equation (5.46) is the result of integrating eq. (4.120) at constant temperature,
for which vi is given by eq. (4.124). The contents within the second pair of
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brackets of eq. (5.43) can be evaluated similarly, and putting all the results
together, we obtain

et = (xacP,a + xvcP,v)T0
(

T
T0

− 1 − ln
T
T0

)

+ RT0 ln
P
P0

+ RT0

(

xa ln
xa
x0,a

+ xv ln
xv
x0,v

)

(5.47)

Two alternative versions of this result are better suited for calculations.
First, by using the mole ratios �̃� and �̃�0 for the composition of the actual and
dead-state mixtures, eqs. (5.47) and (5.36) yield

et =
cP,a + �̃�cP,v

1 + �̃�
T0

(
T
T0

− 1 − ln
T
T0

)

+ RT0 ln
P
P0

+ RT0

(
1

1 + �̃�
ln

1 + �̃�0

1 + �̃�
+ �̃�

1 + �̃�
ln
�̃�

�̃�0

1 + �̃�0

1 + �̃�

)

(5.48)

The second alternative is to report the total flow exergy per kilogram of dry air:

et = (cP,a + 𝜔cP,v)T0
(

T
T0

− 1 − ln
T
T0

)

+ (1 + �̃�)RaT0 ln
P
P0

+ Ra T0

(

ln
1 + �̃�0

1 + �̃�
+ �̃� ln

�̃�

�̃�0

1 + �̃�0

1 + �̃�

)

(5.49)

The step from eq. (5.47) to eq. (5.49) is based on the observation that to 1 mol of
mixture correspond Maxa kilograms of dry air and the quantity et of eq. (5.47)
represents total flow exergy per mole of mixture.

The total flow exergy of a stream of dry air can be written by setting �̃� = 0
and 𝜔 = 0 in eq. (5.49):

et,a = cP,aT0

(
T
T0

− 1 − ln
T
T0

)

+ RaT0 ln
P
P0

+ RaT0 ln(1 + �̃�0) (5.50)

The first two terms represent the thermomechanical flow exergy encountered in
Chapter 3. The last term is the chemical exergy or the maximumwork that could
be harvested as the dry-air stream (already at T0 and P0) becomes as humid as
the ambient.

5.4.3 Total Flow Exergy of Liquid Water

In many processes involving air and water vapor mixtures, one or more streams
carry condensed water (e.g., the water supply to an adiabatic saturator, the con-
densed water dripping out of an air dehumidifier). The total flow exergy of
liquid water cannot be deduced as a particular case of eq. (5.49), as was done
for a stream of pure dry air in eq. (5.50). The reason for this is the ideal gas
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model invoked in eqs. (5.44)–(5.46), to which liquid water does not subscribe.
Instead, we must begin with the equivalent of eq. (5.22) for liquid water (w) as
a single-component substance [4]:

et,w = hw(T ,P) − T0sw(T ,P) − 𝜇0,w (5.51)

in which
𝜇0,w = h0(T0,P0,w) − T0s0(T0,P0,w) (5.52)

The pressure P0,w is the partial pressure of water in the ambient, which in
Section 5.4.2 would have been labeled P0,v. We write

P0,w = x0,vP0 =
�̃�0

1 + �̃�0
P0 (5.53)

Combining eqs. (5.51) and (5.52) and putting the result on a per-unit-mass
basis (i.e., per kilogram of water) yield

et,w = hw(T ,P) − h0(T0,Pw,0) − T0sw(T ,P) + T0s0(T0,P0,w) (5.54)

The terms that appear on the right side can be related to the properties of respec-
tive neighboring states on the two-phase dome by applying the approximate
relations presented in the Appendix:

hw(T ,P) ≅ hf (T) + [P − Psat(T)]vf (T) (5.55)

h0(T0,Pw,0) ≅ hg(T0) (5.56)

sw(T ,P) ≅ sf (T) (5.57)

s0(T0,P0,w) ≅ sg(T0) − Rv ln
Pw,0

Psat(T0)
(5.58)

Noting that Pw,0∕Psat(T0) = 𝜙0, the message of eqs. (5.54)–(5.58) becomes

et,w ≅ hf (T) − hg(T0) − T0sf (T) + T0sg(T0)

+ [P − Psat(T)]vf (T) − RvT0 ln𝜙0 (5.59)

The terms assembled in the first row add up to zero in the special case when the
liquid water stream is already in thermal equilibrium with the ambient, T = T0
[recall the relation hfg(T) = Tsfg(T)] (cf. Section 6.3.4). In the second row, the
first term is usually negligible when compared with the last term (−RvT0 ln𝜙0).

5.4.4 Evaporative Cooling

Consider the steady-flow system in Fig. 5.7, whose function is to lower the
temperature of a stream of dry air (ṁa) by mixing it with a trickle of water (ṁw).
The latter evaporates and becomes part of the humid-air mixture (ṁa + ṁv) that
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Figure 5.7 Adiabatic evaporative cooling process.

leaves the adiabatic mixing chamber. The conservation of water in the steady
state requires that ṁv = ṁw.

There are two basic questions. The first is how much water (ṁw) is needed
to lower the temperature of the outgoing mixture to a prescribed level T2. The
answer is provided by the first law for the control volume, which can be written
sequentially as

ṁaha(T1) + ṁwhw(T1,P1) = ṁaha(T2) + ṁvhv(T2,Pv2) (5.60)

ha(T1) + 𝜔hw(T1,P1) = ha(T2) + 𝜔hv(T2,Pv2) (5.60′)

ha(T1) + 𝜔hf (T1) ≅ ha(T2) + 𝜔hg(T2) (5.60′′)

The last step in this sequence consisted of using the model (5.55)–(5.56); in
addition, the second term on the right side of eq. (5.55) was assumed negligible.
In conclusion, the first-law analysis produces an explicit relation for calculating
the humidity ratio when the exit temperature is specified:

𝜔 ≅
cP,a(T1 − T2)
hg(T2) − hf (T1)

(5.61)

The second question refers to how much exergy is being destroyed during
the evaporative cooling process. For this, we use eq. (5.30). The control volume
in this case does not deliver any exergy for direct use (Ėw = 0), the operation
is steady (dΞt∕dt = 0), and there are no heat interactions; that is, all the (ĖQ)l
terms are absent. Term for term, eq. (5.30) reduces to

0 = 0 + 0 + ṁaet,a + ṁwet,w − ṁaet − T0Ṡgen (5.62)

where the last et is the total flow exergy (per kilogram of dry air) of the out-
flowing humid air [eq. (5.49)]. The rate of exergy destruction per kilogram of
dry air is, therefore,

T0Ṡgen
ṁa

= et,a + 𝜔et,w
Total flow exergy

arriving

− et
Total flow exergy

leaving

(5.63)
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Finally, the second-law efficiency of the evaporative cooler is the ratio

𝜂Π =
total flow exergy leaving

total flow exergy arriving
=

et
et,a + 𝜔et,w

(5.64)
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PROBLEMS

5.1 Derive the most general exergy accounting statement (5.30), starting with
the first- and second-law statements for the control volume in Fig. 5.3.
Keep in mind the requirement that each constituent must be conserved. As
a guide, use the analyses developed in the text with reference to Figs. 5.1
and 5.2.

5.2 Atmospheric air can be modeled as an ideal gas mixture at temperature
T0 and pressure P0. At a particular location and time, the mole fractions
of the ideal gas components of this mixture are

x0,N2
= 0.7567 x0,H2O

= 0.0303

x0,O2
= 0.2035 x0,CO2

= 0.0003, etc.

(a) Consider a process by which 1 mol of O2 is extracted (separated)
from the atmospheric air mixture. The end result of this operation is
a 1-mol batch of pure O2 at T0 and P0. Determine the minimum work
required to perform this task.

(b) Show that the work requirement calculated above is greater than
the minimum work needed for extracting a corresponding batch of
pure N2.

5.3 An evacuated vessel of volume V (the “system”) is surrounded by a fluid
environment at temperature T0, pressure P0, and chemical potentials
𝜇0,i (i = 1,… , n). What is the maximum work that one could theoretically
extract from this two-system arrangement? Compare your answer with
the conclusions reached in Examples 1.1 and 1.2.
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5.4 Consider the classical adiabatic saturation process in which a stream of
humid air (state 1 in Fig. P5.4) is mixed adiabatically and isobarically with
a stream of liquid water (state 2) in order to become a saturated air–water
vapor mixture at state 3 (note that 𝜙3 = 1).
(a) Show that the adiabatic saturation temperature T3 is a function of the

inlet humidity ratio and the T3(𝜔1) relation is obtained by combining

𝜔1 ≅
cP,a(T3 − T1) + 𝜔3[hg(T3) − hf (T2)]

hg(T1) − hf (T2)

with the 𝜔3(T3) relation expressed by eq. (5.42).
(b) Assume that the inlet mixture is at environmental conditions

(T1 = T0, P1 = P0, 𝜙1 = 𝜙0), and these conditions are T0 = 25∘C,
P0 = 1 atm, and 𝜙0 = 0.6. Determine the exergy destroyed by the
adiabatic saturator per kilogram of dry air. Calculate the second-law
efficiency 𝜂Π of the apparatus, where 𝜂Π is defined by eq. (5.64).

Figure P5.4

5.5 An air and water vapor stream (T1 = 25∘C, 𝜙1 = 0.7) is dehumidified in
the two-part apparatus shown in Fig. P5.5. In the first part (state 1→
state 2), the stream is cooled at constant (atmospheric) pressure to a low
enough temperature T2 such that the water stream ṁw condenses and is
collected as liquid water at atmospheric pressure and temperature T2. In
the second part of the apparatus, the remaining air and water vapor stream
is heated isobarically back up to 25∘C. The final relative humidity of the
stream is 𝜙3 = 0.4. Calculate in order:
(a) The number of kilograms of condensate collected per kilogram of dry

air of the original stream, ṁw∕ṁa

(b) The intermediate temperature T2
(c) The refrigeration rate required by the first part, Q̇c∕ṁa

(d) The heat transfer rate required by the second part, Q̇h∕ṁa

The refrigeration effect Q̇c is provided by a reversible refrigerator oper-
ating between T2 and the ambient temperature T0. The heat transfer rate
Q̇h originates from T0. Assuming further that the conditions of the ambient
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Figure P5.5

air and water vapor mixture are T0 = 25∘C, P0 = 1 atm, and 𝜙0 = 0.6,
calculate in order:

(e) The rate of exergy destruction in the first part of the apparatus
(f) The rate of exergy destruction in the second part of the apparatus
(g) The second-law efficiency of the entire apparatus and how the blame

for its less-than-1 value can be attributed to the individual irreversibil-
ities of the two parts

5.6 Show that the total nonflow exergy of a batch of humid air (T, P, �̃�) rela-
tive to the ambient humid air mixture (T0,P0, �̃�0) is given by

𝜉t = (cv,a + 𝜔cv,v)T0
(

T
T0

− 1 − ln
T
T0

)

+ (1 + �̃�)RaT0

(

ln
P
P0

− ln
T
T0

+
T∕T0
P∕P0

− 1

)

+ RaT0

[

(1 + �̃�) ln
1 + �̃�0

1 + �̃�
+ �̃� ln

�̃�

�̃�0

]

where 𝜉t represents exergy per kilogram of dry air present in the mixture.
From this result, deduce the total nonflow exergy of dry air, 𝜉t,a.

5.7 Prove that the total nonflow exergy of pure liquid water (T, P) relative to
the ambient humid air (T0,P0, 𝜙0) is given by

𝜉t,w = hf (T) − hf (T0) − T0[sf (T) − sf (T0)]

+ (P0 − P)vf (T) − RvT0 ln𝜙0

where 𝜉t,w represents exergy per kilogram of water.
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In this chapter we focus on the properties of working fluids that are macroscop-
ically heterogeneous or multiphase, as illustrated in the right half of Table 4.1.
One approach to this subject is purely descriptive, as seen in the traditional cov-
erage of two- and three-phase mixtures. An alternative—the approach taken
in the present treatment—is to view a heterogeneous (multiphase) batch of
substance as the aftermath of a phenomenon of thermodynamic instability by
which a single-phase (homogeneous, or simple) system splits into two or more
homogeneous subsystems (phases) that coexist. This second approach, due to
Gibbs [1], is the backbone of physicochemical thermodynamics today. In the
field of engineering thermodynamics, in which separation processes and chem-
ically reacting systems receive less attention than pure substances, the merit of
theGibbsian approach is that it organizes into a geometric structure the empirical
observations concerning the properties of multiphase systems in equilibrium.

6.1 THE ENERGY MINIMUM PRINCIPLE

The concept of thermodynamic stability has its origins in the first and second
laws, or, more precisely, in the “entropy maximum” and “energy minimum”
principles (Section 2.4). These two principles are combined in the graphic con-
struction of Fig. 2.7. Each principle is in turn the combined result of the first
and second laws for an arbitrary (not necessarily reversible) process executed
by a closed system. The words minimum and maximum refer to the manner in
which the closed system settles into a state of stable equilibrium that is repre-
sented by a point in the horizontal plane of Fig. 2.7. The imaginary surface that
extends above this plane is symbolism for the world of constrained equilibrium
states of the system. The graphic meaning of the entropy maximum and energy
minimum principles is that at any point of intersection between this surface
and the horizontal plane the plane that is tangent to the imaginary surface is
perpendicular to the horizontal plane.

The objective of this introductory section is to restate the entropy maxi-
mum and energy minimum principles using the simple-system terminology
developed in Chapter 4. In the end, we will see that these energy-based

213
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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principles have perfect equivalents in terms of enthalpy, Helmholtz free energy,
and Gibbs free energy, in the same way that the information content of the
fundamental relation in energy representation is conserved by the Legendre
transforms H, F, and G of Table 4.3.

6.1.1 The Energy Minimum

Examine again the closed system of Fig. 2.7. Assuming that in the absence of
internal constraints the closed system is a simple system (e.g., macroscopically
homogeneous or single phase), its fundamental relation in energy representa-
tion is

U = U(S,V) (6.1)

The mole numbers that describe the composition of the closed system, N1,
N2,… ,Nn, are all fixed. The stable equilibrium states represented by the U(S)
curve in the horizontal plane of Fig. 2.7 are states that also belong to the funda-
mental surface, eq. (6.1). It follows that the U(S) curve corresponds to a fixed
volume V. We can then draw not one but a family of symbolic surfaces in the
three-dimensional space of Fig. 2.7, and the traces left by these surfaces in the
horizontal plane will constitute a family of constant-V surfaces. This new aspect
is shown in Fig. 6.1, which otherwise reproduces the main features of Fig. 2.7.

The positive slope and curvature of the U(S) curves in the horizontal plane
are tied to the internal stability conditions that will be discussed in Section 6.2:

(
𝜕2U
𝜕S2

)

V

= T
mcv

> 0 (6.2)

(
𝜕U
𝜕S

)

V
= T > 0 (6.3)

where m is the mass inventory of the system.

Figure 6.1 The energy minimum principle (fixed volume).
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6.1.2 The Enthalpy Minimum

The closed-system fundamental relation in enthalpy representation is

H = H(S,P) (6.4)

We seek an enthalpy minimum by considering the class of constant-pressure
processes. The graphic conclusion is presented in Fig. 6.2. The first and second
laws for an infinitesimal change of state that occurs in the immediate vicinity
of an unconstrained equilibrium state require that

𝛿Q − 𝛿W = dU (6.5)

𝛿Q ≤ T dS (6.6)

or, taken together,
𝛿W ≤ T dS − dU (6.7)

Using H = U + PV , 𝛿W = P dV , and dP = 0, we find that the combined law
(6.7) reduces to

dH ≤ T dS (at constant P) (6.8)

and, in particular,

dH ≤ 0 (at constant S and P) (6.9)

dS ≥ 0 (at constant H and P) (6.10)

In conclusion, of all the states that have the same pressure and entropy,
the unconstrained equilibrium state is the one with the lowest enthalpy.

Figure 6.2 The enthalpy minimum principle (fixed pressure).
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Equation (6.10) shows further that the entropy of the unconstrained equi-
librium state reached under conditions of constant pressure and enthalpy is
maximum. Both features—the enthalpy minimum and the entropy maximum—
are included in the construction of Fig. 6.2.

The trace left by the three-dimensional surface on the horizontal plane of
Fig. 6.2 is a curve H(S) that corresponds to one value of P. The slope and cur-
vature of the H(S) curve are positive:

(
𝜕H
𝜕S

)

P
= T > 0 (6.11)

(
𝜕2H
𝜕S2

)

P

= T
mcP

> 0 (6.12)

We will see that the curvature condition (6.12) is related to the stability of the
simple system (Section 6.2).

6.1.3 The Helmholtz Free-Energy Minimum

In view of the geometric presentation of the U and H minima of Figs. 6.1 and
6.2, the derivation of the corresponding F minimum can be presented briefly.
The starting point is the closed-system fundamental relation in F representation
(Table 4.3),

F = F(T ,V) (6.13)

and the focus is on processes executed while the system is at uniform temper-
ature T and in thermal equilibrium with the ambient temperature reservoir (T ).
Combining F = U − TS with eq. (6.7) leads to

dF + P dV ≤ 0 (at constant T) (6.14)

with two special cases:

dF ≤ 0 (at constant T and V) (6.15)

dV ≤ 0 (at constant T and F) (6.16)

In conclusion, the unconstrained equilibrium state that is approached at con-
stant temperature and constant volume is the state with minimum Helmholtz
free energy. Furthermore, the unconstrained equilibrium state that is reached
under conditions of constant T and F has minimum volume. The F minimum
and V minimum conclusions have been incorporated in Fig. 6.3. Note the neg-
ative slope and positive curvature of the F(V) trace left in the horizontal plane
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Figure 6.3 The Helmholtz free-energy minimum principle (fixed temperature).

of equilibrium states:
(
𝜕F
𝜕V

)

T
= −P < 0 (6.17)

(
𝜕2F
𝜕V2

)

T

= 1
𝜅V

> 0 (6.18)

6.1.4 The Gibbs Free-Energy Minimum

The last of the Legendre transforms of Table 4.3 for closed systems reads

G = G(T ,P) (6.19)

whereG = U − TS + PV . Consider the processes executed at constant and uni-
form temperature and pressure, for which the combined law (6.7) reads

dG ≤ 0 (at constant T and P) (6.20)

The Gibbs free energy of the unconstrained equilibrium state approached while
in equilibrium with the temperature reservoir (T ) and pressure reservoir (P) is
a minimum. This feature is illustrated in Fig. 6.4.

6.1.5 The Star Diagram

The contribution made by Section 6.1 is the identification of the minima and
maxima that are reached by some thermodynamic properties when a closed
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Figure 6.4 TheGibbs free-energyminimumprinciple (fixed temperature and pressure).

system settles into a stable (unconstrained) equilibrium state. Originally, I
intended to summarize these results in tabular form; however, a better view is
conveyed by the star diagram of Fig. 6.5; the minima are represented by open
circles and the S maxima by the shaded circle. A property of the closed system
reaches the indicated minimum or maximum when two other properties are
held constant. The original property and the two that are being held fixed form
a triangle. There are four such triangles in the diagram—USV, HPS, GTP,
and FVT—one for each of Figs. 6.1–6.4. The solid lines that extend inward
from the four energy corners (U, H, F, G) indicate the properties that were
considered fixed in the construction of Figs. 6.1–6.4.

The star diagram of Fig. 6.5 illustrates the Legendre transforms of Table 4.3
for closed systems. For example, the first Legendre transformation fromU(S, V)

Figure 6.5 Star diagram with the U, H, F, and Gminimum and Smaximum principles.
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toH(S, P) corresponds to interchanging the position of diagonally opposed cor-
ners of the square portion of the diagram.

6.2 THE STABILITY OF A SIMPLE SYSTEM

6.2.1 Thermal Stability

The usefulness of the energy minimum principles becomes apparent as we
express analytically the thought that the equilibrium state of a simple system
must be stable. If the system is unstable and separates into two or more distinct
subsystems (phases), the system ceases to be a “simple” system. Consider a
simple system confined by a rigid, impermeable, and adiabatic boundary. The
system is homogeneous (single phase) and closed, and, consequently, its energy
(U) and volume (V) remain constant (Fig. 6.6).

In the initial state (1), the system is divided by an adiabatic partition into two
equal parts so that the left half is slightly warmer than the right. In Fig. 6.6, this
is accounted for by writingUL + ΔU andUR − ΔU for the left and right energy
inventories, so that the total energy at state 1 matches the final energy inventory
(UL + UR):

U1 = (UL + ΔU) + (UR − ΔU) = UL + UR = U2 (6.21)

The constancy of U during the constraint-removal process 1→ 2 is guaranteed
by the adiabatic and zero-work boundary that defines the system. Note that
this process belongs in the constant-U cut made through the three-dimensional
surface in Fig. 6.1.

Let SL and SR represent the entropy inventories of the left and right halves,
respectively, of the system in the final state (2); in other words,

SL = SR = 1
2
S (6.22)

Figure 6.6 Isolated system for the study of thermal stability.
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The original entropy of the left half (SL,1) can be estimated by noting the
constant-volume process undergone by the left half as a system:

SL,1 = SL +
(
𝜕SL
𝜕U

)

V

(ΔU) + 1
2

(
𝜕2SL
𝜕U2

)

V

(ΔU)2 + · · · + (6.23)

The right-side entropy inventory is derived by noting the internal energy defect
registered on the right side in switching from state 2 to state 1:

SR,1 = SR −
(
𝜕SR
𝜕U

)

V

(ΔU) + 1
2

(
𝜕2SR
𝜕U2

)

V

(ΔU)2 + · · · + (6.24)

The entropy maximum of Fig. 6.1 means that the original total entropy (SL,1 +
SR,1) cannot exceed the final total entropy. This is the same as the statement that
the entropy generated from state 1 to state 2 cannot be negative:

Sgen,1–2 = (SL + SR) − (SL,1 + SR,1) ≥ 0 (6.25)

which using the 1
2
S notation indicated in eq. (6.22) becomes

Sgen, 1−2 = −1
2

(
𝜕2S
𝜕U2

)

V

(ΔU)2 ≥ 0 (6.26)

Finally, if the entropy generation is to decrease steadily as the initial nonunifor-
mity disappears, ΔU → 0, the second-order partial derivative must be negative
and finite: (

𝜕2S
𝜕U2

)

V

< 0 (6.27)

This inequality can be rewritten in a number of ways:

𝜕

𝜕U

( 1
T

)

V
< 0 (6.27′)

1
T 2

(
𝜕T
𝜕U

)

V
= 1

T 2mcv
> 0 (6.27′′)

en route to
cv > 0 (6.28)

For the process of Fig. 6.6 to proceed from state 1 to state 2 and not in the oppo-
site direction, the specific heat at constant volume must be positive. In other
words, if cv > 0, the simple system of state 2 cannot split spontaneously into
two thermally dissimilar regions. The inequality (6.28) emerges as a necessary
condition for internal thermal stability.
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6.2.2 Mechanical Stability

Consider next the evolution of a system away from a state characterized by an
internal pressure discontinuity (Fig. 6.7). In state 1, the system is divided into
two slightly unequal parts by an off-center partition held in place with a locking
mechanism. State 2 is one of unconstrained equilibrium, where the partition
floats exactly in the middle of the system. The partition is a diathermal piston
that slides freely during the process 1→ 2: that is, after the locking mechanism
is disengaged. The temperature of the entire system is maintained uniform by
contact with the reservoir (T ). The total volume of the system does not change:

V1 = (VL − ΔV) + (VR + ΔV) = VL + VR = V2 (6.29)

According to the star diagram (Fig. 6.5), the energy minimum principle that
applies at constant T and V is that of minimum Helmholtz free energy. Let FL
and FR be the final Helmholtz free-energy inventories of the identical left and
right halves of the system at state 2:

FL = FR = 1
2
F (6.30)

where F is the final inventory of the entire system. The original Helmholtz free
energies of the two parts of the system (FL,1 and FR,1) can be related to the
final values (FL and FR) by noting the constant-temperature volume changes
experienced by each of the two parts:

FL,1 = FL −
(
𝜕FL

𝜕V

)

T

(ΔV) + 1
2

(
𝜕2 FL

𝜕V2

)

T

(ΔV)2 − · · · + (6.31)

FR,1 = FR +
(
𝜕FR

𝜕V

)

T

(ΔV) + 1
2

(
𝜕2 FR

𝜕V2

)

T

(ΔV)2 + · · · + (6.32)

Figure 6.7 Isothermal process for the study of mechanical stability.
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The Helmholtz free energy at state 2 is a minimum only if

(FL + FR) − (FL,1 + FR,1) ≤ 0 (6.33)

or, using eqs. (6.30)–(6.32), if

1
2

(
𝜕2 F
𝜕V2

)

T

(ΔV)2 ≥ 0 (6.34)

Based on the same argument that earlier gave us eq. (6.27), we deduce that the
second-order partial derivative must be strictly positive:

(
𝜕2 F
𝜕V2

)

T

> 0 (6.35)

Hence,
𝜕

𝜕V
(−P)T = 1

𝜅V
> 0 (6.35′)

and finally,
𝜅 > 0 (6.36)

In conclusion, the internal mechanical stability of the system is assured by a
positive isothermal compressibility value 𝜅: that is, by the system property to
contract upon pressurization at constant temperature.

6.2.3 Chemical Stability

The remaining question is what condition must be met for the simple system not
to segregate spontaneously into two or more subsystems with different chem-
ical composition. Consider the process 1 → 2 triggered by the removal of the
internal semipermeable membrane shown on the left side of Fig. 6.8. The mem-
brane is impermeable only to the i species, and it is because of it that at state 1
the left half of the system holds more moles of i than the right half. The rectan-
gular boundary is impermeable to all the species, which means the total number
of moles of i is conserved during the process:

Ni,1 = (Ni,L + ΔNi) + (Ni,R − ΔNi) = Ni,L + Ni,R = Ni,2 (6.37)

Held constant and uniform during the same process are the temperature and
pressure of the system. This is the result of the intimate contact maintained with
reservoirs T and P (Fig. 6.8). We know from Figs. 6.4 and 6.5 that the energy
minimum principle that rules this constant-T and constant-P process is the G
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Figure 6.8 Constant-T and constant-P process for the study of internal chemical
stability.

minimum. Labeling with GL and GR the Gibbs free energies of the two halves
of the simple system in unconstrained equilibrium at state 2,

GL = GR = 1
2
G (6.38)

the G minimum principle requires that

(GL + GR) − (GL,1 + GR,1) ≤ 0 (6.39)

where, at constant T, P, and Nj ( j ≠ i),

GL,1 = GL +
(
𝜕GL

𝜕Ni

)

T ,P,Nj

(ΔNi) +
1
2

(
𝜕2 GL

𝜕N2
i

)

T ,P,Nj

(ΔNi)2 + · · · + (6.40)

GR,1 = GR −
(
𝜕GR

𝜕Ni

)

T ,P,Nj

(ΔNi) +
1
2

(
𝜕2 GR

𝜕N2
i

)

T ,P,Nj

(ΔNi)2 − · · · + (6.41)

The G minimum trend (6.39) yields ultimately

1
2

(

𝜕2 G

𝜕N2
i

)

T ,P,Nj

(ΔNi)2 ≥ 0 ( j ≠ i) (6.42)

In other words, (

𝜕2 G

𝜕N2
i

)

T ,P,Nj

> 0 ( j ≠ i) (6.43)
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Recalling the differential form for dG given in Table 4.3, eq. (6.43) means that

(
𝜕𝜇i

𝜕Ni

)

T ,P,Nj

> 0 ( j ≠ i) (6.43′)

The sign that at state 2 the system is chemically stable and the process in
Fig. 6.8 can only proceed in the 1 → 2 direction is the inequality (6.43′). The
simple system is chemically stable at state 2 because it has the property that
the chemical potential of species i increases when a new quantity of that species
is added to the mixture system under conditions of constant temperature, pres-
sure, and mole numbers of species j ( j ≠ i).

6.3 THE CONTINUITY OF THE VAPOR AND LIQUID STATES

What do the preceding stability conditions have to do with the thermodynamic
description of multiphase systems in equilibrium? Is it not known already that
the P–v diagram of a pure substance must have the features shown with solid
lines in Fig. 6.9? One benefit of looking more closely at the vapor–liquid tran-
sitions referred to in Fig. 6.9 is the learning of the history of thermodynamics.

6.3.1 The Andrews Diagram and J. Thomson’s Theory

Figure 6.9 is known as the Andrews diagram [2], for Thomas Andrews of
Queen’s College, Belfast, who put it together and did much of the work of clar-
ifying the relationship between known concepts such as gas, vapor, liquid, and
critical temperature. For a long time before him, a “gas” and a “vapor” were
thought to be different in the sense that only the latter could be transformed into
liquid, say, by pressurization at constant temperature. Andrews showed that the
difference between these common terms has to do with whether the temperature
of the fluid in question is greater or lower than its critical temperature. When
the temperature is greater than critical, the process of isothermal pressurization
does not reveal the abrupt transition (separation) into liquid droplets and vapor.

While putting the known gas, vapor, liquid, and liquid–vapor states on the
same map, Andrews drew the conclusion that the vapor and liquid forms of a
pure substance are manifestations of “the same condition of matter” [2]. By
locating the position of the liquid–vapor dome and avoiding it, Andrews was
able to demonstrate that “the gaseous and liquid forms of matter may be trans-
formed into one another by a series of unbroken changes” [2].

The next important idea that was forgotten when the Andrews dia-
gram became the modern P − v diagram of Fig. 6.10 is indicated by the
humped dashed lines in Fig. 6.9. If the vapor can be transformed into liquid
continuously by avoiding the two-phase dome (i.e., avoiding the abrupt
changes marked by the beginning and end of condensation), then, perhaps,
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Figure 6.9 Reproduction of Andrews diagram (solid lines) and J. Thomson’s continu-
ous transition from vapor to liquid through a region of unstable equilibrium. (Figure is
a mirror image of a figure appearing in Ref. 4.)

the continuous-transition concept has a place even at lower, subcritical
temperatures. After all, it is known that, by respecting special rules of tranquil-
ity during the isothermal compression processes of Fig. 6.9, it is possible to raise
the vapor pressure well above the known saturation pressure before the forma-
tion of the first droplets of liquid. This effect is represented by the arc labeled
2–Max in Fig. 6.9, and it forms the subject of Section 6.5.5 onmetastable states.

The idea that a continuous vapor–liquid transition across the dome is
theoretically conceivable and that only an instability effect prevents it from
being part of the observed reality was advanced by James Thomson [4],
professor of mechanical engineering at the same Queen’s College (Belfast)
and brother of William Thomson (Lord Kelvin). He wrote that “it appears
probable that, although there be a practical breach of continuity in crossing the
line of boiling-points… , there may exist, in the nature of things, a theoretical
continuity across this breach having some real and true significance. This
theoretical continuity…must be supposed to be such as to have its various
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Figure 6.10 P–v and T–s diagrams for a pure substance in vapor and liquid form. (From
Ref. 3.)

courses passing through conditions of pressure, temperature and volume in
unstable equilibrium. ”

6.3.2 The van der Waals Equation of State

James Thomson’s idea of fitting continuously the gas and liquid portion of the
Andrews isotherms is shown with dashed lines in Fig. 6.9. The next step is to
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express this idea analytically and then use the stability conditions of the preced-
ing section to predict the abrupt transition from vapor to liquid, and vice versa.
An analytical model that serves this purpose concisely was constructed in 1873
by Johannes Diderik van der Waals [5]. Instead of the usual equation of state
for an ideal gas (Pv = RT), van der Waals wrote

(

P + a
v2

)

(v − b) = RT (6.44)

or
P = RT

v − b
− a

v2
(6.44′)

where a and b are two empirical constants. The b constant represents the mini-
mum volume occupied by the substance in the limit P → ∞. The additional
pressure term a∕v2 accounts for the mutual attraction between molecules
under the assumption that the attraction forces are proportional to the density
squared. The van der Waals model bridges the gap between ideal gas behavior
and incompressible liquid behavior:

eq.(6.44) → Pv = RT as v → ∞
eq.(6.44) → v = b as P → ∞ (6.44′′)

Figure 6.11 shows in dimensionless form the family of isotherms provided
by the van der Waals model and how the shape of these curves matches what
we saw in the Andrews diagram. First, the nondimensionalization of Fig. 6.11
consists of defining the reduced pressure, temperature, and specific volume:

Pr =
P
Pc
, Tr =

T
Tc
, vr =

v
vc

(6.45)

where Pc, Tc, and vc represent the (P, T, v) values measured at the critical point
CP. In terms of these new variables, eq. (6.44′) reads

Pr =
8Tr

3vr − 1
− 3

v2r
(6.46)

A step in the transition from eq. (6.44′) to eq. (6.46) is the fitting of the
two-constant expression (6.44′) to the critical-point data of an actual substance
(Table 6.1). This is done by stating that the van der Waals isotherm has an
inflection at the critical point:

(
𝜕P
𝜕v

)

T
= 0 and

(
𝜕2 P
𝜕v2

)

T

= 0 at P = Pc, T = Tc, and v = vc (6.47)

Solving the two-equation system (6.47) yields

Pc =
a

27b2
, Tc =

8a
27bR

, vc = 3b (6.48)
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Figure 6.11 Van der Waals isotherms in reduced-pressure and reduced-volume space.

In the pursuit of James Thomson’s idea, it remains to show that the region
covered by wavy isotherms in Fig. 6.11 is a domain of thermodynamic insta-
bility that accounts for the slope discontinuities (sharp corners) of the Andrews
solid lines (Fig. 6.9). First, note that the fluid cannot exist in the area covered
by the van der Waals isotherms with positive slope:

(
𝜕P
𝜕v

)

T
> 0 (6.49)

Equilibrium states are excluded from this region by the criterion of internal
mechanical stability [eqs. (6.35′) and (6.36)]. In Fig. 6.11, this region is bor-
dered by two dashed lines representing the solution to the first of eqs. (6.47).
A three-dimensional version of Fig. 6.11 is shown in Fig. 6.12a to make more
vivid the origin of the spinodal name given to the two curves that border the
instability domain. The origin lies in the Latin noun spina,which in this context
means “spine.” It also means “thorn” (e.g., the thorny backbone of a fish).

Another observation is that the slope discontinuities associated with horizon-
tal lines of type f–g (Fig. 6.10) are part of a phenomenon that occurs at constant
temperature and pressure. We are reminded by the star diagram (Fig. 6.5) that



Trim Size: 6.125in x 9.25in Bejan c06.tex V2 - 08/08/2016 6:37pm Page 229�

� �

�

THE CONTINUITY OF THE VAPOR AND LIQUID STATES 229

TABLE 6.1 Critical-Point Properties [3]

Critical Temperature Critical Pressure
Critical Specific Volume

Fluid K ∘C MPa atm (cm3/g)

Air 133.2 −140 3.77 37.2 2.9
Alcohol (ethyl) 516.5 243.3 6.39 63.1 3.6
Alcohol (methyl) 513.2 240 7.98 78.7 3.7
Ammonia 405.4 132.2 11.3 111.6 4.25
Argon 150.9 −122.2 4.86 48 1.88
Butane 425.9 152.8 3.65 36 4.4
Carbon dioxide 304.3 31.1 7.4 73 2.2
Carbon monoxide 134.3 −138.9 3.54 35 3.2
Carbon tetrachloride 555.9 282.8 4.56 45 1.81
Chlorine 417 143.9 7.72 76.14 1.75
Ethane 305.4 32.2 4.94 48.8 4.75
Ethylene 282.6 9.4 5.85 57.7 4.6
Helium 5.2 −268 0.228 2.25 14.4
Hexane 508.2 235 2.99 29.5 4.25
Hydrogen 33.2 −240 1.30 12.79 32.3
Methane 190.9 −82.2 4.64 45.8 6.2
Methyl chloride 416.5 143.3 6.67 65.8 2.7
Neon 44.2 −288.9 2.7 26.6 2.1
Nitric oxide 179.3 −93.9 6.58 65 1.94
Nitrogen 125.9 −147.2 3.39 33.5 3.25
Octane 569.3 296.1 2.5 24.63 4.25
Oxygen 154.3 −118.9 5.03 49.7 2.3
Propane 368.7 95.6 4.36 43 4.4
Sulfur dioxide 430.4 157.2 7.87 77.7 1.94
Water 647 373.9 22.1 218.2 3.1

at constant T and P the equilibrium of a simple system is characterized by min-
imum Gibbs free energy; therefore, we set out to investigate the variation of g
[or 𝜇, eq. (4.34′)] in the domain of wavy van der Waals isotherms.

One wavy isotherm from Fig. 6.11 is shown in Fig. 6.13. According to the
closed-system version of the dG expression listed in Table 4.3, we can write

dg = −s dT + v dP (6.50)

Along the T = T0 isotherm, the specific Gibbs free energy varies as

g(T0,P) = g0 + ∫
P

P0

v dP (6.51)

where g0 = g(T0,P0). The integration of eq. (6.50) starts from the point 0,
where T = T0 and P = P0, and proceeds along the wavy portion of the
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isotherm passing through the points labeled max and min. The way in which
the calculated g(T0,P) values vary with P is shown qualitatively on the right
side of Fig. 6.13. From 0 to max, g increases relatively fast because the
integrand (v) of the pressure integral (6.51) is large. Between max and min,
g decreases because the pressure decreases (note that dP is negative). This
portion of the isotherm is drawn with a dashed line to remind us that the points
along it are states of unstable equilibrium. Finally, the g values increase again
as the pressure increases after turning the corner marked min. This time the
rise of g is slow and almost linear in P, because the v integrand of the pressure
integral (6.51) is small and almost constant.

What emerges in the P–g plane on the right side of Fig. 6.13 is a curve that
crosses itself over at point 2. The two cusps of this curve correspond to the max
and min points noted on the T0 isotherm in the P–v plane. As the integration
(6.51) sweeps the T0 isotherm from right to left in theP–v plane, the T0 isotherm
is traveled in the clockwise direction in the P–g plane.

Figure 6.12 (a) Three-dimensional surface corresponding to the van der Waals
equation of state; (b) theoretically modified surface showing the two-phase region result-
ing from applying the equal-area rule described in Fig. 6.13.
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Figure 6.12 (Continued)

Figure 6.13 Equal-area rule for determining the pressure of the gas–liquid transition
during isothermal compression.
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For any pressure P1 in the range Pmin–P2, the g function calculated with
eq. (6.51) has three values such that

g1 < g1′ < g1′′ (at constant T and P) (6.52)

Which of these values represents the true Gibbs free energy of the system is
the same as asking which of states 1, 1′, and 1′′ represents the equilibrium of
the system in the P–v plane. State 1′′ and g1′′ are ruled out by the instability
argument built around eq. (6.49). States 1 and 1′ are both possible equilibrium
states; however, in view of the G minimum principle and the fact that g1 is
less than g1′ , the system will opt for state 1 as the stable equilibrium state. The
choice is reversed in the case of pressure levels P3 closer to Pmax:

g3′ < g3 < g3′′ (at constant T and P) (6.53)

as the system settles for state 3′. Looking at the crossed-over curve in the P–g
plane, we see that the equilibrium state (the one with the lowest g) jumps from
the first arc of the curve to the third at the intersection labeled 2. This point
corresponds to states 2, 2′, and 2′′ in the P–v plane.

The abrupt transition from vapor to liquid during a process of isothermal
compression can therefore be rationalized by invoking the principle of mini-
mumGibbs free energy at constant temperature and pressure. The discontinuity
of volume measured between vf and vg along one of the horizontal isotherm
segments in the Andrews diagram [Figs. 6.9 and 6.10 (top)] is the same as the
discrepancy between v2′ and v2 in the P − v plane of Fig. 6.13. The system can
exist as a homogeneous system only at volumes larger than v2 (as vapor) and at
volumes smaller than v2′ (as liquid). If the system volume v is dictated by the
design of the container wall in such a way that it falls between v2′ and v2,

v2′ < v < v2 (or vf < v < vg) (6.54)

the system (mass = m) breaks up into two subsystems (mf ,mg), where the spe-
cific volume of mf is vf and that of mg is vg. Put together, the two subsystems—
the two phases—occupy the imposed overall volume (mv):

mf vf + mgvg = mv (6.55)

The mass fraction of the vapor phase in this assembly is the quality of the
two-phase mixture (better said, the vapor quality):

x =
mg

mf + mg
(6.56)

so that state 2 or state g is represented by x = 1 and T = T0 and state 2
′ or state

f by x = 0 and T = T0. The liquid fraction or moisture content of the L + V
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mixture is equal to 1 − x. The specific volume of the system is related to the
specific volumes of the individual phases via

v = vf + x(vg − vf )
⏟⏞⏞⏟⏞⏞⏟

vfg

(6.57v)

which is obtained by combining eqs. (6.55) and (6.56). Note that equations
of type (6.55) and (6.56) can be written for other extensive properties. For
example, the u, h, and s equivalents of eq. (6.57v) are

u = uf + x(ug − uf ) = uf + xufg (6.57u)

h = hf + x(hg − hf ) = hf + xhfg (6.57h)

s = sf + x(sg − sf ) = sf + xsfg (6.57s)

Example 6.1. The van der Waals equation of state can be nondimensionalized in
the coordinate system centered at the critical point. The new dimensionless pressure,
volume, and temperature are

𝜋 =
P − Pc

Pc
, 𝜙 =

v − cc
vc

, 𝜏 =
T − Tc
Tc

The objective is to determine the new equation of state, 𝜋 = 𝜋(𝜙, 𝜏), and the slope
of the critical isochore (𝜙 = 0) in the pressure–temperature plane 𝜋–𝜏. The solution
proceeds as follows:

The new equation of state is

3𝜙3 + (2 + 3𝜙) 𝜋 − 8𝜏 = 0

Therefore, the critical isochore (the constant-volume curve v = vc) is described by
the straight line

2𝜋 − 8𝜏 = 0 (𝜙 = 0)

The slope of this line is (𝜕𝜋∕𝜕𝜏)𝜙=0 = 4. All the isochores (𝜙 = const) are straight
lines.

6.3.3 Maxwell’s Equal-Area Rule

The horizontal line 2′–2 slices the hump of the van der Waals isotherm at a
particular pressure level P2. This special (unique) pressure corresponds to the
crossover point exhibited by the T0 isotherm in the P–g plane. At this stage we
draw an important conclusion and ask a new question. The conclusion is that
as long as the temperature T0 is subcritical, there is a one-to-one relationship
between T0 and the pressure level of volume discontinuity, P2.

The new question is how to determine the condensation pressure P2 based on
the P–v diagram alone, that is, without having to construct the P–g diagram and
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to locate the crossover point 2. The answer consists of expressing analytically
that states 2 and 2′ fall on top of each other on the P–g plane: namely,

g2′ = g2 (6.58)

In terms of pressure integrals, eq. (6.51), the statement above implies that

g0 +

(

∫
2′

0
v dP

)

T=T0

= g0 +
(

∫
2

0
v dP

)

T=T0

(6.59)

In other words, (

∫
2′

2
v dP

)

T=T0

= 0 (6.60)

Looking at the wavy portion of the T0 isotherm in the P–v plane of Fig. 6.13, we
see that the arc 2–2′ is made up of four smaller arcs, 2–max, max–2′′, 2′′–min,
and min–2′. Equation (6.60) becomes

(

∫
max

2
v dP

)

T=T0

+

(

∫
2′′

max
v dP

)

T=T0

+
(

∫
min

2′′
v dP

)

T=T0

+

(

∫
2′

min
v dP

)

T=T0

= 0 (6.61)

which is the same as

(

∫
max

2
v dP

)

T=T0

−
(

∫
max

2′′
v dP

)

T=T0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Area I

=

(

∫
2′′

min
v dP

)

T=T0

−

(

∫
2′

min
v dP

)

T=T0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Area II
(6.61′)

The graphic technique for locating the position of P2 on the P–v diagram
consists of comparing areas I and II shaded in Fig. 6.13. The transition pressure
level P2 is the one for which areas I and II are equal. This equal-area rule is
Maxwell’s contribution [6] to the theoretical line of Andrews [2], Thomson [4],
and van der Waals [5].

The equal-area rule can be used to slice off all the wavy isotherms of the
van der Waals P(v, T) surface presented in Fig. 6.12a. The result of this con-
struction is drawn to scale in Fig. 6.12b. The similarity between the projection
of this theoretically modified surface on the Pr–vr plane and the Andrews dia-
grams [Figs. 6.9 and 6.10 (top)] is the reward for having questioned the origin of
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the volume discontinuity and two-phase separation observed during isothermal
compression at subcritical temperatures.

The flat portion of themodified surface (the liquid–vapor dome of Fig. 6.12b)
is what in space geometry is called a ruled surface. Projected on thePr–Tr plane,
the liquid–vapor dome appears as a line with positive curvature. This line is
terminated by the critical point CP. The projection of a P(v,T) surface on the
P–T plane is called the Regnault diagram in memory of one of the greatest
experimentalists of the nineteenth century.†

6.3.4 The Clapeyron Relation

Translated into the terminology of Fig. 6.10, the crossover condition (6.58)
reads

gf = gg (6.62)

The position of states f and g is fixed as soon as their temperature or pressure
is specified (recall the one-to-one relationship between T0 and P2 discovered
in Fig. 6.13). For small variations in T (or P), eq. (6.62) yields, in order,

dgf = dgg (6.63)

−sf dT + vf dP = −sg dT + vg dP (6.64)

(sg − sf ) dT = (vg − vf ) dP (6.65)

dP
dT

=
sfg
vfg

(for states of type f , g, and f + g) (6.66)

The step from eq. (6.63) to eq. (6.64) required the use of eq. (6.50). The
result is that the slope of the unique curve P(T ) [eq. (6.66)] is related to
the discontinuities registered by entropy and volume during the constant-T
switch from f to g. Since both sfg and vfg are positive (Fig. 6.10), the pressure
of a two-phase mixture ( f + g) increases with the temperature.

An alternative to the dP∕dT expression derived above is

dP
dT

=
hfg
Tvfg

(for states of types f , g, and f + g) (6.67)

This alternative is based on using the additional identity

hfg = Tsfg (6.68)

†Henri Victor Regnault (1810–1878) was professor of chemistry at the École Polytechnique, Paris,
and later at the Collège de France.
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which comes from the analysis of a process of reversible isothermal expansion
from f to g:

Qf−g − Wf−g
⏟⏟⏟
mPvfg

= Ug − Uf
⏟⏟⏟

mufg

(first law) (6.69)

Qf−g = T(Sg − Sf )
⏟⏞⏞⏟⏞⏞⏟

msfg

(second law) (6.70)

where m is the total mass of the pure-substance sample. The dP∕dT relation
(6.67) is recognized as the Clapeyron relation or the Clausius–Clapeyron
relation.

6.4 PHASE DIAGRAMS

6.4.1 The Gibbs Phase Rule

In the two-phase region of a pure substanceP and T cannot be specified indepen-
dently. Consider now the more general case of a simple systemwhose composi-
tion is described by themole numbers of n components. The simple system has a
total of n + 2 intensive properties (T ,P, 𝜇i), out of which only n + 1 can be spec-
ified independently. The simple system (pure phase) is said to have only n + 1
degrees of freedom because the n + 2 intensive properties are related through
the Gibbs–Duhem relation (4.32). In the case of one phase, then, we reason that

Number of
degrees of
freedom

=
Number of
intensive
properties

−
Number of

Gibbs–Duhem
relations

(n + 1) (n + 2) (1) (6.71)

Consider a postinstability situation where the n-component system is sepa-
rated into p distinct phases all in equilibrium with one another. Each phase is a
simple system of the kind discussed in the preceding paragraph. In Chapter 4
we learned that at equilibrium the (T ,P, 𝜇i) values of a simple system match
those of its surroundings. It follows that if the p phases are in equilibrium with
one another, they all share the same (T ,P, 𝜇i) values: that is, the same intensive
properties. Therefore, the total number of intensive properties for the aggre-
gate system (the assembly of p phases) is the same as for one individual phase,
namely, n + 2. The number of degrees of freedom of the aggregate system is
equal to n + 2 minus the number of relations that exist between the n + 2 inten-
sities. In the present case, the number of relations is p because each phase has
its own Gibbs–Duhem relation (4.32). The summary of this argument is the
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Gibbs phase rule [1] for calculating the number of degrees of freedom of an
equilibrium mixture of n components coexisting as p phases:

Degrees of freedom = n + 2 − p (6.72)

6.4.2 Single-Component Substances

As a first application of the Gibbs phase rule, consider the three-dimensional
representation of the P(v, T ) surface seen as a family of isotherms in the
Andrews diagram (Fig. 6.9). In the case of a single-component substance,
n = 1, which means that when the system is in only one phase (p = 1), the sys-
tem has two degrees of freedom, T and P. The temperature and pressure can be
varied independently along the single-phase regions marked “vapor,” “liquid,”
and “solid” on the P(v, T ) surface of the “pure-substance” diagram of Fig. 6.14.
It was pointed out in the introduction to Chapter 4 that the concept of a pure sub-
stance is more general than that of a single-component substance. The defining

Figure 6.14 P(v, T) surface of a single-component substance that contracts upon freez-
ing (the middle diagram), the incompressible substance model (left), and the ideal gas
model (right). (From Ref. 3.)
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feature of a pure substance is that its chemical composition is the same
regardless of its form of aggregation (solid, liquid, vapor). Single-component
substances meet this condition; therefore, they are all pure substances.

Two-phase mixture states are represented by the scooped-out regions L + V
(liquid + vapor), S + V (solid + vapor), and S + L (solid + liquid) on the same
P(v, T ) surface of the pure-substance diagram in Fig. 6.14. A surface of this
kind was encountered while constructing the modified version of the van der
Waals P(v, T ) surface (Fig. 6.12b). The distinctive feature of these regions of
two-phase states is that their projections on the P–T plane (i.e., on the Reg-
nault diagram) are curves, not surfaces. The state of a two-phase mixture is
pinpointed, for example, by specifying one intensive property (T or P) and the
specific volume or any other property that depends on the two-phase compo-
sition of the mixture. The composition is described in terms of the quality x
[eq. (6.56)], which for a single-component two-phase mixture is also the mole
fraction of the vapor phase:

x =
Ng

Nf + Ng
(for an L + V mixture) (6.73)

The mixing rule used in eqs. (6.57v)–(6.57s) for calculating the properties of
an L + V mixture continues to hold for S + L and S + V mixtures. The specific
volume of a mixture of solid and liquid in equilibrium is

v = vs + xf (vf − vs) = vs + xf vsf (6.74v)

where xf represents the fraction occupied by liquid in the mixture. Similarly,
the specific volume of a solid and vapor mixture is

v = vs + xg (vg − vs) = vs + xg vsg (6.75v)

with xg representing the vapor fraction and vs the specific volume of saturated
solid. Other properties of S + L and S + V mixtures can be calculated by extend-
ing the following rules in the manner indicated earlier in eqs. (6.57u)–(6.57s).
Similarly, we can write a Clapeyron equation of type (6.66)–(6.67) to express
the dP∕dT slope of each region of two-phase states:

dP
dT

=
ssf
vsf

=
hsf
Tvsf

(for states of type s, f , and s + f ) (6.76)

dP
dT

=
ssg
vsg

=
hsg
Tvsg

(for states of type s, g, and s + g) (6.77)

The collection of states in which the system contains all three phases in equi-
librium is represented by the triple-point line TP–TP drawn parallel to the v
direction in the middle diagram of Fig. 6.14. The triple-point line is the inter-
section of the ruled surfaces S + L, L + V , and S + V , and its projection on the
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P–T plane is a single point (the triple point, TP) (Fig. 6.16). For a system whose
state is situated on the triple-point line, we have n = 1 and p = 3; therefore,
according to eq. (6.72), the number of degrees of freedom of the system is zero.
Indeed, the temperature and pressure of S + L + V mixtures of the same chem-
ical component are known constants or “fiducial points” on the T and P scales.
Some of these constants are listed in Table 10.1 and, for water, in Fig. 6.15.
The state of a S + L + V mixture is pinpointed by specifying the composition
(xs, xf , xg), where

xs + xf + xg = 1 (6.78)

The specific volume of the three-phase system is then

v = xs vs + xf vf + xg vg (6.79v)

where vs, vf , and vg are known constants also. In general, the specific volumes
(or u, h, s, etc.) of the saturated single-phase states are functions of only T (orP);
therefore, they are known constants at the fixed triple-point temperature (or
pressure). Other specific extensive property values can be calculated similarly
by replacing v with u, h, s, and so on, in eq. (6.79v).

The preceding observations acquire more meaning if we examine the P(v, T)
surface of the substance with which we are most familiar: water (Fig. 6.15).
One peculiarity is that the specific volume of ice I is greater than that of liquid
water; in other words, water expands upon freezing. This feature is particularly
visible along the triple-point line, where vs > vf . Another feature is the multi-
tude of ice forms and associated transitions at pressures higher than 2000 atm.
Note the ruled surfaces representing two-phase mixtures and the triple-point
lines along which some of these surfaces intersect. The transition from liquid
water to ice VI, for example, shows that at sufficiently high temperatures and
pressures the process of solidification is accompanied by a reduction in volume.
The high-pressure region of the P(v, T) surface of water was mapped during the
first decades of the twentieth century, most notably by Bridgman [7].

Viewed from the right (i.e., parallel to the v direction), the P(v, T) surface of
Fig. 6.15 reveals the Regnault diagram for water. The moderate pressure range
of this diagram is presented in Fig. 6.16. One feature to note is the use of log
P and 1∕T as coordinates; this choice is responsible for making the ice–steam
and water–steam curves appear almost linear (Problem 6.2). We shall encounter
this feature again in Fig. 7.3.

6.4.3 Two-Component Mixtures

Placing n = 2 in the Gibbs phase rule (6.72), we find that the number of degrees
of freedom of a two-component mixture is 3 for a single-phase system, 2 for a
two-phase system, and 1 for a three-phase system. It means that in place of the
areas that in the case of single-component substances represented single-phase
systems we must now use volumes to chart the domain of single-phase



Trim Size: 6.125in x 9.25in Bejan c06.tex V2 - 08/08/2016 6:37pm Page 240�

� �

�

240 MULTIPHASE SYSTEMS

Figure 6.15 P(v, T) surface for water, showing the volume increase experienced upon
freezing and the various transformations at very high pressures.

two-component mixtures. In place of P(T ) curves representing two-phase
states of single-component substances, we now discover areas that account
for the two-phase states of binary mixtures. In short, the phase diagrams of
two-component systems have one more dimension relative to the diagrams
of single-component substances. This accounts for their relative complexity
and for the volume they occupy in fields where the subject of multicomponent
mixtures is much more important than in this course: for example, in chemical
engineering and metallurgy.

Consider a mixture of two components, A and B, and assume that A
and B can exist in any proportion in the mixture, regardless of whether the
mixture is liquid or gaseous. Instead of the plane Regnault diagram of single-
component substances (e.g., Fig. 6.16), the A + B mixture is represented by
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Figure 6.16 Regnault diagram (P–T) for water, steam, and ice I at moderate pressures.

a three-dimensional diagram (Fig. 6.17a). The new dimension that makes
this diagram three dimensional is the one that measures the composition of
the system, namely, xA or xB. Note that xA + xB = 1 and that throughout this
subsection xA and xB represent mole fractions.

The familiar portions of Fig. 6.17a are the left and right vertical planes,
xA = 0 and xA = 1; these are the Regnault diagrams of the pure components
B and A, respectively. Each P(T ) curve in these planes is terminated by a crit-
ical point, (CP)B and (CP)A. The states that reside above the two-phase curves
[labeled (L + V)B and (L + V)A in the lateral planes] represent liquid states. The
states situated below these curves are vapor states.

If we look at the body of the diagram that covers the range of intermediate
compositions 0 < xA < 1, we see that the (T ,P, xA) space is divided into three
distinct regions along the vertical: an upper high-pressure domain in which the
binary mixture is a liquid, a lower domain where the mixture is a gas, and an
intermediate space shaped like a mitten that houses all the liquid–vapor states
of the mixture. Beyond this intermediate space (i.e., at sufficiently high temper-
atures), the mixture is in gaseous form throughout the pressure range shown in
the figure.

The shape of the intermediate space is visualized by three constant-
temperature cuts. The second of these cuts passes right through the critical
point (CP)A, but not through (CP)B. This is due to the fact that the critical tem-
perature of pure A happens to be higher than the critical temperature of pure B.
The shape of the intermediate liquid–vapor domain is visualized further by a
constant-xA plane, the P(T ) trace of which is shown in Fig. 6.17c. The P(T )
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Figure 6.17 Single- and two-phase domains of a binary mixture, or the effect of com-
position (xA) on the Regnault diagram.

curve seen in the constant-xA cut is made up of two arcs—the bubble point line
and the dew point line—joined at a critical point (CP)xA . The meaning of this
terminology is discussed below.

In conclusion, the mitten-shaped space sketched in the (T ,P, xA) space is
bordered from above by the bubble point surface and from below by a dew
point surface. These two surfaces are joined smoothly along a curve of critical
points that runs from (CP)B to (CP)A around the high-temperature end of the
liquid–vapor space.
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How the intermediate liquid–vapor space accounts for the two-phase states of
the A + B mixture is illustrated in the pressure–composition diagram shown in
Fig. 6.17b. Consider a process of isothermal pressurization beginning with the
single-phase state (1). As the pressure increases from state 1 to state 2, the com-
position and form of aggregation of the mixture do not change. State 2 marks
the appearance of the first droplets of liquid. The peculiar aspect of this incipi-
ent two-phase system is that the liquid phase (the droplets) and the vapor phase
(the bulk of the system) have different compositions. The first droplets have the
xA value of state 2f , while the surrounding vapor has the original composition,
xA, 1 = xA, 2g .

As the pressure continues to increase, the system evolves as a two-phase
mixture in which the saturated vapor phase is a binary mixture of composi-
tion xA,3g and where the saturated liquid phase is a binary mixture of compo-
sition xA,3f . Both xA,3g and xA,3f shift as P increases. The life of the two-phase
system expires when the concentration of the liquid phase matches the original
concentration of the gaseous system, xA, 4f = xA, 1. The last bubbles that disap-
pear from the system have a different composition, xA,4g . A further increase in
pressure moves the state of the now single-phase mixture from 4f to 5: that is,
along a line of constant concentration.

In summary, the system breaks up into liquid + vapor only in the pressure
interval P2 − P4. Point 3, drawn along the constant-xA line inside the two-phase
region, symbolizes the two-phase state in which the system contains liquid of
type 3f and vapor of type 3g. How much of 3f liquid and 3g vapor one finds at
state 3 depends on the specific volumes of 3f liquid and 3g vapor as well as on
the overall (imposed) specific volume of the entire two-phase system.

A similar story can be told while looking at a constant-P cut through the
mitten-shaped space of liquid–vapor states of Fig. 6.17a. One section of this
type is shown in Fig. 6.18a. The airfoil shape of the two-phase region has
two sharp points because the constant-P plane happens to intersect the curves
labeled (L + V)B and (L + V)A in Fig. 6.17a. A process in which the tempera-
ture rises isobarically proceeds along the vertical line 6–8–10, giving birth to
two-phase mixtures only in the temperature interval T7–T9.

In general, at fixed T and P, the composition of the liquid phase differs from
that of the vapor phase in a two-phase batch of a binary mixture. After all, this
feature distinguishes the binary mixture from a pure substance. One exception
from this conclusion is shown in Fig. 6.18b, where we see that the intermediate
domain of two-phase states collapses to zero thickness at the point marked Q.
The composition where this collapse occurs is called the azeotropic† composi-
tion, and the binarymixture (xA, xB)Q is called the azeotropic mixture or, simply,
the azeotrope. In such a mixture, the composition of the liquid phase is the same
as that of the vapor phase.

†From the Greek words zeo (“to boil”) and atropos (“unchanging”).
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Figure 6.18 Two-phase domain of a binary mixture on the constant-P plane and the
collapse of this domain at the point of azeotropic composition (Q).

Figure 6.18 shows that at the azeotropic composition the lines of saturated
vapor state g and saturated liquid states f have zero slope as they become tangent
at Q. Let us show that this feature is a direct consequence of the condition of
azeotropy:

xA,f = xA,g (6.80)

In general, at a given temperature and pressure, the composition of the liquid
phase (xA,f , xB,f ) differs from the composition of the vapor phase (xA,g, xB,g).
The two phases are in equilibrium; therefore, they share not only the T and P
values, but also the chemical potentials 𝜇A and 𝜇B. The Gibbs–Duhem relations
that apply to the f and g phases are

sf dT − vf dP + xA,f d𝜇A + xB,f d𝜇B = 0 (6.81)

sg dT − vg dP + xA,g d𝜇A + xB,g d𝜇B = 0 (6.82)
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where xB,f = 1 − xA, f and xB,g = 1 − xA,g. The molal entropies (sf , sg) and vol-
umes (vf , vg) are proper molal quantities in accordance with definition (4.96).
Subtracting eq. (6.81) from eq. (6.82), we obtain

sfg dT − vfg dP + (xA,g − xA, f )(d𝜇A − d𝜇B) = 0 (6.83)

At constant pressure, as in Fig. 6.18, this conclusion translates into

dT
dxA

=
xA,g − xA,f

sfg

d
dxA

(𝜇B − 𝜇A) (constant P) (6.84)

In the case of an azeotropic composition, the right side of this equation van-
ishes because of eq. (6.80) and sfg ≠ 0. It means that the slopes of the f and
g curves must be zero at point Q in the T–xA plane of constant P. The f and g
curves must also touch at Q because, taken together, eqs. (6.80) and (6.83)
state that at Q the temperature is only a function of pressure. In conclusion,
the azeotropy condition (6.80) is responsible for the zero slope and tangency of
the f and g curves at the point of azeotropic composition (Q).

It is easy to see that if the two-phase domain collapses to zero thickness at
Q in the constant-P plane of Fig. 6.18b, it must also collapse in the constant-
T plane: for example, in the P–xA plane shown in Fig. 6.17b. In a constant-
temperature plane, eq. (6.83) dictates that

dP
dxA

=
xA,g − xA,f

vfg

d
dxA

(𝜇A − 𝜇B) (constant T) (6.85)

which means zero slope dP∕dxA at the point where the azeotropic composition
condition (6.80) is satisfied. The f and g curves that would be drawn in the
constant-T plane would be tangent with zero slope at the point of azeotropic
composition.

The phase diagrams of Figs. 6.17 and 6.18 are the simplest diagrams that can
be drawn for mixtures of two chemical species. The relative simplicity of these
diagrams stems from the assumption that the components A and B are miscible
in all proportions. Complications arise whenA andB are only partiallymiscible,
for example, when liquid A and liquid B can mix at xA values that do not cover
the entire range (0, 1).

Figure 6.19 shows a constant-P section through the phase surface of a mix-
ture of two partially miscible liquids. In the limit xA → 0, liquid B mixes with
small amounts of liquid A to form the mixed (homogeneous) liquid phase L𝛽 .
At the opposite edge of the diagram, liquid A mixes with small amounts of
liquid B and forms a totally different (A-dominated) homogeneous liquid, L𝛼.
Continuing to look at the low-temperature portion of Fig. 6.19, we see that
at intermediate values of xA the system can exist only as an assembly of two
distinct liquids (two phases), L𝛽 and L𝛼. The properties of these two phases are
those associated with the saturated liquid states that border the L𝛽 + L𝛼 domain.
For example, state 1 represents a two-phase mixture of saturated liquid L𝛽 at
state 1𝛽 and saturated liquid L𝛼 at state 1𝛼.
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Figure 6.19 Constant-P phase diagram of a mixture of two partially miscible liquids.

The wing-shaped portion of Fig. 6.19 is also due to the partial immiscibility
of A and B as liquids. At sufficiently high temperatures, gaseous A and gaseous
B are miscible in all proportions. In the limit xA → 0, liquid A and liquid B
are miscible; therefore, in that limit, Fig. 6.19 should have the same features
as the constant-P diagrams seen already in Fig. 6.18. Indeed, directly above
the single-phase domain L𝛽 , we see the left extremity of the expected airfoil
shape of the domain of liquid–vapor states, in this case L𝛽 + vapor. Similarly,
in the limit xA → 1, we rediscover the right end of the two-phase domain L𝛼 +
vapor. The two domains L𝛽 + vapor and L𝛼 + vapor are bordered from above
by the saturated vapor states (dew point line) and from below by the saturated
liquid states (bubble point line). These two two-phase domains expire as the
temperature decreases below the lowest temperature at which A and B exist
as a gaseous mixture, TE. If T = TE and if the composition xA falls between
that of states 2𝛽 and 2𝛼, the system exists as a three-phase mixture: liquid L𝛽
of composition xA,2𝛽 , gaseous mixture of composition xA,E, and liquid L𝛼 of
composition xA,2𝛼 .

It is instructive to see the temperature–composition diagrams of miscible A
and B (Fig. 6.18) as special cases of the diagram presented in Fig. 6.19. For
example, if liquid A can mix† with increasingly larger amounts of liquid B,
the horizontal extent of the L𝛼 domain in Fig. 6.19 increases toward the left,
and so does the length of the airfoil-shaped domain L𝛼 + vapor. As this trend
continues, Fig. 6.19 begins to look more like Fig. 6.18a. If the single-phase
domains L𝛽 and L𝛼 become wider simultaneously, the two-phase liquid domain

†In other words, if they can form a homogeneous liquid mixture—a phase.
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L𝛽 + L𝛼 is eventually snuffed out and the resulting diagram looks more like
Fig. 6.18b.

Consider a pair of liquids such as water and mercury, which are practically
immiscible in any proportion. For such a combination, the L𝛽 and L𝛼 domains of
Fig. 6.19 shrink to zero thickness; in other words, the point labeled 2𝛽 resides
now on the xA = 0 edge of the diagram, while point 2𝛼 lands on the xA = 1
edge. The phase diagram of two immiscible liquids is simpler than Fig. 6.19
as the T–xA plane is divided into only four subdomains∶ L𝛽 + L𝛼, L𝛽 + vapor,
L𝛼 + vapor, and vapor.

The phase diagrams of the binary systems discussed in this subsection dealt
only with liquid and gaseous mixtures. A completely analogous discussion can
be presented for binary systems in liquid, solid, and two-phase (liquid–solid)
states. If the components A and B are fully miscible as liquids but only par-
tially miscible as solids, the phase diagram looks the same as in Fig. 6.19,
provided that the “vapor” label is replaced by “liquid,” L𝛽 by S𝛽 , and L𝛼 by S𝛼 .
Note that S𝛽 and S𝛼 refer to two distinct solid phases of A and B. State E in
this case is called the eutectic point, and a mixture of A and B of composition
xA,E is called the eutectic mixture. The melting temperature of the eutectic mix-
ture, TE, is lower than that of any other combination of the same components.
This property is in fact summarized in the name eutectic, which comes from
the Greek word eutektos (“easily fused, well melted”).

6.5 CORRESPONDING STATES

6.5.1 Compressibility Factor

A consequence of the van der Waals analytical fitting of the P(v, T ) surface
is the idea that in terms of the reduced variables (6.45) the pressure might be
a unique function of volume and temperature for all single-component sub-
stances. This idea is suggested by eq. (6.46), which means that

Pr = Pr(vr,Tr) (6.86)

This is known as a principle of corresponding states, by which all substances
(pure or mixtures) are expected to have the same pressure–volume–temperature
equation of state when the variables P, v, and T are normalized with respect to
the critical-point values Pc, vc, and Tc. To any point MA found on the P(v, T )
surface of substance A “corresponds” a special point MB from the P(v, T ) sur-
face of substance B; both points, MA and MB, are represented by a single point
(Mr) on the surface expressed in reduced coordinates, Pr(vr, Tr).

We shall see that the principle works in the original sense suggested by
eq. (6.86) only for one group of substances at a time, where each group con-
tains substances whose molecular constitution is relatively similar. In practice,
then, the simple two-argument expression (6.86) gives way to a three-argument
expression in which the third argument accounts for the molecular identity (fin-
gerprint) of each substance or group of similar substances.
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Instead of a reduced-pressure surface [eq. (6.86)], it has become customary
to work with the dimensionless compressibility factor Z defined by

Z = Pv
RT

(6.87)

where R is the ideal gas constant of the substance whose P(v, T) surface is
being nondimensionalized. The compressibility factor measures the departure
from ideal gas behavior, which is represented by Z = 1. Figure 6.20 shows that
the compressibility factor of real gases is smaller than 1, except at pressures
and temperatures that are considerably higher than critical. In terms of reduced
properties, the compressibility factor is equal to

Z = Zc
Prvr
Tr

(6.88)

where Zc is the compressibility factor at the critical point:

Zc =
Pcvc
RTc

(6.87′)

Table 6.2 shows that substances can be categorized according to the critical
compressibility factor. Furthermore, since any single-component substance has
a two-argument expression of type (6.86), by eliminating vr between eqs. (6.88)
and (6.86), we learn that Zc may play the role of the third (molecular) parameter
in the corresponding states expression:

Z = Z(Tr,Pr,Zc) (6.89)

The description of the P(v, T ) surface is completed by eqs. (6.87) and (6.89).
If we know two properties of a batch of fluid (say, T and P), first we evaluate Z
using eq. (6.89) so that we can calculate the remaining properties: for example,
v from eq. (6.87) and h and s from eqs. (6.118) and (6.121), respectively, derived
later in this section. It is important, then, to have access to the Z surface indi-
cated in eq. (6.89). One approach to the construction of this surface has been
to ignore the effect of the third parameter [Zc in eq. (6.89)] and to average the
Z(Tr,Pr) values calculated for a number of pure fluids. Figure 6.20 shows one
of the generalized Nelson–Obert compressibility charts [8] that were obtained
by averaging the Z information deduced from the P(v, T ) surfaces of 30 flu-
ids. The charts for low and high pressures are available in the second edition of
this book.

The information projected on Fig. 6.20 is admittedly approximate, which is
why it is better left in graphical form as opposed to tabular form or analytical
expressions. The errors associated with using these charts are on the order off
less than 5% for states that are not near the critical point. The charts are less
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TABLE 6.2 Critical Compressibility Factors and Pitzer Acentric Factors

Fluid Zc 𝜔 Fluid Zc 𝜔

Ammonia, NH3 0.242 0.250 Methane, CH4 0.288 0.008
Argon, Ar 0.291 −0.004 Methyl chloride, CH3Cl 0.268 0.156
Butane, C4H10 0.274 0.193 Neon, Ne 0.311 0.000
Carbon dioxide, CO2 0.274 0.225 Nitric oxide, NO 0.25 0.607
Carbon monoxide, CO 0.295 0.049 Nitrogen, N2 0.29 0.040
Carbon tetrachloride, CCl4 0.272 0.194 Octane, C8H18 0.259 0.394
Chlorine, Cl2 0.275 0.073 Oxygen, O2 0.288 0.021
Ethane, C2H6 0.285 0.098 Propane, C3H8 0.281 0.152
Ethylene, C2H4 0.276 0.085 Sulfur dioxide, SO2 0.268 0.251
Helium 4, He 0.301 −0.387 van der Waals fluid 0.375 −0.302
Hexane, C6H14 0.260 0.296 Water, H2O 0.229 0.344
Hydrogen, H2 0.305 −0.22 Xenon, Xe 0.286 0.002

Source: Data extracted from a compilation by Reid et al. [9].

accurate in the critical-point region. In any case, they are not to be used for
strongly polar fluids (water, ammonia) or for helium, nitrogen, and neon [9].

The constant-vr′ lines drawn on the Z chart of Fig. 6.20 are for the pseudore-
duced volume

vr′ =
v

RTc∕Pc
(6.90)

This reduced volume is nondimensionalized with respect to RTc∕Pc as opposed
to the critical specific volume vc of eq. (6.45). The use of pseudoreduced vol-
umes is motivated by the fact that the measurement of Tc and Pc is considerably
more accurate than that of vc. Therefore, to recover the P(v, T ) information
of a fluid from Fig. 6.20, the user must know the critical temperature, critical
pressure, and ideal gas constant of the fluid.

The generalized compressibility factor chart Z(Tr,Pr) has been improved in
a number of ways. One approach consisted of increasing the number of flu-
ids in the process of averaging the reduced P(v, T ) information, which yielded
Fig. 6.20. Another approach stems from the view that justice to the correspond-
ing states idea can only be done by taking into account the third argument (the
molecular parameter) in eq. (6.89). If Zc is chosen as the molecular parameter,
a Z(Tr,Pr) surface like that of Fig. 6.20 must exist for each group of fluids that
have the same critical compressibility factor Zc.

An alternative to using Zc as the third argument in a universal Z surface was
proposed by Pitzer [10]. He differentiated between various fluids by means
of the position occupied by each saturation pressure curve (or locus of L +
V states) on the dimensionless Regnault diagram Pr–Tr. Figure 6.21 shows
three such curves. Note that all the curves arrive at the same critical point (CP)
because of the choice of nondimensionalizing the abscissa and the ordinate.
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Figure 6.21 Regnault diagram in reduced coordinates for water, simple fluids (e.g.,
methane), and van der Waals fluid showing the definition of the Pitzer acentric factor.

The interesting feature of this plot is the different slope of each curve. Pitzer
attributed this difference to the degree of spherical symmetry of the molecular
force field of each particular fluid. Fluids whose molecular force fields exhibit
spherical symmetry are represented by practically the same reduced saturation
pressure curve in the Pr–Tr plane. Examples of such fluids are the permanent
gases with heavy molecules (argon, neon, xenon) and methane. Pitzer named
this fluid class simple fluids and used the position of their Pr(Tr) curve as refer-
ence. The departure from this reference position was quantized in terms of the
cut made by the Pr(Tr) curve of another fluid on the vertical line Tr = 0.7 in
Fig. 6.21. The cut made by the Pr(Tr) curve of a simple fluid on the same line
occurs at Pr = 0.1.

Pitzer et al. [11] assigned a number 𝜔—now called the Pitzer acentric
factor—to each cut made by the Pr(Tr) curves on the Tr = 0.7 vertical:

𝜔 = −log10(Pr) − 1 (at Tr = 0.7) (6.91)

such that 𝜔 = 0 represents the class of simple fluids. Table 6.2 shows that each
pure fluid has its own𝜔 and that the value of𝜔 departs from zero as the spherical
symmetry of the molecular force field deteriorates. Strongly polar fluids (H2O,
NH3) have high Pitzer acentric factors, which means that their two-parameter
surfaces Z(Tr,Pr) should differ from the reference Z surface of simple fluids.

The proposal above amounts to constructing a three-parameter family of
charts:

Z = Z(Tr,Pr, 𝜔) (6.92)
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Pitzer et al. [11] went one step further and assumed that the effect of 𝜔 is sim-
ply to correct the two-parameter compressibility factor chart of simple fluids,
Z(0)(Tr,Pr). They assumed a linear relationship for this correction procedure:

Z(Tr,Pr, 𝜔) = Z(0)(Tr,Pr) + 𝜔Z(1)(Tr,Pr) (6.93)

where the correction function Z(1) is also a function of only Tr and Pr. Fitting
the linear expression (6.93) to the P(v, T) surfaces of a large number of nonsim-
ple fluids led to the calculation of the correction function Z(1). The companion
operation of averaging the compressibility factor values of simple fluids pro-
duced the numerical information for the surface Z(0). Tables for Z(0)(Tr,Pr) and
Z(1)(Tr,Pr) appeared first in Ref. 11. The most accurate set in use today is due
to Lee and Kesler [12] and is also available in the third edition of this book.

Improvements of the corresponding states method can be sought in the direc-
tion suggested by Fig. 6.22. This figure shows that it takes at least two param-
eters to describe the molecular identity of a fluid; in other words, a one-to-one
relation between the Zc and 𝜔 values given in Table 6.2 does not exist.

Using not one but two molecular parameters means constructing a four-
parameter class of Z charts. This idea was put into practice by Hsieh [13], who
viewed the compressibility factor as the function

Z = Z(Tr,Pr, Zc, 𝛼c) (6.94)

where 𝛼c is the slope of the reduced saturation pressure curve right at the critical
point:

𝛼c =
dPr

dTr
(at Tr = 1) (6.95)

Figure 6.22 Positions of the fluids of Table 6.2 in the plane Zc–𝜔.
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According to Fig. 6.21, this slope should vary monotonically with 𝜔; there-
fore, 𝜔 could be used instead of 𝛼c in the four-parameter function (6.94). The
dimensionless slope 𝛼c has been introduced as the molecular parameter in cor-
responding states correlations by Riedel [14]. Hsieh [13, 15] displayed 30 non-
polar and slightly polar fluids in the Zc–𝛼c plane and identified six groups of
fluids according to their (Zc, 𝛼c) values. He then represented each group with a
pair of group-averaged values (Zc, 𝛼c) and produced one two-dimensional chart
Z(Tr,Pr) for each of the six groups.

6.5.2 Analytical P(v, T ) Equations of State

The impact that van der Waals had on contemporary thermodynamics is
illustrated by the voluminous effort that has been devoted to the development of
closed-form expressions for the P(v, T ) surface. The most compact expressions
are those based on only two empirical constants; the van der Waals equation
[eq. (6.44)] is one such example. A considerably more accurate two-constant
expression patterned after van der Waals was proposed by Redlich and
Kwong [16] (see also Problem 6.11):

P = RT
v − b

−
a∕T0.5

v(v + b)
(6.96)

Applying the critical-point conditions (6.47), we find that the new constants
(a, b) are related to the critical-point coordinates via

a = 0.4275
R2T2.5

c

Pc
, b = 0.08664

RTc
Pc

(6.97)

Equation (6.96) can be cast in dimensionless form as a cubic in Z:

Z3 − Z2 + (A − B − B2)Z − AB = 0 (6.98)

where A and B are two dimensionless constants:

A = aP
R2T2.5

, B = bP
RT

(6.99)

Redlich andKwong’s equation of statewas subjected to considerable testing [9].
This equation is preferred among the other two-constant equation-of-state pro-
posals. It can be used not only for pure fluids but also for mixtures of fluids
whose critical points are situated not too far from one another in the dimensional
Regnault plane P–T. For example, to apply eq. (6.96) to a mixture, one must
calculate first the “equivalent” critical temperature and pressure of the mixture.
These values will be needed in eqs. (6.97). In Redlich and Kwong’s case, the
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recommended rules for calculating the (Tc,m,Pc,m) coordinates of the fictitious
critical point of the mixture are [9]

Tc,m =
⎧
⎪
⎨
⎪
⎩

[∑n
i=1 xi(T

5∕2
c,i ∕Pc,i)1∕2

]2

∑n
i=1 xi(Tc,i∕Pc,i)

⎫
⎪
⎬
⎪
⎭

2∕3

(6.100)

Pc,m =
Tc,m

∑n
i=1 xi(Tc,i∕Pc,i)

(6.101)

where xi and (Tc,i,Pc,i) are the mole fraction and critical-point coordinates,
respectively, of the ith component in the mixture.

It is instructive to review at this point the analytical form of other P(v, T )
expressions that have been proposed over the years, so that the reader can iden-
tify those special features that must enter in the construction of an equation of
state. The following list also indicates the proponent of each particular P(v, T )
expression. The constants that appear in these expressions should not be con-
fused with the constants of the equations of state discussed until now.

Clausius [17]:

P = RT
v − b

− a
T(v + c)2

(6.102)

Lorentz [18]:

P = RT
v2

(v + b) − a
v2

(6.103)

Dieterici [19]:

P = RT
v − b

exp
(

− a
vRT

)

(6.104)

Generalized† Dieterici equation of state [20, 21]:

Pr =
Tr

2vr − 1
exp

(

2 − 2
vrT

n
r

)

(6.105)

Generalized‡ Redlich–Kwong equation of state [22]:

Pr =
Tr

Zc(vr − b∕Zc)
−

a∕Tn
r

Z2
c vr(vr + b∕Zc)

(6.106)

Martin [23]:

Pr =
𝛼Tr
vr − a

−
b(c − Tr)
(vr + d)2

(6.107)

†The case n = 1 represents the original Dieterici equation (6.109) in reduced coordinates.
‡The original Redlich–Kwong equation (6.96) corresponds to the case n = 1

2
.
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Keyes and Taylor at MIT [24]:

P = RT
v − 𝛽 exp(−𝛼∕v)

− a
(v + l)2

(6.108)

Kamerlingh-Onnes and Keesom at the University of Leiden [25]:

Pv = A(T) + B(T)
v

+ C(T)
v2

+ D(T)
v3

(6.109)

A more complex expression patterned after van der Waals and eqs. (6.102)–
(6.104) was developed at MIT by Beattie and Bridgeman [26]:

P = RT
v2

(1 − 𝜖)(v + B) − A
v2

(6.110)

whereA = A0(1 − a∕v),B = B0(1 − b∕v), and 𝜖 = c∕vT3. The values of the five
empirical constants (A0, a,B0, b, c) and the ideal gas constants of 18 fluids are
presented in Table A.1 (after Ref. 27).

The Beattie–Bridgeman equation was modified by Benedict et al. [28–30] to
improve its accuracy in the limit of high densities (small v’s). This proposal is
known as the Benedict–Webb–Rubin equation of state:

P = RT
v

+
(

B0RT − A0 −
C0

T2

)
1
v2

+ (bRT − a) 1
v3

+ aa
v6

+ c
v3T2

(

1 + 𝛾

v2

)

exp
(

− 𝛾

v2

)

(6.111)

in which there are eight empirical constants (A0,B0,C0, a, b, c, 𝛼, 𝛾). The values
of these constants for the 12 pure hydrocarbons can be found in Ref. 30 and the
third edition of this book.

A look back at the equation-of-state coverage that started with the van der
Waals equation (6.44) and ended with Benedict et al.’s equation (6.116) reveals
the following common characteristics of P(v, T ) expressions. One feature
is the recovery of the ideal gas equation of state Pv = RT in the “ideal gas”
limit found in the third diagram of Fig. 6.14. In other words, the P = P(v,T)
function approaches RT∕v either as P approaches zero at constant T or as T
approaches infinity at constant P. Another feature is the inflection with zero
slope shown by the critical isotherm (T = Tc) in the P–v plane, as was illus-
trated in Figs. 6.10 (top), 6.11, and 6.15. It means that the P = P(v,T) function
must satisfy the critical-point conditions stated in eqs. (6.47). The slope of the
constant-volume line that passes through the critical point in the P–T plane
must equal the slope of the saturation pressure curve right at the critical point
(Problem 6.6). This feature is illustrated in Fig. 6.21 for the van der Waals
equation of state.
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Figure 6.23 Average position of the Joule–Thomson inversion curve versus four pre-
dictions based on analytical equations of state. (After Ref. 22.)

A summary of how two or more equations of state might compete for the
user’s preference is conveyed by Fig. 6.23. Projected on the Tr–Pr plane are the
inversion curves (𝜇J = 0) predicted by four different equations of state:

𝜇J =
RT2

PcP

(
𝜕Z
𝜕T

)

P
= 0 (6.112)

plus the averaged [22] position of the 𝜇J = 0 curves of several gases (CO2, N2,
CO, CH4, NH3, C3H8, Ar, C2H4):

Pr ≅ 24.21 − 18.54
Tr

− 0.825T2
r (6.113)

Note the similarity between Figs. 6.23 and 4.11. Among the four P = P(v,T)
models compared in Fig. 6.23, Redlich–Kwong’s equation of state is the most
accurate. Miller [22] noted that since none of the four models predicts an inver-
sion curve that falls exactly on top of the curve represented by eq. (6.113), the
correct prediction of the position of the inversion curve emerges as a critical
test in the evaluation of the goodness of future P = P(v, T) models.

Example 6.2. Determine the critical compressibility factor Zc compatible with
the Redlich and Kwong equation of state. The solution begins with the observation
that at the critical point eq. (6.98) requires

Z3
c − Z2

c + (Ac − Bc − B2
c) Zc − AcBc = 0
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where

Ac

aPc

R2T2.5
c

= 0.4275

Bc

bPc

RTc
= 0.08664

Solving the cubic equation for Zc, we find Zc = 0.3333.

6.5.3 Calculation of Properties Based on P(v, T) and Specific Heat

One benefit of the corresponding states correlation of the P(v, T ) surfaces
of various fluids is the emergence of a common approach to the calculation of
derived properties such as u, h, and s. At the foundation of this methodology rest
the differential expressions (du, dh, ds) listed in the left column of Table 4.7.
These expressions show that to calculate the changes in these properties, we
must know the P(v, T ) surface and one specific heat. In general, the specific
heat is a function of both temperature and pressure, for example, cP(T ,P).
The most readily available specific-heat information refers to the low-pressure
“ideal gas” limit, where, as shown in Fig. 4.4, cP depends only on temperature.

Coupled with the other ideal gas equation of state, Pv = RT , the ideal
gas specific heat can be used to calculate the changes in the internal energy,
enthalpy, and entropy of the fluid that behaves as an ideal gas. We identify with
an asterisk the properties associated with the low-pressure limit:

u∗(T) = lim
P→0

u(T ,P) (6.114u)

h∗(T) = lim
P→0

h(T ,P), c∗P(T) = lim
P→0

cP(T ,P) (6.114h)

s∗(T ,P) = lim
P→0

s(T ,P) (6.114s)

where we note that the ideal gas entropy is a function of both temperature and
pressure (recall Table 4.7). The changes in u*, h*, and s* are readily calculated
using the relations listed in the second column of Table 4.7. These quantities
are assumed known in the analysis that follows.

The final step in the pursuit of the (u, h, s) values at any state consists of
calculating these values as departures from the corresponding properties known
in the ideal gas limit. It is during this last step that the corresponding states
formulation of the P(v, T ) information is used.

To illustrate the method, consider the calculation of enthalpy at a state
(T, P), where the fluid does not necessarily behave as an ideal gas, h(T, P). The
enthalpy departure function [h(T ,P) − h∗(T)] is

h(T ,P) − h∗(T) =
(

∫
P

0
dh

)

T

= ∫
P

0

[

v − T
(
𝜕v
𝜕T

)

P

]

dP (6.115)
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where dh is shown in the left column of Table 4.7. Replacing v with ZRT∕P in
the integrand and dividing by RTc yield

h(Tr,Pr) − h∗(Tr)
RTc

= ∫
Pr

0

(

−
T2
r

Pr

)(
𝜕Z
𝜕Tr

)

Pr

dPr (6.116)

Through the compressibility factor that appears now in the integrand, the
dimensionless enthalpy departure function depends on Tr,Pr, and the molecu-
lar parameter(s) used in the construction of function Z. If we rely on eq. (6.93)
to calculate Z(Tr,Pr, 𝜔), the right side of eq. (6.116) splits into two integrals
such that the first represents the dimensionless enthalpy departure function of
simple fluids:

h − h∗

RTc
= ∫

Pr

0

(

−
T2
r

Pr

)(
𝜕Z(0)

𝜕Tr

)

Pr

dPr + 𝜔 ∫
Pr

0

(

−
T2
r

Pr

)(
𝜕Z(1)

𝜕Tr

)

Pr

dPr

=
(
h − h∗

RTc

)(0)

+ 𝜔
(
h − h∗

RTc

)(1)

(6.117)

In other words,

h∗ − h
RTc

=
(
h∗ − h
RTc

)(0)

+ 𝜔
(
h∗ − h
RTc

)(1)

(6.118)

Lee and Kesler [12] and the third edition of this book provide the values for the
terms appearing on the right side of eq. (6.118).

As a second illustration, consider the calculation of the entropy at T and P.
We can relate s(T, P) to the known value based on the ideal gas model, s*(T, P),
by calculating the entropy departure function:

s(T ,P) − s∗(T ,P) =
(

∫
P

0
ds

)

T

−
(

∫
P

0
ds∗

)

T

=
[

−∫
P

0

(
𝜕v
𝜕T

)

P
dP

]

T

−
[

−∫
P

0

R
P
dP

]

T

(6.119)

where ds and ds* occupy the third line of the first and second columns of
Table 4.7. By replacing v with ZRT∕P, we obtain

s∗ − s
R

= ∫
Pr

0

[

Z − 1 + Tr

(
𝜕Z
𝜕Tr

)

Pr

]
dPr

Pr
(6.120)

or, as seen through eq. (6.93),

s∗ − s
R

=
(s∗ − s

R

)(0)
+ 𝜔

(s∗ − s
R

)(1)
(6.121)
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In conclusion, the dimensionless entropy departure function (s∗ − s)∕R can
be calculated by combining the simple-fluid entropy departure value with the
first-order correction. The final value of (s∗ − s)∕R depends on Tr,Pr, and 𝜔.

6.5.4 Saturated Liquid and Saturated Vapor States

The place of saturated liquid and vapor states is an especially important part on
the P(v, T ) surface. Since the P(v, T ) surfaces of various fluids have been corre-
lated through the generalized compressibility factor Z(Tr,Pr, 𝜔) of eq. (6.93), it
is possible to correlate the saturation pressure† curves P(T ) of the same fluids in
terms of reduced coordinates, Pr(Tr, 𝜔). An effective correlation for saturation
pressure is [12]

ln Pr = 5.92714 − 6.09648
Tr

− 1.28862 ln Tr + 0.169347T6
r

+ 𝜔
(

15.2518 − 15.6875
Tr

− 13.4721 ln Tr + 0.43577T6
r

)

(6.122)

which has the familiar form (⋅)(0) +𝜔 (⋅)(1). Reasons for the particular analytical
form of the two Tr functions appearing on the right side of eq. (6.122) are given
in Problem 6.8.

The reduced saturation pressure curve listed above satisfies three important
conditions. First, it passes through the critical point Tr = Pr = 1. Second, the
curvature of the saturation pressure curve right at the critical point is zero; in
other words, the Riedel factor 𝛼c is insensitive to temperature changes in the
vicinity of the critical point (d𝛼c∕dTr = 0 at Tr = 1). A third condition satisfied
by eq. (6.122) is the definition of the Pitzer acentric factor, eq. (6.91).

A simpler corresponding states formula for saturation pressure is [31]

ln Pr = 5.37270

(

1 − 1
Tr

)

+ 𝜔 (7.49408 − 11.18177T3
r + 3.68769T6

r + 17.92998 ln Tr) (6.123)

This correlation works very well in a considerably wider 𝜔 range, especially
for fluids with large and negative Pitzer acentric factors (e.g., helium, cesium,
hydrogen, mercury, potassium, sodium, van der Waals fluid). The agreement
between eq. (6.123) and measured saturation pressure data is within 0.42% for
fluids covering the range −0.3 < 𝜔 < 0.9. Equation (6.123) satisfies only two
of the three conditions satisfied by eq. (6.122): the 𝜔 definition (6.91) and the
critical-point condition Pr(Tr = 1) = 1.

Another quantity of interest is the enthalpy of vaporization or condensation
hfg. This quantity can be deduced from the compressibility factor surface Z and

†Another notation for saturation pressure in the literature is Psat or Ps. The same pressure level—the
pressure of liquid and vapor states in equilibrium—was labeled P2 in Fig. 6.13.
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the saturation pressure curve by invoking the Clapeyron relation (6.67):

dP
dT

=
hfg
Tvfg

≅
hfg

(RT2∕P)Zfg
(6.124)

where Zfg = Zg − Zf . Note the use of the ideal gas model for the specific volume
of the saturated vapor state g, vg = RT∕P, in which P is the saturation pressure
corresponding to T. The difference Zg − Zf is available from generalized com-
pressibility factor charts (Fig. 6.20) or from the “saturation line” of Fig. 6.24.
In many cases, Zf is considerably smaller than 1; therefore, Zfg ≅ Zg. The left
side of eq. (6.124) can be calculated directly from eq. (6.122) or (6.123).

Corresponding states correlations for hfg(T) have also been sought directly:
that is, without relying on the Clapeyron relation and the Z charts. An example
is the formula [32]

hfg(T)
hfg(T1)

=
(

1 − Tr
1 − Tr,1

)0.38

(6.125)

which works particularly well at near-critical temperatures.

Figure 6.24 Compressibility chart for saturated, metastable, and unstable states of non-
polar fluids with 0.1 ≤ 𝜔 ≤ 0.35. (From Ref. 31. Courtesy of John H. Lienhard.)
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6.5.5 Metastable States

The corresponding states idea has preoccupied many thermodynamicists for
more than 100 years. The many equations of state and Z surfaces discussed
until now all refer to stable equilibrium states, especially to the large portion of
the P(v, T ) surface that houses the superheated vapor states—that is, the bridge
between the saturated vapor states and the limiting region of ideal gas behavior.
The intensive work on correlating the P(v, T ) properties of superheated vapor
and Tr > 1 gaseous states is understandable in view of the predominance of such
states in the analysis of power and refrigeration cycles. However, to concentrate
on the P(v, T ) relations that hold outside the L + V domes of various fluids is
to overlook the origin of this methodology, because, figuratively speaking, the
“continuity-of-state” idea that preceded van der Waals originated from “inside”
the dome.

All campaigns, nomatter how glorious, return eventually to their place of ori-
gin. The corresponding states theory is now steered back to its origins by those
dedicated to correlating properties at themetastable states that are located inside
the dome. Metastable states encountered already in this section are states 1′ and
3 shown in Fig. 6.13. Relative to the long history of corresponding states theory,
the work on corresponding metastable states is relatively recent; for a review,
see Ref. 33.

Among the practical issues that motivate the study ofmetastable states—and,
in particular, the pinpointing of the spinodal lines—is the question of howmuch
a liquid can be heated above its saturation temperature before it has no choice
but to boil. Figure 6.25 shows what can happen when a saturated liquid ( f )
is heated isobarically, at P = Pf . If the liquid is free of impurities that usually
act as sites for the formation of the first vapor bubbles (“nucleation” sites), the
temperature of the liquid can increase above the corresponding saturation tem-
perature, Tsat(Pf ), while the liquid remains single phase. We know from the
stability considerations centered on Fig. 6.13 that this process cannot continue
to temperatures that might exceed the liquid spinodal temperature correspond-
ing to Pf : namely, Tsp(Pf ) in Fig. 6.25. The P–v region contained between the
two spinodal lines is inaccessible. If the liquid batch is not clean enough and if
the isobaric heating is not conducted carefully (without disturbances), the sys-
tem starts to boil at a temperature lower than Tsp: that is, between Tsat and Tsp.
The states visited by the system along the Pf isobar between Tsat and, possibly,
Tsp are metastable (superheated) liquid states.

A similar phenomenon is encountered during the isobaric cooling of a clean
batch of saturated vapor g (Fig. 6.25). The systemmay survive as a single phase
until it reaches the vapor spinodal line from the right. The low-temperature
isotherm corresponding to the intersection of the Pf isobar with the vapor spin-
odal line is not shown in Fig. 6.25. The P = Pf states found between g and this
point of intersection are metastable (subcooled) vapor states. An analogue of
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Figure 6.25 Maximum temperature (Tsp) that can be reached during the isobaric (Pf )
heating of a saturated liquid. (After Ref. 33.)

this process of isobaric cooling into the domain of metastability is observed
if one cools very carefully a batch of clean distilled water contained in a hor-
izontal cylindrical enclosure (Fig. 6.26). The temperature of liquid water can
drop below the freezing point (0∘C), especially in the coldest layers† that gather
near the top of the container. In one such experiment, the water temperature
dropped as low as −2.7∘C; after this point, knife-shaped ice crystals (dendritic
ice) formed abruptly in the uppermost region of the container as the water tem-
perature stabilized at 0∘C [34].

The formation of dendrites is a common phenomenon in the rapid solidifica-
tion of alloys and mixtures [35]. Dendrites are another example of tree-shaped
architectures for heat flow, which are anticipated based on the constructal law
(see Section 13.3.8).

The basic approach to locating the positions of the spinodal lines and
isotherms inside the saturation line dome has been to create a smooth fit
between the P(v, T ) regions known on the left and right sides of the dome
and investigate the features of the wavy P(v, T ) surface that overlaps the

†These layers are also the lightest; recall the density maximum exhibited by liquid water (Prob-
lem 4.7).
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Figure 6.26 Tree-shaped structures form during rapid solidification: dendritic ice in the
region once occupied by subcooled (metastable) liquid water. (From Ref. 34.)

dome. An analytical form for the P(v, T ) equation of state was proposed by
Shamsundar and Murali [33]:

P
Psat(T)

= 1 −
[v − vf (T)][v − vm(T)][v − vg(T)]
[v + a(T)][v + b(T)][v + c(T)]

(6.126)

Evident in this expression are the three intersections of the Tsat(P) isotherm
with the P isobar: points f , m, and g in Fig. 6.25. The P(v, T ) surface that
covers the dome is generated one isotherm at a time by first recognizing the
well-documented values of Psat(T), vf (T), and vg(T). In the original application
of eq. (6.126), Murali set c(T) = b(T) and for each isotherm determined the
unknown constants (a, b, vm) from three conditions: (1) the ideal gas limit,
which must be reached as P → 0; (2) the equal-area rule (6.60), shown again
in Fig. 6.25; and (3) the condition that eq. (6.126) must predict correctly the
(known) isothermal compressibility of saturated liquid. Fitted in this manner,
Shamsundar and Murali’s isotherms reproduced extremely well the known
P(v, T ) surfaces of subcooled liquids and superheated vapors, that is, in
addition to providing a smooth transition between the two.

The compressibility factor chart of Fig. 6.24 is recommended for use in con-
nection with all nonpolar substances in the Pitzer factor range 0.1 ≤ 𝜔 ≤ 0.35
and if Pr < 0.8 in the case of metastable liquid states and if Pr < 0.9 in the case
of metastable vapor states. Within this domain, the Z value listed in Fig. 6.24 is
±2% accurate [31].

It is possible to combine the two equations of state provided by the P(v, T )
surface (6.126) and the specific-heat information known in the ideal gas limit
to construct the fundamental relation of a fluid batch as a simple system. Such
a fundamental relation would cover the entire P − v domain: that is, the stable
states situated outside the L + V dome and the metastable and unstable states
positioned inside the dome. A fundamental relation of this kind was developed
for water by Karimi and Lienhard [36]. The T(s, P) equation of state deduced
from this fundamental relation is reproduced in Fig. 6.27.



Trim Size: 6.125in x 9.25in Bejan c06.tex V2 - 08/08/2016 6:37pm Page 264�

� �

�

264 MULTIPHASE SYSTEMS

Figure 6.27 Karimi and Lienhard’s T–s diagram for stable, metastable, and unstable
water. (After Ref. 33. Courtesy of John H. Lienhard.)
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PROBLEMS

6.1 A closed system contains a single-phase substance that undergoes
an infinitesimally small change at constant entropy (S) and pressure
(P). The change is such that the entropy inventories of the two halves
of the system become, respectively, 1

2
(S + 𝛿S) and 1

2
(S − 𝛿S), where S

is the original (constant) entropy inventory of the entire system. Invok-
ing the enthalpy minimum principle for constant S and P, show that the
system is in a state of stable equilibrium if the system’s temperature
increases during heating at constant pressure, in other words, if

cP > 0

Show also that the “positive cP” requirement is consistent with the cri-
teria for internal thermal and mechanical equilibria, cv > 0 and k > 0.
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6.2 Show that if the vapor phase of a liquid–vapor mixture can be treated
as an ideal gas whose constant Rg is known, the saturation pressure and
temperature are related through

d(ln P) = −
hfg
Rg

d
( 1
T

)

In other words, in the special temperature range inwhich hfg is also a con-
stant, the relationship between ln P and 1∕T is represented graphically
by a straight line (e.g., Fig. 6.16).

6.3 Show that in the limit vr → ∞ the pressure along the vapor spinodal line
of Fig. 6.11 decays as 1∕v2r .

6.4 The two-phase line separating the ice I and water domains in Fig. 6.16
appears to be perfectly vertical over the range of moderate pressures
1 kPa–1 MPa. This effect is due solely to the semilogarithmic plot that
was chosen for drawing the figure (such a plot is recommended by
Problem 6.2). In reality, the slope of the ice–water line is finite and neg-
ative throughout the pressure range; this slope is seen better by looking
at the right edge of the ice I surface in Fig. 6.15. Estimate the slope
dP∕dT of the ice–water line by using the triple-point information listed
on Fig. 6.15. The specific entropy of triple-point ice is −1221 J/kg ⋅ K,
and the specific entropy of triple-point liquid water is 0.00 J/kg ⋅ K.
What is the Celsius temperature of an equilibrium ice–water mixture
whose pressure is 10 MPa?

6.5 Invoke Maxwell’s equal-area rule and determine numerically the
reduced saturation pressure curve Pr(Tr) of a fluid whose P(v, T )
surface matches the van der Waals equation of state (6.46). From the
Pr(Tr) curve, deduce the values of 𝜔 and 𝛼c of this van der Waals fluid.

6.6 Demonstrate that the slope of the constant-volume line passing through
the critical point (the “critical isochore”) (Fig. 6.21) must be the same
as the slope of the saturation pressure curve right at the critical point.

6.7 Prove that the position of the Joule–Thomson coefficient inversion curve
(𝜇J = 0) in the Tr–Pr plane is given by the equation

𝜕

𝜕Tr
[Z(Tr,Pr)] = 0

6.8 Sufficiently far from the critical point (i.e., to the right in Fig. 6.25), the
enthalpy of vaporization is approximated well by a linear function of
temperature. In the same range, the compressibility factor of saturated
vapor, Zg, can be regarded as constant. Show that the saturation pressure
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curve that is compatible with these assumptions has the form

ln Pr =
c1
Tr

+ c2 ln Tr + c3

where c1, c2, and c3 are three empirical constants.

6.9 Prove the validity of the identity (6.68),

hfg = Tsfg

by recognizing first that the Gibbs free energy at state f is the same
as at state g and in both states the system is single phase. In other
words, exploit the relations between the properties of a simple system
(Table 4.3) as an alternative to the derivation given by eqs. (6.69)–(6.70).

6.10 Consider the process executed by a single-component system as its state
mmoves along the edge of the dome from state f to state g. As indicated
in Fig. P6.10, the initial and final temperature in this process is T0. Prove
that if dPm∕dTm is practically constant,

∫
g

f
(Tm − T0)dsm =

sfg(T0)
vfg(T0) ∫

Tc

T0

vfg(T) dT

in which the line integral appearing on the left side follows the edge
of the dome, f–m–g. Note that this integral represents the melon
slice–shaped area trapped between the dome and the T = T0 base. Show
also that, in general (i.e., when dPm∕dTm is not necessarily constant),
we must have

∫
Tc

T0

sfg(T) dT = ∫
Pc

P0

vfg(P) dP

Figure P6.10
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6.11 Show that the van der Waals equation of state (6.46) can be written alter-
natively as

Pr = [1 + (𝜌r − 1)3 M]Tr − A𝜌2r (1 − Tr)

in which 𝜌r = v−1r and

M =
(

1 − 1
3
𝜌r

)−1
and A = 3

Paynter [37] showed that if the parameters M and A are replaced by

M′ = |𝜌r − 1 |
(

1 − 1
3
𝜌r

)−1
and A′ = 7

the resulting Pr = Pr(Tr, 𝜌r) relation does a considerably better job of
fitting the measured relations of actual fluids. Verify this conclusion by
plotting the compressibility factor Z corresponding to Paynter’s relation
(plot Z versus Pr as lines of constant temperature Tr). Compare your
chart with the classical empirical chart of Fig. 6.20. Calculate also the
critical-point compressibility factor Zc and the Riedel parameter 𝛼c that
correspond to Paynter’s equation of state.

6.12 A layer of steam is held between two parallel surfaces of surface A sit-
uated at a distance L apart (Fig. P6.12). One surface is at the saturation
temperature Tsat that corresponds to the steam pressure P (unknown).
The other surface is maintained at a higher temperature, TH . The tem-
perature decreases linearly from TH to Tsat across the steam layer. The
steammass (m) is given. In the range TH–Tsat, the Clapeyron relation can
be linearized, dP∕dTsat = a, where a is constant and known. The steam
may be modeled as an ideal gas. Derive a system of two equations for
determining Tsat and P uniquely.

Steam

m

P

A

Figure P6.12
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6.13 The ideal Rankine cycle can be analyzed in the limit where the
difference between the boiler pressure (P + dP) and the condenser
pressure (P) is infinitesimal. The cycle is indicated on the P–v diagram
and, alternatively, on the T–s diagram. See Fig. P.13. Show that the
areas enclosed by the cycle on the two diagrams are equal and from this
derive dP∕dT = sfg∕vfg. Next, consider the reversible heating process
f–g in the boiler, invoke the first law and the second law, and show that
hfg = Tsfg and dP∕dT = hfg∕(Tvfg).

Sf Sg Vf VgS V

T+dT
T

T

P+dP
P

P

Figure P6.13
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Chemically Reactive Systems

The present chapter places us at the crossroads between the fundamentals
reviewed in Chapters 4–6 and the applied topics that follow starting with
Chapter 8. Relative to the former, the present chapter recounts some of the
extensions that have been built on Gibbs’s equilibrium thermodynamics during
the three or four decades around the turn of the twentieth century. Relative to
applications, the present chapter shows the thermodynamic origin of the many
heat transfer sources assumed routinely in analyses of power cycles and plants.

7.1 EQUILIBRIUM

7.1.1 Chemical Reactions

To introduce the nomenclature needed in the analysis of combustion processes
for power generation, consider the equilibrium of a mixture whose constituents
can react chemically. Chemical equilibrium formed the subject of most of
Chapters 4 and 6. The new feature considered now is the possibility that
the interatomic bonds of the molecules of some or all the original chemical
components of the system may break, leading in this way to the formation
of a new generation of chemical components that coexist in the mixture. The
“system” is in the upper left corner of Fig. 7.1; it consists of a single-phase
mixture surrounded by an impermeable boundary and maintained at constant
temperature and pressure by contact with reservoirs T and P.

We refer to the original components whose molecules disintegrate as the
reactants in the mixture (mole numbers Nr1, Nr2, … ). The new components
whose molecules are formed as the atoms of the original reactants change
partners are the products in the mixture (mole numbers Np1, Np2, … ). These
concepts are illustrated in Fig. 7.1: A chemical reaction is the process by
which the mole numbers of the mixture change, making room at the same time
for the mole numbers of the products.

The relationship between the depletion of the moles of reactants and the
formation of moles of products is established on the basis of an atom accounting
argument. For example, if the two reactants pictured in Fig. 7.1 are H2 and CO2

271
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and the two products are CO and H2O, it takes only one molecule of H2 and one
of CO2 to form one molecule of CO and one of H2O. We write the counting of
the atoms in the form of a chemical equation:

H2 + CO2
−→←− CO + H2O (7.1)

where the two arrows indicate that at any equilibrium state of the type
𝜁e in Fig. 7.1 the reaction proceeds steadily in both directions so that, at
equilibrium, the net change in the mole numbers (NH2

,NCO2
,NCO,NH2O) is

zero. Equation (7.1) indicates that at equilibrium the system contains certain
amounts of H2, CO2, CO, and H2O. It would be wrong to view eq. (7.1) as a
statement that H2 and CO2 are converted completely into CO and H2O.

Another chemical reaction example is

H2 +
1
2

O2
−→←− H2O (7.2)

Here we note the 1
2

coefficient of O2 (i.e., it takes only one atom of oxygen to
form one molecule of water) and the fact that the number of products does not
necessarily equal the number of reactants in the mixture.

A chemical equation can be expressed in general as

𝜈r1Ar1 + 𝜈r2Ar2 + · · · + 𝜈rmArm
−→←− 𝜈p1Ap1 + 𝜈p2Ap2 + · · · + 𝜈pnApn (7.3)

where the Ar’s and Ap’s represent the chemical symbols of the m reactants and
n products and where the 𝜈r’s and 𝜈p’s are the respective stoichiometric coef-
ficients.† These coefficients are the numbers that describe the proportions in
which the moles of reactants disappear and the moles of products appear and
vice versa. For example, the stoichiometric coefficients of H2 and O2 in eq. (7.2)
are 1 and 1

2
, respectively. The stoichiometric coefficient of a chemical compo-

nent that belongs to the system but does not participate in the reaction is zero.
A shorthand version of the general chemical equation (7.3) is

0 −→←−
m+n∑

i=1

𝜈iAi (7.4)

where the 𝜈i coefficients of the reactants are negative:

𝜈i = −𝜈ri and Ai = Ari (if i = 1, 2,… ,m)
𝜈i = 𝜈p(i−m) and Ai = Ap(i−m) (if i = m + 1,m + 2,… ,m + n) (7.4′)

The magnitude and sign of the stoichiometric coefficients are accounted for
by the slopes of the lines drawn across Fig. 7.1. We see geometrically that the

†Stoichiometry means, literally, the counting of elements. The name is derived from the Greek words
stoicheion, for “element” or “first principle,” and metron, for “measure.”
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chemical reaction that brings the original reactants to the particular equilib-
rium state shown in the center of the figure is responsible for the following
redistribution of the numbers of moles present in the mixture:

(r1) Nr1 → Nr1 − 𝜈r1𝜁
(r2) Nr2 → Nr2 − 𝜈r2𝜁
(p1) 0 → 0 + 𝜈p1𝜁

(p2) 0 → 0 + 𝜈p2𝜁 (7.5)

In this summary, 𝜁 is the number of moles with which all the changes expe-
rienced by the mole numbers of reactants and products are proportional, the
proportionality factors being the stoichiometric coefficients themselves. The
number 𝜁 represents the “degree of advancement” of the reaction or the “extent
of reaction” [1].† In Fig. 7.1, the number of moles 𝜁 is measured on the abscissa.
In the 𝜁 = 0 limit, the reactants do not react and products are not produced. In
the opposite limit, the equilibrium would be characterized by increasingly larger
numbers of moles of products. There exists a ceiling value 𝜁 = 𝜁max for which
the changes in the original Nr’s are so great that at least one of the reactants is
no longer present in the mixture. In the example of Fig. 7.1, the reactant that
would be exhausted first happens to be r2.

7.1.2 Affinity

At the particular equilibrium state represented by 𝜁 = 𝜁e, the composition of
the mixture is represented by the m + n mole numbers N1,N2,… ,Ni,… ,Nm+n.
The composition at a sufficiently close neighboring equilibrium state (𝜁e + d𝜁 )
is represented by a new set of mole numbers Ni + dNi, where, reasoning as in
eq. (7.5),

dNi = 𝜈i d𝜁 (i = 1, 2,… ,m + n) (7.6)

Because the mixture system is single phase, the fundamental relation of the
system becomes apparent if we invoke eq. (4.10):

dU = T dS − P dV +
m+n∑

i=1

𝜇i dNi (7.7)

and combine it with eq. (7.6):

dU = T dS − P dV +

(
m+n∑

i=1

𝜇i𝜈i

)

d𝜁 (7.8)

†A more frequently used symbol for the extent of reaction is 𝜁 . In the present treatment, the 𝜁 symbol
is reserved for the specific nonflow exergy.
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The sum in parentheses serves as the driving force for the reaction in the
same sense that T and P can drive heat transfer and work transfer. The negative
of this sum is De Donder’s affinity function [2]:

Y = −
m+n∑

i=1

𝜇i𝜈i (7.9)

which is a function of state. Since it is a linear combination of chemical poten-
tials, the affinity is itself an intensive property. The internal energy differential
can be written then as

dU = T dS − PdV − Y d𝜁 (7.10u)

which suggests a fundamental relation of the type

U = U(S,V , 𝜁 ) (7.11u)

Table 4.3 can be consulted in order to see that the H, F, and G representations
of the fundamental relation begin with the differentials

dH = T dS + V dP − Y d𝜁 (7.10h)

dF = −S dT − P dV − Y d𝜁 (7.10f)

dG = −S dT + V dP − Y d𝜁 (7.10g)

in other words, theH,F, andGLegendre transforms of the fundamental relation
have the following forms:

H = H(S,P, 𝜁) (7.11h)

F = F(T ,V , 𝜁 ) (7.11f)

G = G(T ,P, 𝜁) (7.11g)

Equations (7.10u)–(7.10g) justify alternative definitions for affinity:

Y = −
(
𝜕U
𝜕𝜁

)

S,V

(7.12u)

Y = −
(
𝜕H
𝜕𝜁

)

S,P

(7.12h)

Y = −
(
𝜕F
𝜕𝜁

)

T ,V

(7.12f)

Y = −
(
𝜕G
𝜕𝜁

)

T ,P

(7.12g)
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Maxwell-type relations that connect the partial derivatives of Y to the partial
derivatives of other properties can be written by following the example of eqs.
(4.56) and Table 4.4. For example, from eqs. (7.10g) and (7.10f) we deduce two
particularly useful partial derivatives of the affinity function:

(
𝜕Y
𝜕T

)

P,𝜁
=
(
𝜕S
𝜕𝜁

)

T ,P

(7.13)

(
𝜕Y
𝜕T

)

V ,𝜁
=
(
𝜕S
𝜕𝜁

)

T ,V

(7.14)

Consider now the special case where the temperature and pressure of the sys-
tem are maintained constant. In Section 6.1.4 we learned that at constant T and
P the equilibrium state of the system is characterized by the Gibbs free energy
minimum [eq. (6.20)]. The G minimum conclusion consists of two analytical
statements, the first of which is

dG = 0 (constant T and P) (7.15)

The second statement forms the subject of the next section. Comparing
eq. (7.15) with eq. (7.10g), we see that at equilibrium the affinity is zero,

Y = −
m+n∑

i=1

𝜇i𝜈i = 0 (equilibrium) (7.16)

If the state represented by (𝜁e) in the center of Fig. 7.1 is an equilibrium state,
the value of Y at that state is zero.

Just like the G function of eq. (7.11g), the first derivative (called Y) in
eq. (7.12g) is generally a function of T , P, and 𝜁 also. The manner in which
the affinity Y depends on temperature can be illustrated by holding T and P
constant in eq. (7.10h):

(
𝜕H
𝜕𝜁

)

T ,P

= T

(
𝜕S
𝜕𝜁

)

T ,P

− Y (7.17)

and invoking eq. (7.13),

(
𝜕H
𝜕𝜁

)

T ,P

= T
(
𝜕Y
𝜕T

)

P,𝜁
− Y (7.18)

The quantity on the left side of these last two equations is the heat of reac-
tion: that is, the heat transferred to the system as the reaction advances from
𝜁e to 𝜁e + d𝜁 at constant temperature and pressure. If (𝜕H∕𝜕𝜁 )T ,P is positive,
the reaction is said to be endothermic, meaning that during the shift from 𝜁e
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to 𝜁e + d𝜁 the system absorbs heat.† Conversely, negative (𝜕H∕𝜕𝜁 )T ,P values
indicate exothermic reactions that liberate the heat transfer received ultimately
by the temperature reservoir (T). To avoid confusing the quantity (𝜕H∕𝜕𝜁 )T ,P
with other heat interactions that can be experienced by a reactive system (e.g.,
Problem 7.1), it may make more sense to call it heat of reaction at constant
pressure or enthalpy of reaction [3].

Dividing eq. (7.18) by T 2 leads to

1
T2

(
𝜕H
𝜕𝜁

)

T ,P

= 𝜕

𝜕T

(Y
T

)

P,𝜁
(7.19)

which can be integrated at constant P and 𝜁 to chart the variation of affinity
with temperature [1]:

Y(T2,P, 𝜁 )
T2

−
Y(T1,P, 𝜁 )

T1
= ∫

T2

T1

1
T2

(
𝜕H
𝜕𝜁

)

T ,P

dT (7.20)

Conversely, if the dependence between Y and T at constant P and 𝜁 is known
sufficiently accurately in the vicinity of the equilibrium state (T , P, 𝜁 ), we can
calculate the temperature slope (𝜕Y∕𝜕T)P, 𝜁 and substitute it (and Y = 0 for
“equilibrium”) in eq. (7.18) to deduce the heat of reaction. In this way, the heat
of reaction can be calculated without having to perform a calorimetric measure-
ment.

7.1.3 Le Chatelier–Braun Principle

The second part of the analytical statement that at constant T and P the Gibbs
free energy G(T ,P, 𝜁 ) is minimum is

(
𝜕2G
𝜕𝜁2

)

T ,P

> 0 (7.21)

which, according to eq. (7.12g), means that
(
𝜕Y
𝜕𝜁

)

T ,P

< 0 (7.22)

In other words, (

𝜕

𝜕𝜁

m+n∑

i=1

𝜇i𝜈i

)

T ,P

> 0 (7.23)

This strict inequality adds itself to the class of thermodynamic stability con-
ditions identified in eqs. (6.28), (6.36), and (6.43). It allows us to predict the

†The prefixes endo and exo come from the Greek words endon (“within”) and exo (“outside”).
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direction in which the equilibrium state (𝜁 ) shifts on the abscissa of Fig. 7.1
if, for example, the temperature of the system changes isobarically from T
to T + dT . Such a change occurs also at constant Y because, as noted in eq.
(7.16), the affinity of all equilibrium states is zero. To see this more clearly, note
that Y is in general a function of the type†

Y = Y(T ,P, 𝜁 ) (7.24)

This means that the equilibrium states of the system reside on the three-
dimensional surface

Y(T ,P, 𝜁 ) = 0 (equilibrium) (7.25)

or that the extent of the reaction at equilibrium depends on T and P while the
affinity Y remains constant (zero) (Fig. 7.2). The inequality (7.22) states that
the affinity decreases as 𝜁 increases at constant T and P; this means that imme-
diately above the equilibrium surface the Y values are negative and below the
surface the Y values are positive. The same point is made in Fig. 7.1, which
shows that to the left of the equilibrium state (𝜁e) the affinity is positive and to
the right of (𝜁e) it is negative.

The effect of a temperature increase on the extent of the reaction is measured
by the partial derivative (𝜕𝜁∕𝜕T)P,Y . Invoking the cyclical relation among 𝜁 , T ,
and Y , (

𝜕𝜁

𝜕T

)

P,Y

= −
(
𝜕Y
𝜕T

)

P,𝜁

/(
𝜕Y
𝜕𝜁

)

P,T

(7.26)

and noting that at equilibrium (Y = 0), eq. (7.18) reduces to

(
𝜕Y
𝜕T

)

P,𝜁
= 1

T

(
𝜕H
𝜕𝜁

)

T ,P

(7.27)

we combine eqs. (7.26) and (7.27) to conclude that

(
𝜕𝜁

𝜕T

)

P,Y

= 1
T

(
𝜕H
𝜕𝜁

)

T ,P

[

−
(
𝜕Y
𝜕𝜁

)

T ,P

]−1

(7.28)

The quantity in brackets is always positive because of the stability condition
(7.22). It follows that the sign of the derivative of interest (𝜕𝜁∕𝜕T)P,Y is
always the same as the sign of the heat of reaction (𝜕H∕𝜕𝜁 )T ,P. If the reaction
is endothermic, the shift d𝜁 triggered by a positive dT (at constant P and Y) is
positive also. In such a case, the equilibrium state 𝜁e singled out in Fig. 7.1
would be sliding to the right. In the case of an exothermic reaction, the changes

†The equation Y = Y(T ,P, 𝜁) is one of the three equations of state associated with the fundamental
relation G = G(T ,P, 𝜁).



Trim Size: 6.125in x 9.25in Bejan c07.tex V2 - 08/08/2016 6:37pm Page 279�

� �

�

EQUILIBRIUM 279

Figure 7.2 Locus of equilibrium states in the (T ,P, 𝜁 ) space for a reactive system that
has two features: The heat of reaction is negative and the volume increases as 𝜁 increases
at constant T and P.

in 𝜁 and T would have opposite signs: Raising the temperature of the reactive
system of Fig. 7.1 would force the equilibrium state to shift to the left.

The same ideas come into play as we examine the response of the equilibrium
to an isothermal pressure change dP. Looking at eq. (7.25), we note that both
T and Y remain constant as the pressure and the extent of the reaction change.
We are interested in the sign of (𝜕𝜁∕𝜕P)T ,Y , which, according to the cyclical
relation, is also equal to

(
𝜕𝜁

𝜕P

)

T ,Y

= −
(
𝜕Y
𝜕P

)

T ,𝜁

/(
𝜕Y
𝜕𝜁

)

T ,P

(7.29)

The derivative (𝜕Y∕𝜕P)T ,𝜁 can be replaced by noting the Maxwell relation that
corresponds to dT = 0 in eq. (7.10g):

−
(
𝜕Y
𝜕P

)

T ,𝜁
=
(
𝜕V
𝜕𝜁

)

T ,P

(7.30)

Equation (7.29) assumes the new form
(
𝜕𝜁

𝜕P

)

T ,Y

=
(
𝜕V
𝜕𝜁

)

T ,P

[(
𝜕Y
𝜕𝜁

)

T ,P

]−1

(7.31)

where the factor in square brackets is always negative [cf. eq. (7.22)].
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In conclusion, the sign of the derivative that characterizes the response
of the reaction (𝜕𝜁∕𝜕P)T ,Y is always the opposite of the sign of (𝜕V∕𝜕𝜁 )T ,P.
For example, when the pressure increases, the change in 𝜁 is such that
the eventual change in the system volume is negative. Conversely, a slight
depressurization of the reactive system shifts the extent of the reaction 𝜁 in the
direction of larger volumes.

The two trends discussed in this subsection are reviewed graphically in
Fig. 7.2. The figure shows first the surface of equilibrium states [eq. (7.25)]
and, in it, the particular equilibrium state that was labeled (𝜁e) in Fig. 7.1. The
temperature and pressure that were held constant in Fig. 7.1 are represented
now by the two vertical planes whose line of intersection† pierces the Y = 0
surface at the point (𝜁e). In view of eq. (7.28) and the discussion that followed
it, the zero-affinity surface of Fig. 7.2 corresponds to an exothermic reaction
[note the negative sign of (𝜕𝜁 ∕𝜕T)P,Y]. On the other hand, eq. (7.31) guarantees
that the Y = 0 surface in Fig. 7.2 corresponds to a particular reactive system
whose volume increases as the reaction advances at constant temperature and
pressure, (𝜕V∕𝜕𝜁 )T ,P > 0.

The behavior anticipated on the basis of the sign of derivatives such as
(𝜕𝜁 ∕𝜕T)P,Y and (𝜕𝜁 ∕𝜕P)T ,Y is part of an important “stability” chapter in chem-
ical thermodynamics, which is recognized widely as the Le Chatelier–Braun
principle [4–6]. A chronological bibliography of this topic is available in
earlier editions of this book.

7.1.4 Ideal Gas Mixtures

The main conclusion of the preceding two sections is that at constant T and P
the system settles in an equilibrium state characterized by a special value of the
extent of the reaction, 𝜁e. Figure 7.1 shows that to pinpoint this equilibrium
position is the same as figuring out the equilibrium chemical composition of the
mixture of reactants and products. In this section we illustrate the calculation
of the equilibrium chemical composition by focusing on reactive mixtures that
fit the ideal gas description given in Section 4.8. This focus is demanded by the
role played by the ideal gas model in the analysis of combustion processes.

In the case of an ideal gas mixture, the zero-affinity condition for equilibrium
(7.16) can be transformed into a relation between T , P, and the mole fractions
xi expected at equilibrium. To do this, we must first determine the chemical
potentials 𝜇i: From eq. (4.129), we have

𝜇i(T ,P, xi) = 𝜇
(xi=1)
i (T ,P) + RT ln xi (7.32)

in which an expression for 𝜇(xi=1)
i can be obtained by integrating the single-

component eq. (4.131) at constant temperature:

𝜇
(xi=1)
i (T ,P) = 𝜇

(xi=1)
i (T ,P0) + RT ln

P
P0

(7.33)

†The story told in connection with Fig. 7.1 takes place along this line of intersection.



Trim Size: 6.125in x 9.25in Bejan c07.tex V2 - 08/08/2016 6:37pm Page 281�

� �

�

EQUILIBRIUM 281

The term 𝜇
(xi=1)
i was called 𝜇 on the left side of eq. (4.131), whereas P0 is a ref-

erence pressure level that is usually set at P0 = 1 atm. The superscript (xi = 1)
stresses that eq. (7.33) refers to the ith species as a single-component system.
This superscript will be abandoned shortly.

Taken together, eqs. (7.32) and (7.33) state that

𝜇i(T ,P, xi) = 𝜇
(xi=1)
i (T ,P0) + RT ln

P
P0

+ RT ln xi (7.34)

where 𝜇(xi=1)
i (T ,P0) is a function of temperature only. The equilibrium condi-

tion (7.16) is now converted into

−
m+n∑

i=1

𝜈i𝜇
(xi=1)
i (T ,P0) − RT ln

P
P0

m+n∑

i=1

𝜈i − RT
m+n∑

i=1

𝜈i ln xi = 0 (7.35)

where, again, the first sum on the left side is purely a function of temperature.
This sum can be written as

−
m+n∑

i=1

𝜈i𝜇
(xi=1)
i (T ,P0) = RT ln KP(T) (7.36)

that is, in terms of the new temperature function KP(T), called the equilibrium
constant of the reactive system. This quantity is a “constant” only if the tem-
perature T is maintained fixed. Using the equilibrium constant notation, we can
finally write eq. (7.35) as

KP(T) =
(

P
P0

)b m+n∏

i=1

x𝜈ii (7.37)

or as

KP(T) = P−b
0

m+n∏

i=1

P𝜈ii (7.38)

where the dimensionless exponent b is the algebraic sum of all the stoichiomet-
ric coefficients:

b =
m+n∑

i=1

𝜈i (7.39)

Despite formulas such as eq. (7.37), whose right side might suggest a depen-
dence on pressure, the equilibrium constant KP depends solely on temperature,
as indicated in the definition (7.36). According to the same definition, KP is
dimensionless; this feature is also evident in eq. (7.37). Figure 7.3 shows that,
as a good approximation, the logarithm of KP is a linear function of the inverse
absolute temperature:

ln KP ≅ c1 +
c2

T
(7.40)
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Figure 7.3 Approximately linear relation between log10 Kp and 1/T for some of the
equilibria documented in Table 7.1.

This relationship and the special meaning of the constant slope c2 emerge from
eq. (7.19), which can be written sequentially as

1
T2

(
𝜕H
𝜕𝜁

)

T ,P

= 𝜕

𝜕T

(Y
T

)

P,𝜁

= 𝜕

𝜕T

(

− 1
T

m+n∑

i=1

𝜈i𝜇i

)

P,𝜁

= 𝜕

𝜕T

{

− 1
T

[
m+n∑

i=1

𝜈i𝜇
(xi=1)
i + RT ln

(
P
P0

)b

+ RT
m+n∑

i=1

𝜈i ln xi

]}

P,𝜁

= 𝜕

𝜕T

[

R ln KP(T) − R ln

(
P
P0

)b

− R
m+n∑

i=1

𝜈i ln xi

]

P,𝜁

(7.41)

The first and second steps outlined above consist of invoking eqs. (7.9) and
(7.35), respectively. The second and third terms in the last set of brackets are
constant because the 𝜕∕𝜕T derivative is taken at constant P and 𝜁 ; therefore,

1
T2

(
𝜕H
𝜕𝜁

)

T ,P

= R
d
dT

(ln KP) (7.42)
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Equation (7.42) is known as the van’t Hoff† relation. It shows that the slope
of the ln KP–1∕T curve is a dimensionless measure of the negative of the heat
of reaction:

− 1

R

(
𝜕H
𝜕𝜁

)

T ,P

=
d(ln KP)
d(T−1)

(7.43)

The analytical form of this relation is analogous to the Clapeyron relation devel-
oped in Problem 6.2 for a two-phase single-component mixture in which the
gaseous phase behaves as an ideal gas. Since the heat of reaction is essen-
tially constant over the temperature intervals that are skipped in tabulations
such as Table 7.1, the van’t Hoff relation is a tool for finding the ln KP value
by interpolating between the two closest values that are available in the table
(Problem 7.1).

The chief message of the preceding discussion and Table 7.1 is that there
exists a one-to-one relationship between the value of the equilibrium constant
and the composition of the reactive mixture at equilibrium (known T and P).
That the knowledge of the equilibrium composition pinpoints also the KP value
is indicated by eq. (7.37). The reverse process—the determination of the equi-
librium composition when KP is known—is illustrated in Example 7.1.

The reading of the log 10KP(T) information [7] assembled in Table 7.1 should
be done with care, because similar information is available in different forms
in other thermodynamics texts and handbooks. To begin with, the numerical
values refer to log 10KP and not to the natural logarithm that is part of the
original definition of the equilibrium constant, eq. (7.36). Second, the listed
numerical values are tied intimately to the way in which the respective chemical
equation appears at the head of the table. If, for example, the equation 1

2
H2

−→←− H
is rewritten as H2

−→←− 2H, the values listed in the first column of Table 7.1
must be multiplied by 2. On the other hand, if we choose to write the equation
as H −→←− 1

2
H2 instead of 1

2
H2

−→←− H, the sign of the numbers listed in the first
column must be reversed.

The reactive mixture equilibria covered in Table 7.1 refer to some of the
simplest chemical reactions that are encountered in combustion engineering
calculations. The equilibrium constant of systems with considerably more com-
plicated chemical reactions can be deduced from Table 7.1 by recognizing a
special property of the logarithm of the equilibrium constant [eq. (7.36)]. Sup-
pose that the more complicated chemical equation whose log10 KP values are
not listed in Table 7.1 has the form given in eq. (7.4):

0 −→←−
m+n∑

i=1

𝜈iAi (7.44)

†Jacobus Hendricus van’t Hoff (1852–1911), Dutch professor of physical chemistry at the University
of Amsterdam (1878–1896) and the University of Berlin (1896–1911), received the first Nobel Prize
awarded in the field of chemistry (1901).
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TABLE 7.1 Values of Log10 KP(T) for Eight Examples of Reactive Ideal Gas

T (K) 1
2
H2

−→←− H 1
2
O2

−→←− O 1
2
N2

−→←− N H2O −→←− H2 +
1
2
O2

100 −110.954 −126.73 −243.583 −123.6
298 −35.612 −40.604 −79.8 −40.048
500 −20.158 −22.94 −46.336 −22.886

1000 −8.646 −9.807 −21.528 −10.062
1200 −6.707 −7.604 −17.377 −7.899
1400 −5.315 −6.027 −14.406 −6.347
1600 −4.266 −4.842 −12.175 −5.18
1800 −3.448 −3.918 −10.437 −4.27
2000 −2.790 −3.178 −9.046 −3.54
2200 −2.251 −2.571 −7.905 −2.942
2400 −1.800 −2.065 −6.954 −2.443
2600 −1.417 −1.636 −6.149 −2.021
2800 −1.089 −1.268 −5.457 −1.658
3000 −0.803 −0.949 −4.858 −1.343
3500 −0.231 −0.31 −3.656 −0.712
4000 +0.201 +0.17 −2.752 −0.238
4500 +0.537 +0.543 −2.047 +0.133
5000 +0.806 +0.843 −1.481 +0.43
5500 +1.027 +1.088 −1.016 +0.675
6000 +1.211 +1.292 −0.625 +0.88

Source: Ref. 7.
aThe equilibrium constant is defined as

KP(T) =
x𝜈3

3 x𝜈4

4

x𝜈1

1 x𝜈2

2

(
P
P0

)−𝜈1−𝜈2+𝜈3+𝜈4

in which P0 = 1 atm. Each symbol is identified by comparing the chemical equation,

Assume further that

0 −→←−
m1+n1∑

i=1

𝜈
(1)
i Ai (7.45)

0 −→←−
m2+n2∑

i=1

𝜈
(2)
i Ai (7.46)

are two simpler equations whose log10 K
(1)
P and log10 K

(2)
P values are presented

in the table. Then, if the original equation (7.44) can be reconstructed as a linear
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Mixtures in Equilibriuma

H2O −→←− OH + 1
2
H2

1
2
O2 +

1
2

N2
−→←− NO CO2

−→←− CO + 1
2
O2 CO2 + H2

−→←− CO + H2O

−143.8 −46.453 −143.2 −19.6
−46.137 −15.171 −45.066 −5.018
−26.182 −8.783 −25.025 −2.139
−11.309 −4.062 −10.221 −0.159
−8.811 −3.275 −7.764 +0.135
−7.021 −2.712 −6.014 +0.333
−5.677 −2.290 −4.706 +0.474
−4.631 −1.962 −3.693 +0.577
−3.793 −1.699 −2.884 +0.656
−3.107 −1.484 −2.226 +0.716
−2.535 −1.305 −1.679 +0.764
−2.052 −1.154 −1.219 +0.802
−1.637 −1.025 −0.825 +0.833
−1.278 −0.913 −0.485 +0.858
−0.559 −0.69 +0.19 +0.902
−0.022 −0.524 +0.692 +0.930
+0.397 −0.397 +1.079 +0.946
+0.731 −0.296 +1.386 +0.956
+1.004 −0.214 +1.635 +0.960
+1.232 −0.147 +1.841 +0.961

𝜈1A1 + v2A2
−−→←−− 𝜈3A3 + 𝜈4A4

with the particular equation listed at the head of each column of numerical values.

combination of eqs. (7.45) and (7.46)—that is, if

m+n∑

i=1

𝜈iAi ≡ c(1)
m1+n1∑

i=1

𝜈
(1)
i Ai + c(2)

m2+n2∑

i=1

𝜈
(2)
i Ai (7.47)

where c(1) and c(2) are two appropriately selected constant coefficients—the
analytical form of the definition (7.36) assures us that the same linear relation
exists between the logarithms of the respective equilibrium constants:

ln KP(T) = c(1) ln K(1)
P (T) + c(2) ln K(2)

P (T) (7.48)

log10 KP(T) = c(1) log10 K
(1)
P (T) + c(2) log10 K

(2)
P (T) (7.48′)
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The problem reduces to finding the constants c(1) and c(2) that allow the two-
reaction superposition shown in eq. (7.47). More complicated relations may
require more than two reactions to effect the superposition (7.47), in which
case the ln KP(T) expression (7.48) would have more than two terms on the
right side. The procedure is illustrated in Example 7.2.

Example 7.1. Consider an equilibrium mixture containing H2, O2, and their
oxide (H2O) and determine the composition of this mixture at 3000 K and atmo-
spheric pressure. The equilibrium (reversible) chemical equation is the fourth listed
in Table 7.1:

H2O −→←− H2 +
1
2

O2 (a)

At T = 3000 K, we read log 10 KP = −1.343, which means that

KP = 0.0454 (b)

From eq. (7.37) or the more explicit alternative listed under Table 7.1, we learn that
the equilibrium mole fractions are related through

0.0454 =
x
𝜈H2

H2
x
𝜈O2

O2

x
𝜈H2O

H2O

(c)

where 𝜈H2O = 1, 𝜈H2
= 1, and 𝜈O2

= 1
2
.

The question is: How can this single relation, eq. (c), determine uniquely the three
unknowns (xH2O, xH2

, xO2
)? To proceed, we seek help from Fig. 7.1, which shows that

the proportions in which the reactants and products coexist at equilibrium depend
solely on the degree of the reaction, 𝜁 . The reasoning goes as follows: If we start with
1 mol of H2O and no hydrogen and oxygen, then at equilibrium the H2O inventory
decreases to 1 − 𝜁 while the H2 and O2 inventories reach 𝜁 and 1

2
𝜁 , respectively.

The total number of moles that coexist at equilibrium is (1 − 𝜁 ) + 𝜁 + 1
2
𝜁 = 1 + 1

2
𝜁 ;

therefore, the mole fractions sought can be written as

xH2O = 1 − 𝜁
1 + 𝜁∕2

, xH2
= 𝜁

1 + 𝜁∕2
, xO2

=
𝜁∕2

1 + 𝜁∕2
(d)

The equilibrium condition (c) becomes

0.0454 = 𝜁

1 − 𝜁

(
𝜁

2 + 𝜁

)1∕2

(e)

whose solution is 𝜁 = 0.1476, and finally,

xH2O = 0.794, xH2
= 0.137, xO2

= 0.069 (f)
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Example 7.2. Determine the equilibrium constant for the mixture of CO2, H2,
CO, and H2O, whose reversible chemical equation is

CO2 + H2
−→←− CO + H2O (a)

Assuming that this case is not covered by Table 7.1 (it is), let us determine its equi-
librium constant based on the simpler cases that are likely to be present in the table.
We note that the constituents in question—CO2, H2, CO, and H2O—also appear in
two other equations of Table 7.1:

CO2
−→←− CO + 1

2
O2 (b)

H2O −→←− H2 +
1
2

O2 (c)

The original equation can be regenerated by subtracting eq. (c) from eq. (b). In terms
of the notation used in eq. (7.47), this amounts to the observation that

m+n∑

i=1

𝜈iAi = (−CO2 − H2 + CO + H2O)(a)

= (+1)
(

−CO2 + CO + 1
2

O2

)

(b)
+ (−1)

(

−H2O + H2 +
1
2

O2

)

(c)
(d)

in other words, c(1) = 1, c(2) = −1, and

[ln KP(T)](a) = [ln KP(T)](b) − [ln KP(T)](c) (e)

The equivalent relation between the logarithms in the base 10 was used to construct
the last column of Table 7.1.

7.2 IRREVERSIBLE REACTIONS

The focus of Section 7.1 has been on the equilibrium of a reactive mixture, in
particular, on the chemical composition that prevails at equilibrium. The word
equilibrium does not mean that the chemical reaction stops; rather, it means that
the reaction proceeds in both directions at the same rate. The two-way character
of the equilibrium reaction is indicated by the double arrows used in eqs. (7.3)
and (7.4). Proceeding from left to right, reactants are depleted in exactly the
same proportions and at exactly the same rate at which they are being replen-
ished by the reverse reaction. This is one reason for regarding the equilibrium
reactions discussed until now as reversible reactions. The more basic reason for
using this terminology is that at equilibrium the two-way reaction generates no
entropy; we return to this aspect of chemically reactive systems in the closing
segment of this chapter.
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The main problem in practice is thermodynamic irreversibility: identifying
irreversibilities and designing the means by which they might be circumvented.
It turns out that in actual installations the chemical reactions are highly irre-
versible [8]; they are different than the equilibrium reactions discussed until
now. To see the difference, consider again the isothermal and isobaric system
defined in Fig. 7.1. Recall that at constant T and P the system settles in the
equilibrium state 𝜁 = 𝜁e because the system’s Gibbs free-energy inventory at
that state is the lowest. We can imagine a process 0 → 𝜁e in which the role of
initial state is played by the position labeled 𝜁 = 0 and where the final state is
the equilibrium position 𝜁 = 𝜁e. In state 0 the system contains only the original
reactants, which are being separated by the required impermeable internal par-
tition. If, when the partition is removed, the system shifts from 0 to 𝜁e, it means
that the initial G inventory must have been larger than in the final (equilibrium)
state; in other words,

G(0) > G(𝜁e) (constant T and P) (7.49)

Similarly, if the initial state is represented by the combination of mole numbers
in line with 𝜁 = 𝜁max in Fig. 7.1, then, in accordance with the minimum-G prin-
ciple, the shift from the initial state† (𝜁max) to the equilibrium state (𝜁e) takes
place because this change points in the direction of lower Gibbs free energies:

G(𝜁e) < G(𝜁max) (constant T and P) (7.50)

The constant-T and constant-P picture that emerges is one where chemical reac-
tions occur “one way” and always in the direction of lower values of the total
G inventory of the system.

Consider next the process shown in Fig. 7.4. In the initial state, the sys-
tem is made up of two parts, r and e, which are separated by an impermeable
(otherwise, flexible and diathermal) membrane. The r part contains only reac-
tants (Ar1,Ar2, …); the respective numbers of moles in this conglomerate are
the same as the stoichiometric coefficients shown on the left side of eq. (7.3),
namely, 𝜈r1, 𝜈r2, … . The larger part of the system—the subsystem e—contains
an equilibrium mixture of all the reactants and the products that can coexist at
T and P.

In the final state, the system contains again two subsystems: first, an equi-
librium mixture of reactants and products that is identical to the subsystem e
described above and, second, a part p made up of only products (Ap1,Ap2, …).
The numbers of moles that are found in p are precisely the numbers 𝜈p1, 𝜈p2, …
that are recommended by stoichiometric calculations, eq. (7.3). This means
that, during the process described in Fig. 7.4, the boundary of the greater
system—the aggregate system drawn as r + e or e + p—is impermeable to
the flow of matter. The change that occurs is that the subsystem of reactants,

†In this state, too, the constituents would have to be separated by impermeable internal partitions.
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Figure 7.4 Isothermal and isobaric process for the conversion of stoichiometric quan-
tities of reactants into products.

r, is replaced entirely by an equivalent batch of products (p) in the manner
indicated by the left-to-right arrow in eq. (7.3):

𝜈r1Ar1 + 𝜈r2Ar2 + . . . + 𝜈rmArm → 𝜈p1
Ap1

+ 𝜈p2
Ap2

+ . . . + 𝜈pnApn (7.51)

The process pictured in Fig. 7.4 is possible only if the G inventory of the system
decreases in the direction of the arrow:

Gr + Ge > Ge + Gp (7.52)

which finally means that

Gr > Gp (constant T and P) (7.53)

The one-way reaction (7.51) evolves in the direction of the arrow because the
Gibbs free energy summed over the left side of the equation exceeds the amount
calculated for the right side.

The next step is to assume that the scenario of Fig. 7.4 repeats itself steadily
in time. During each unit time interval, the now “open” system admits certain
quantities of reactants, in such proportions as are indicated by their stoichio-
metric coefficients:

ṅr1 = 𝜈r1ṅ, ṅr2 = 𝜈r2ṅ, … (7.54)

At the same time, the isobaric and isothermal flow system (Fig. 7.5) releases a
corresponding mixture of products:

ṅp1 = 𝜈p1ṅ, ṅp2 = 𝜈p2ṅ, … (7.55)

where ṅ is the number of moles per second, which accounts for the overall size
and speed of the flow installation. The inequality that in eq. (7.53) referred to a
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Figure 7.5 Steady-flow apparatus for a reaction at constant T and P.

one-shot process continues to apply here, on a per-unit-time basis:

Ġr > Ġp (constant T and P) (7.55′)

Taking into account the composition of the two streams, we can rewrite this
conclusion as

m∑

i=1

ṅrigri >
n∑

i=1

ṅpigpi (7.56)

and in view of eqs. (7.54) and (7.55),

m∑

i=1

𝜈rigri >
n∑

i=1

𝜈pigpi (constant T and P) (7.57)

There is an important connection between the Gibbs free-energy decrease
signaled by eq. (7.57) and the concept of equilibrium constant [eq. (7.36)]. In
terms of the notation defined in eqs. (7.4′), the inequality (7.57) reads

0 >
m+n∑

i=1

𝜈igi(T ,P) (7.58)

or

0 >
m+n∑

i=1

𝜈i𝜇i(T ,P) (7.59)

where both gi(T ,P) and 𝜇i(T ,P) refer to the ith component as a single-
component substance [this feature was stressed earlier by the superscript
(xi = 1), which is now abandoned]. In the special case when P is set at the
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reference level P0, the sum that appears on the right side of eq. (7.59) is the
same as the sum seen in eq. (7.36). In conclusion, we write

0 < −
m+n∑

i=1

𝜈igi(T ,P0) = RT ln KP(T) (7.60)

Or, introducing the notation ΔG for the net increase in G when proceeding in
the direction of the reaction,

ΔG(T ,P0) =
n∑

i=1

𝜈pigpi(T ,P0) −
m∑

i=1

𝜈rigri(T ,P0) (7.61)

eq. (7.60) indicates that if the reaction takes place, ΔG is negative and

ln KP(T) = −
ΔG(T ,P0)

RT
(7.62)

These conclusions become clearer as we consider Fig. 7.5 in conjunction
with the reaction by which carbon dioxide is formed from its elements:

C + O2 → CO2 (7.63)

In this example, the temperature and pressure are maintained at the reference
levels:

T0 = 25∘C (298.15 K) and P0 = 1 atm (0.101325 MPa) (7.64)

The inequality (7.57) becomes

gC(T0,P0) + gO2
(T0,P0) > gCO2

(T0,P0) (7.65)

This inequality is a warning that reference values for energies (in this case,
g’s) cannot be chosen arbitrarily for all chemical species. This observation is
reinforced in the next section, where we focus on the enthalpy inventories of
the r and p streams. In the case of the g(T0,P0) values that are being compared
in eq. (7.65), it is on the basis of convention [9] that we set

g(T0,P0) = 0 (for elements only)† (7.66)

In the present example, gO2
= 0 and, if the carbon is graphite, gC = 0:

gO2
= 0 and gO < 0

‡The substances that have been chosen as “elements” and appear most often in combustion analyses
are C (graphite), H2 (gas), N2 (gas), and O2 (gas). Note, for example, the distinction made between
O2 and O in Table 7.2,

gO2
= 0 and gO < 0
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The g value of a chemical compound at 25∘C and 1 atm, which cannot be set
by convention, is the Gibbs free energy of formation g∘f of the compound:

g(T0,P0) = g∘f (for compounds) (7.67)

The inequality (7.60) indicates that

0 > g∘f ,CO2
(7.68)

which is confirmed by the negative sign of the gf ,CO2
value listed in Table 7.2.

In summary, there is a net decrease in the Gibbs free energy of the mixture as
the reaction proceeds in the direction assumed in eq. (7.63):

ΔG(T0,P0) = gCO2
(T0,P0) − gC(T0,P0) − gO2

(T0,P0)

= g∘f ,CO2
= −394.39 kJ∕mol (7.69)

Look at the g∘f values assembled in Table 7.2 and question the correctness of
positive numbers such as g∘f ,C2H2

= +209.16 kJ∕mol. After all, did we not learn
in the preceding example that during the reaction of “formation” of a compound
from its elements ΔG (or g∘f ,compound) must be negative? In the present case, the
positive value of g∘f ,C2H2

indicates that the assumed reaction by which acetylene
(C2H2) is formed from C and H2 is impossible:

2C + H2 → C2H2 (impossible)
ΔG(T0,P0) = +209.16 kJ∕mol > 0 (7.70)

What the positive ΔG indicates is that the reverse reaction is possible because
the G inventory decreases in this new direction:

C2H2 → 2C + H2 (possible)
ΔG(T0,P0) = −209.16 kJ∕mol < 0 (7.71)

This observation leads back to the ΔG definition (7.61), which shows that ΔG
changes sign when the reactants and products trade places.

A negative g∘f value does not guarantee that the reaction of forming the par-
ticular compound will be the one that will actually take place. Consider the case
of forming carbon monoxide from C and O2:

C + O2 → CO + 1
2

O2

ΔG(T0,P0) = g∘f ,CO = −137.16 kJ∕mol (7.72)
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TABLE 7.2 Enthalpy of Formation, Gibbs Free Energy of Formation, and Absolute
Entropy of Some of the Most Common Substances Encountered in the Analysis of
Combustion Processes (T= 25∘C, P= 1 atm)

Substance (Phase)a
M

(kg/kmol)
h∘f

(kJ/mol)
g∘f

(kJ/mol)
s∘

(J/mol ⋅ K)

C Carbon (graphite) (s) 12.011 0 0 5.686
CO Carbon monoxide (g) 28.011 −110.54 −137.16 197.53
CO2 Carbon dioxide (g) 44.01 −393.52 −394.39 213.68
CH4 Methane (g) 16.043 −74.873 −50.81 186.1
C2H2 Acetylene (g) 26.038 +226.73 +209.16 200.85
C2H4 Ethylene (g) 28.054 +52.47 +68.35 219.22
C2H6 Ethane (g) 30.07 −84.735 −32.91 229.6
C3H8 Propane (g) 44.097 −103.92 −23.52 270.1
C4H10 Butane (g) 58.124 −126.15 −17.04 310.2
C8H18 n-Octane (g) 114.23 −208.5 +16.6 466.8
C8H18 n-Octane (l) 114.23 −250.0 +6.71 360.9
H Monatomic hydrogen (g) 1.008 +217.99 +203.27 114.61
H2 Hydrogen (g) 2.016 0 0 130.58
H2O Water (g) 18.016 −241.83 −228.59 188.72
H2O Water (l) 18.016 −285.84 −237.15 69.94
N Monatomic nitrogen (g) 14.008 +472.79 +455.49 153.18
NO Nitric oxide (g) 30.008 +90.29 +86.595 210.65
NO2 Nitrogen dioxide (g) 46.008 +33.1 +51.24 239.91
N2 Nitrogen (g) 28.103 0 0 191.5
O Monatomic oxygen (g) 16.0 +101.7 +91.412 157.79
O2 Oxygen (g) 31.999 0 0 205.02

Source: Ref. 7.
ag, Gas; l, liquid; s, solid.

Since ΔG is negative, this reaction is not ruled out by the G minimum principle.
However, since carbon and oxygen can react along a “steeper descent” on the
G scale,

C + O2 → CO2

ΔG(T0,P0) = g∘f ,CO2
= −394.39 kJ∕mol (7.73)

it is this second reaction that is the most likely. We can think of CO2 as being a
“more stable” product (of combining C and O2) than the products CO and 1

2
O2.

The Gibbs free-energy change of the reaction, ΔG, has the same additive
property as the equilibrium constant logarithm [eq. (7.48)]. This analogy stems
from the definition of ΔG and, in particular, from eq. (7.62). Consider the
following one-way equations and their respective ΔG values, all at the same
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temperature and pressure (say, T0 and P0):

0 →
m+n∑

i=1

𝜈iAi, ΔG(T0,P0) (7.74)

0 →
m1+n1∑

i=1

𝜈
(1)
i Ai, ΔG(1)(T0,P0) (7.75)

0 →
m2+n2∑

i=1

𝜈
(2)
i Ai, ΔG(2)(T0,P0) (7.76)

If the chemical equation of the first reaction can be written as a linear combi-
nation of the second and third reactions [eq. (7.47)],

ΔG(T0,P0) = c(1)ΔG(1)(T0,P0) + c(2)ΔG(2)(T0,P0) (7.77)

One requirement is that the two chemical equations used in order to reconstruct
the first must both be possible. In other words, ΔG(1) and ΔG(2) must both be
negative for the direction in which the respective chemical equations are writ-
ten. If the target reaction is to be possible in the direction in which it is written
in eq. (7.74), the ΔG value calculated with eq. (7.77) must also be negative.

In conclusion, the Gibbs free-energy inventory of the stream decreases as the
inflow of reactants changes into an outflow of products. This decrease, or the
sign that the reaction can take place in the direction assumed in eq. (7.57), is also
a sign that the stream can flow only from left to right in Fig. 7.5. Shortly, we shall
demonstrate that under certain conditions the G decrease is also a sign of irre-
versibility. For example, if the isothermal and isobaric flow of Fig. 7.5 occurs at
the reference conditions T0 and P0 (i.e., at the restricted dead state, Section 3.3),
the rate of Gibbs free-energy decrease across the apparatus becomes a mea-
sure of lost mechanical power. This point is discussed further in connection
with eq. (7.133).

Example 7.3. Estimate the Gibbs free-energy change during the oxidation of
acetylene at the reference temperature and pressure:

C2H2 + O2 → 2CO + H2, ΔG =? (a)

This chemical equation can be reconstructed on the basis of two simpler ones [7]:

C2H2 → 2C + H2, ΔG(1) = −209.16 kJ∕mol (b)

C + 1
2

O2 → CO, ΔG(2) = −137.16 kJ∕mol (c)

which are both possible (note the negative ΔG’s). The reconstruction formula is

(a) = (b) + 2(c)
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in other words, c(1) = 1 and c(2) = 2. The ΔG value for the original reaction is

ΔG = ΔG(1) + 2ΔG(2) = −483.5 kJ∕mol

Example 7.4. Suppose that the objective is to calculate the decrease in G during
the reaction [7]

4C + H2 + O2 → C2H2 + 2CO, ΔG =? (a)

Reasoning as in Example 7.3 leads us to

ΔG = ΔG(1) + 2ΔG(2) (b)

where ΔG(1) and ΔG(2) refer to the simpler reactions

2C + H2 → C2H2, ΔG(1) = 209.16 kJ∕mol (c)

C + 1
2

O2 → CO, ΔG(2) = −137.16 kJ∕mol (d)

Because the calculated ΔG for the chemical equation (a) is negative,

ΔG = [209.16 + 2(−137.16)]kJ∕mol = −65.16 kJ∕mol

the immediate conclusion might be that reaction (a) is possible as assumed. This
conclusion is wrong because one of the pieces of the argument—reaction (c)—is
impossible in the direction in which it was assumed (note the positive value of ΔG(1)).

7.3 STEADY-FLOW COMBUSTION

In this section we study the limitations that the first law and the second law place
on steady-flow chemical reactions that occur in open-system apparatuses. This
time, however, we consider the more general setup in which the temperature and
pressure of the products are not necessarily equal to the T and P values of the
reactants or of neighboring reservoirs. This general system is shown in Fig. 7.6:
The control surface continues to be impermeable to mass transfer; however, it
is not necessarily diathermal and flexible.

7.3.1 Combustion Stoichiometry

As chemical reactions, we consider the burning (rapid oxidation) of hydrocar-
bon fuels. These processes are recognized generally under the more common
name of combustion. Looking at the left column of Table 7.2, we write C𝛼H𝛽

as a generic chemical formula for hydrocarbon fuels. In the case of methane,
𝛼 = 1 and 𝛽 = 4. The most common oxidant is atmospheric air, in which
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Figure 7.6 First-law analysis of steady flow through a combustion chamber.

at 25∘C and 1 atm the diatomic oxygen occupies a volume or mole fraction
of 20.35% [eq. (7.129)]. Combustion energy calculations are usually based
on the simpler model in which the air is viewed as a two-component ideal
gas mixture of 21% O2 and 79% N2 on a volume basis. This means that in
a chemical reaction in which a fuel is burned with air the oxygen and the
nitrogen participate in the proportion

0.21O2 + 0.79N2 (for each mole of air) (7.78)

or, noting that 0.79/0.21 = 3.76,

O2 + 3.76N2 (for each mole of oxygen) (7.78′)

The combustion of C𝛼H𝛽 is considered complete if in the mixture of products
all the carbon appears as CO2 and all the hydrogen appears as H2O. We shall see
that when the combustion occurs in an insufficient amount of air, some of the
fuel burns incompletely. For example, the carbon can appear as both CO2 and
CO in the products. It takes a certain amount of air to burn a fuel completely.
The minimum amount of air that accomplishes this task is the theoretical air
required by the specified fuel. The theoretical number of moles of O2 per mole
of C𝛼H𝛽 comes from the stoichiometry of the chemical equation:

C𝛼H𝛽 + 𝛾(O2 + 3.76N2) → 𝛿CO2 + 𝜀H2O + 𝜂N2 (7.79)

The unknown stoichiometric coefficients are, in order,

𝛿 = 𝛼, 𝜀 = 𝛽∕2, 𝛾 = 𝛼 + 𝛽∕4, 𝜂 = 3.76(𝛼 + 𝛽∕4) (7.80)

That 𝛼 + 𝛽∕4 represents the minimum number of moles of O2 per mole of
C𝛼H𝛽 effecting the complete combustion of C𝛼H𝛽 is indicated by the absence
of pure O2 from the product mixture. During the theoretical combustion
(7.79)–(7.80), all the oxygen admitted into the control volume (combustion
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chamber) is used. When the airstream exceeds the theoretical amount calcu-
lated above, some of the oxygen turns up “unused” among the products. Let
𝜆 be the greater-than-one number representing the ratio between the actual air
flow rate and the theoretical flow rate. The chemical equation reads, in this case,

C𝛼H𝛽 + 𝜆
(

𝛼 + 𝛽

4

)

(O2 + 3.76N2) → 𝛼CO2 +
𝛽

2
H2O + 3.76𝜆

(

𝛼 + 𝛽

4

)

N2

+ (𝜆 − 1)
(

𝛼 + 𝛽

4

)

O2 (7.81)

If, for example, 𝜆 = 4, the reaction above is said to be carried out with 400%
theoretical air, or with “300% excess air.” The excess air is measured by 𝜆 − 1,
which also appears as a factor in the amount of O2 that survives unused on the
right side of eq. (7.81).

When the amount of air is less than the theoretical amount, 𝜆 < 1, the com-
bustion is incomplete. The mixture of products contains CO in addition to CO2,
H2O, N2, and, possibly, other components. The actual proportions in which
these components appear in the products depend on the products’ temperature
and pressure. This aspect is illustrated by the numerical examples and proposed
problems that follow. Unlike the case in eq. (7.81), one component that is absent
from the products of combustion with less-than-theoretical air is the unused
diatomic oxygen, O2.

The foregoing nomenclature applies almost unchanged to combustion pro-
cesses based on oxidants other than air. If the oxidant is pure O2, the chemical
equation for the combustion of C𝛼H𝛽 with 𝜆 − 1 excess oxygen reads

C𝛼H𝛽 + 𝜆
(

𝛼 + 𝛽

4

)

O2 → 𝛼CO2 +
𝛽

2
H2O + (𝜆 − 1)

(

𝛼 + 𝛽

4

)

O2 (7.82)

7.3.2 The First Law

As an application of eq. (1.22) to the steady-flow system defined in Fig. 7.6, the
first law of thermodynamics requires that

0 = Q̇ −W +
m∑

i=1

ṅrihri −
n∑

i=1

ṅpihpi (7.83)

Let ṅr1 = ṅfuel represent the molal flow rate of fuel as one of the inlet streams
that flow into the combustion chamber. On a per-mole-of-fuel basis, then, the
first law (7.83) assumes the more convenient form

0 = Q̇
ṅfuel
⏟⏟⏟

Q

− Ẇ
ṅfuel
⏟⏟⏟

W

+
m∑

i=1

𝜈rihri

⏟⏞⏟⏞⏟
Hr

−
n∑

i=1

𝜈pihpi

⏟⏞⏟⏞⏟
Hp

(7.84)
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In other words,
0 = Q −W + Hr − Hp (7.84′)

The notations Hr and Hp represent the enthalpies of the “reactant” and “pro-
duct” streams, expressed in units of energy per mole of fuel. The heat transfer
and work transfer terms Q and W are expressed in the same units. Note fur-
ther that, since ṅr1 = ṅfuel, the first of the stoichiometric coefficients in the sum
called Hr is equal to 1, 𝜈r1 = 1. In other words, the coefficients 𝜈ri and 𝜈pi listed
in eq. (7.84) correspond to chemical equations such as eqs. (7.81) and (7.82),
which are written on the basis of 1 mol of fuel.

Consider first the case where there is no work transfer, W = 0, and where the
temperature and pressure of the reactants and the products are at the reference
levels T0 and P0. The first law (7.84′) reduces to

Q = Hp − Hr (7.85)

where, in accordance with the usual convention, Q is defined positive when it
points toward the system (i.e., as in Fig. 7.6). In the present combustion pro-
cess, in which the reactants are brought in at the restricted dead state (T0,P0)
and where the products are rejected in the same conditon, Q is expectedly
negative because combustion reactions are exothermic. Experience suggests
that the reactive mixture must be cooled if it is to be discharged at the restricted
dead state.

More important is the observation that the absolute value of Q or the differ-
ence (Hp − Hr) is in all likelihood finite and measurable. This observation plays
a role in the calculation of the Hr and Hp inventories:

Hr = (1)hr1(T0,P0) + 𝜈r2hr2(T0,P0) + · · · (7.86)

Hp = 𝜈p1hp1(T0,P0) + 𝜈p2hp2(T0,P0) + · · · (7.87)

in which all the component enthalpies are evaluated at the reference temper-
ature and pressure. Since the difference Hp − Hr is finite, and since its value
depends on the actual combination of reactants in the “reactant” stream, not all
the hri(T0,P0) and hpi(T0,P0) enthalpies may be set equal to zero at the refer-
ence temperature and pressure. The reference enthalpy convention that mimics
eqs. (7.66) and (7.67) is

h(T0,P0) = 0 (for elementary substances only) (7.88)

h(T0,P0) = h∘f (for compounds) (7.89)

The quantity h∘f is the enthalpy of formation of the particular compound; h∘f
numerical values of this constant have been compiled in Table 7.2 for some
of the most frequently encountered compounds in combustion analyses. As an
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alternative to eq. (7.88), we can write that the enthalpy of formation of all ele-
mentary substances is zero:

h∘f = 0 (for elementary substances only) (7.88′)

An example of a steady-flow zero-work combustion process can be con-
structed using the chemical equation for the combustion of C𝛼H𝛽 with 𝜆 − 1
excess air, eq. (7.81). Keeping in mind that all the reactants and products are at
T0 and P0, we have

Hr = h∘f ,C𝛼 H𝛽
+ 0 + 0 (7.90)

Hp = 𝛼h∘r,CO2
+ 𝛽

2
h∘f ,H2O + 0 + 0 (7.91)

The zeros represent the reference enthalpies of the elements—in this case, O2
and N2. The heat transfer per mole of fuel is

Q = 𝛼h∘f ,CO2
+ 𝛽

2
h∘f ,H2O − h∘f ,C𝛼H𝛽

(7.92)

The heat transfer above is also recognized as the enthalpy of combustion of
C𝛼H𝛽 if, as in eq. (7.81), the combustion is complete. An additional requirement
that must be met if the enthalpy-of-combustion terminology is to apply is that
the reactants and the products must be at the same temperature and pressure. As
commented already in connection with the sign of Q = Hp − Hr, the enthalpy
of combustion is negative. The positive or absolute value of the same quantity
represents the heating value of the fuel for the combustion of which the first
law (7.85) has been written; in other words,

heating value = Hr − Hp (complete combustion;W = 0;
reactants and products both
at T0 and P0) (7.93)

Two heating values are usually recorded in fuel property tables such as
Table 7.3. The lower heating value (LHV) refers to the complete combustion
process whose products contain H2O in the vapor phase: that is, as an ideal
gas in the mixture of products. The water vapor can be condensed out of the
product mixture by appropriately transferring heat out of the stream without
changing the final T0 and P0. The heating value calculated with eq. (7.93) for
the case when H2O is a liquid in the (T0,P0) products represents the higher
heating value (HHV) of the fuel. The higher heating value exceeds the lower
heating value by an amount corresponding to the heat transfer received by the
external entity that causes the condensation of the water vapor contained by
the products.
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Consider now the more general case where the reactants and the products are
not in the reference condition (T0,P0). The first law for the steady state contin-
ues to be represented by eq. (7.84); however, this time the constituent enthalpies
(hri, hpi) are not the reference enthalpies listed in eqs. (7.88) and (7.89). Let
T and P represent the temperature and pressure of one particular constituent in
the stream of reactants or products and let h(T ,P) be its enthalpy:

h(T ,P) = h(T0,P0) + h(T ,P) − h(T0,P0)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Δh

(7.94)

or, recognizing the enthalpy-of-formation convention,

h(T , P) = h∘f + Δh (7.95)

The enthalpy change Δh is in general a function of both T and P. At sufficiently
low pressures (i.e., when the constituent in question obeys the ideal gas model)
Δh is only a function of temperature whose reference value is by definition
zero, Δh(T0) = 0. If the constituent exists as liquid, the Δh part of eq. (7.95)
can be evaluated invoking the incompressible substance model for moderately
subcooled liquid states (see the Appendix). The same model can be used for
Δh in cases when the constituent is a solid. In conclusion, the per-mole-of-fuel
enthalpy inventories appearing in the first law (7.84′) are given by

Hr =
m∑

i=1

𝜈ri(h
∘
f + Δh)ri and Hp =

n∑

i=1

𝜈pi(h
∘
f + Δh)pi (7.96)

Numerical tabulations of the Δh(T) functions of the ideal gases found among
the reactants and products of combustion are available in handbooks [7]. We use
this opportunity to present this information in graphical form (Fig. 7.7) [10]
partly because the accuracy of the tabulated information is not nearly as high
as is suggested by the six-significant-digit reporting chosen by some textbooks.
Another purpose of constructing Fig. 7.7 is to show that in sufficiently narrow
ranges of temperature the Δh(T) function is practically linear in temperature.
Note further that

Δh(T) = ∫
T

T0

cP(T ′) dT ′ (ideal gas) (7.97)

and the deviation of the Δh(T) function from a perfectly straight line is a sign
that the specific heat increases with temperature. The cP(T) functions of some
of the ideal gases covered by Fig. 7.7 are displayed in Fig. 4.4.

A special limit in the operation of the steady-flow system is the zero-work
and adiabatic limit represented by Q = W = 0. In this case, the enthalpy
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Figure 7.7 Enthalpy change function Δh(T) for several of the ideal gases encountered
Δh(T) in analyses of combustion processes. (From Ref. 10.)

inventory brought in by the reactants is conserved along the combustion
chamber, Hr = Hp [eq. (7.84′)]. Typical in this limit is the extremely high
temperature reached by the products. Consider the case of Fig. 7.8, in which
the mixture of reactants is admitted at T0 and P0. If the products of combustion
were to be discharged at T0 and P0, then, according to eq. (7.93), the system
external to the combustion chamber would be receiving a certain number of
joules per mole of fuel. That number would be an LHV if the products contain
water vapor as opposed to liquid water. Now, when the system is perfectly
insulated, it cannot dispose of the LHV. Figure 7.8 shows that the only option
left for the LHV is to heat the mixture of products to a new temperature, Taf ,
which is usually much higher than T0. The special temperature Taf represents
the adiabatic flame temperature associated with the combustion of the given
mixture of reactants (fuel + oxidant). In the example in Fig. 7.8, the product
temperature (Taf ) is determined by solving the first-law equation

Hr(T0,P0) = Hp(Taf ,P0) (7.98)
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Figure 7.8 Conservation of enthalpy during an adiabatic and zero-work combustion
process leading to products at the adiabatic flame temperature Taf .

Other zero-work combustion systems that deliver at least part of the heat
transfer LHV to an external user show correspondingly lower temperatures in
the stream of combustion products. The adiabatic flame temperature can be
viewed as a theoretical ceiling for the temperatures that can be recorded in the
steady-flow combustion system. This ceiling value is theoretical because (1) in
reality no combustion chamber is perfectly insulated and (2) at temperatures of
the order of Taf one or more of the original products of combustion can undergo
a process of chemical dissociation. For example, if Taf is sufficiently high, the
carbon dioxide contained in the original products can dissociate into carbon
monoxide and oxygen:

CO2 → CO + 1
2

O2 (7.99)

Written in this direction, the reaction is endothermic: It proceeds at the expense
of the stream of products, which experiences a cooling effect (Fig. 7.9).

Figure 7.9 Lowering of the adiabatic flame temperature because of the partial dissoci-
ation of one of the products of combustion. (This figure is a continuation of Fig. 7.8.)
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The dissociation ends when the temperature of the products has become low
enough for CO2 to coexist in equilibrium with CO, O2, and the other products
of combustion. At this new adiabatic flame temperature with dissociation
(Tafd), the dissociation reaction (7.99) proceeds with equal speeds in both
directions.

The dissociation process prohibits the establishment of the theoretical
adiabatic flame temperature calculated with eq. (7.98), that is, based on the
assumption of no dissociation. The actual adiabatic flame temperature reached
after partial dissociation (Tafd) is less than the theoretical value for combustion
without dissociation (Taf ). Additional examples of dissociation reactions are

H2 → 2H

O2 → 2O

N2 → 2N (7.100)

H2O → H2 +
1
2

O2

H2O → OH + 1
2

H2

The equilibrium constants of the two-way (reversible) limit of these reactions
can be deduced from Table 7.1.

7.3.3 The Second Law

Relative to the first-law analysis based on Fig. 7.6, the second law accounts
for the interactions that act as carriers of entropy. For this reason, in Fig. 7.6
we would have to specify unambiguously the temperature of the boundary pen-
etrated by the heat transfer Q. Consider the more specific system defined in
Fig. 7.10, in which the heat transfer per mole of fuel Qi crosses the boundary
segment whose temperature is Ti. The work transfer W is not shown because
it does not appear in the second-law statement (work transfer is the type of
energy interaction that is not accompanied by entropy transfer). As a special

Figure 7.10 Second-law analysis of steady flow through a combustion chamber.
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application of eq. (2.46) of open systems, the second law of thermodynamics
for the steady-flow system of Fig. 7.10 reads

Ṡgen = −
∑

i

Q̇i

Ti
−

m∑

i=1

ṅrisri +
n∑

i=1

ṅpispi ≥ 0 (7.101)

Dividing by the molal flow rate of the fuel, ṅfuel,

1
ṅfuel

Ṡgen

⏟⏞⏟⏞⏟
Sgen

= −
∑

i

Q̇i∕ṅfuel

Ti
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

Qi∕Ti

−
m∑

i=1

𝜈risri

⏟⏞⏟⏞⏟
Sr

+
n∑

i=1

𝜈pispi

⏟⏞⏟⏞⏟
Sp

≥ 0 (7.102)

we obtain the per-mole-of-fuel statement:

Sgen = −
∑

i

Qi

Ti
− Sr + Sp ≥ 0 (7.103)

The second law states that the combustion chamber acts as a producer of
entropy. For example, in the special case of adiabatic combustion (Fig. 7.8), the
second law reduces to the statement that the entropy inventory of the products
(Sp) generally exceeds the entropy inventory of the reactants (Sr). These two
inventories are evaluated according to the two sums involved in the definition
(7.102). Unlike the gi and hi values, which could not be all set equal to zero at
one reference state, the entropies si do have a common state where they are all
zero. The basis for this assertion is the empirical evidence summarized under
the heading Third Law of Thermodynamics (Section 10.7.4), which suggests
that the entropy of any substance in equilibrium approaches a unique value as
T approaches absolute zero. By convention, this unique value was set equal to
zero [eq. (10.132)]; therefore, for all the absolute entropies si appearing in Sr
and Sp, we set

lim
T→0

s = 0 (7.104)

Equation (7.104) shows that in the absolute-zero limit the entropy of the con-
stituent depends only on the temperature. Away from absolute zero, especially,
in the high-temperature range spanned by combustion processes, s is a function
of both T and P. The most readily available entropy information is in the form
of numerical tables for s versus T at atmospheric pressure, P = P0 [7]:

s(T ,P0) = s∘(T) (7.105)

The last column in Table 7.2 exhibits the special values of the absolute entropy
of various reactants and products at the reference pressure and temperature,
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Figure 7.11 Absolute entropy at atmospheric pressure s∘(T) for several of the ideal
gases encountered in analyses of combustion. (From Ref. 10.)

s∘(25∘C). The s∘(T) values corresponding to other temperatures can be retrieved
from tables [7] or from Fig. 7.11, which is a problem-solving aid proposed in
the present treatment.

To calculate the entropy at any T and P (where P is the partial pressure of
the constituent in the products, for example), we write

s(T ,P) = s∘(T) + s(T , P) − s(T ,P0)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Δs

(7.106)

The entropy change Δs refers to a pressure change executed at constant tem-
perature. In many cases, the temperature of the constituents is high and the
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partial pressures are sufficiently low to justify the use of the ideal gas model
(Table 4.7):

Δs = −R ln
P
P0

(7.107)

Assuming that all the constituents are ideal gases, the entropy inventories of the
reactant and product streams are

Sr =
m∑

i=1

𝜈ri

(

s∘ − R ln
P
P0

)

ri

Sp =
n∑

i=1

𝜈pi

(

s∘ − R ln
P
P0

)

pi

(7.108)

If the constituent appears in liquid form, we can use the incompressible
substance model for moderately compressed liquid states so that, instead of
eq. (7.106), we have

s(T) ≅ s∘(25∘C)liquid
Table 7.2

+ [sf (T) − sf (25∘C)] (7.109)

where subscript f means “saturated liquid.” If the constituent is a solid, its s(T)
formula is similar to eq. (7.109), except that by virtue of the same model the
quantity in brackets is replaced by c ln (T/298.15 K). This last move is permis-
sible if the lone specific heat of the solid (c) is constant over the temperature
interval 298.15 K − T .

7.3.4 Maximum Power Output

To what extent can a combustion process be used for producing useful mechan-
ical power? Consider this question in the context of Fig. 7.12, in which the

Figure 7.12 Steady-flow apparatus for the production of useful mechanical work from
a combustion process in communication with the reference temperature reservoir.
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steady-flow apparatus can exchange heat only with the reference temperature
reservoir (T0). The analysis consists of writingQ0 instead ofQ in eq. (7.84′) and
Q0∕T0 as the only term of the type Qi∕Ti in eq. (7.103); later, Q0 is eliminated
between the two equations. Expressed in joules per mole of fuel, the result is

W =Hr − Hp − T0(Sr − Sp) − T0Sgen

=
m∑

i=1

𝜈ri(h − T0s)
⏟⏞⏟⏞⏟

bri

ri −
n∑

i=1

𝜈pi(h − T0s)
⏟⏞⏟⏞⏟

bpi

pi − T0Sgen (7.110)

The same conclusion follows from eq. (3.41), dividing it by ṅfuel and writing
W = ĖW∕ṅfuel:

W =
m∑

i=1

𝜈ri bri

⏟⏞⏟⏞⏟
Br

−
n∑

i=1

𝜈pi bpi

⏟⏞⏞⏟⏞⏞⏟
Bp

− T0Sgen (7.111)

This alternative brings out the flow availability notation b for each of the h − T0s
groups appearing in the last of eq. (7.110). The flow availability inventories of
the streams of reactants and products are related to their respective enthalpy and
entropy inventories:

Br = Hr − T0Sr and Bp = Hp − T0Sp (7.112)

Because we are able to estimate the enthalpy and entropy inventories of the two
streams (Figs. 7.7 and 7.11), we are also able to evaluate their flow availability,
as shown in Ref. 10.

The work output per mole of fuel cannot exceed Br − Bp. This conclusion
follows from setting Sgen = 0 for the reversible limit of eq. (7.111):

Wrev = Br − Bp ≥ W (7.113)

In the special case where both the inlet and the outlet mixtures are at the refer-
ence (restricted dead-state) conditions, T0 and P0, the reversible work per mole
of fuel [eq. (7.113)] becomes

Wrev =
m∑

i=1

𝜈ri(h − T0s)0,ri −
n∑

i=1

𝜈pi(h − T0s)0,pi

=
m∑

i=1

𝜈ri𝜇0,ri −
n∑

i=1

𝜈pi𝜇0,pi (7.114)

Each factor of the type (h − T0s)0 represents the partial molal Gibbs free
energy or the chemical potential of the particular constituent in the T0 and
P0 mixture. Therefore, the two sums on the right side of eq. (7.114) represent
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the per-mole-of-fuel Gibbs free energies of the inlet mixture (Gr) and the outlet
mixture (Gp):

Wrev = Gr − Gp (7.115)

The inequality between the reversible work and the actual work, Wrev ≥ W
[eq. (7.113)], is correct in an algebraic sense: that is, regardless of the sign of the
numerical values taken by Wrev and W. The irreversibility T0Sgen that separates
the values of Wrev and W can be caused not only by the combustion process but
also by the power plant sandwiched between the combustion chamber and the
ambient (T0) inside the steady-flow apparatus of Fig. 7.12.

One way to distinguish between these two sources of irreversibility is shown
in Fig. 7.13. In this figure the power plant is replaced by a Carnot engine; there-
fore, the irreversibility (Wrev −W) is due to the combustion chamber alone. The
Carnot engine receives the heat input Hr − Hp, produces the work discussed
above, W, and rejects heat to reservoir T0. As an introduction to the power gen-
eration chapter that follows, we define the effective flame temperature of the
combustion chamber as an exergy source, Tf , by writing

W = (Hr − Hp)(1 − T0∕Tf ) (7.116)

This definition is written with eq. (3.14) in mind: W is the exergy (useful work)
associated with the heat transfer Hr − Hp released from the temperature level
Tf by the combustion chamber. If Tf and the steady-flow combustion process
are known, W and Wrev can be evaluated using eqs. (7.113) and (7.116). The
ratio of the two can be viewed as the second-law efficiency of the combustion
chamber alone:

𝜂II =
W
Wrev

=
Hr − Hp

Br − Bp

(

1 −
T0

Tf

)

(7.117)

that is, as an indicator of the irreversibility of the combustion process.

Figure 7.13 Device for defining the effective flame temperature of the combustion
chamber viewed as a source of exergy, Tf .
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The concept of effective flame temperature as the temperature of a source
of heat transfer exergy originates from the point of view of a person who seeks
to design and position a power plant between the combustion chamber and the
environmental temperature reservoir T0. For this reason, the actual Tf value
chosen for use in eqs. (7.116) and (7.117) depends on the design of the heat
exchanger that couples the hot end of the power cycle to the combustion cham-
ber. In what follows we consider two possible designs.

(a) Design 1. Assume that the gaseous contents of the chamber that come in
contact with the hot-end heat exchanger of the power plant are well mixed, so
that their temperature is uniform and equal to that of the exiting products, Tp.
According to this model, the absolute temperature felt by the power cycle can
only be Tp; therefore,

Tf = Tp (7.118)

There exists an optimal combustion chamber temperature Tp (or Tf) for which
the potential work output of the Carnot cycle power plant, W, is maximum.
Although it is not necessary for proving this, superior illustration is made pos-
sible by the additional assumption that in the range Taf − Tp the mole fractions
and the specific heats of all the ideal gas products of combustion are constant.
In this case, since Hr equals the Hp evaluated at the adiabatic flame tempera-
ture [eq. (7.98)], the heat transfer drawn by the power plant from the combustion
chamber is

Hr(T0,P0) − Hp(Tp,P0) =Hp(Taf ,P0) − Hp(Tp,P0)

=
n∑

i=1

(𝜈cP)pi(Taf − Tp)

= K(Taf − Tp) (7.119)

where the definition of the “products” constant K is evident. Combining eqs.
(7.116), (7.118), and (7.119), we see that W reaches a maximum as Tp varies
between Taf and T0:

W = K(Taf − Tp)(1 − T0∕Tp) (7.120)

namely,
Wmax

Fig. 7.13

= KTaf [1 − (T0∕Taf )1∕2]2 (7.121)

at an optimal effective flame temperature of

Tf , opt
Fig. 7.13

= Tp,opt = (T0Taf )1∕2 (7.122)
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At flame temperatures higher than this optimum, the work production
decreases because the heat input to the power plant (Hr − Hp) decreases.
When the flame temperature decreases below this optimum level, the work
output W decreases because of the decreasing Carnot efficiency (1 − T0∕Tf) in
eq. (7.116). The optimal temperature discovered in eq. (7.122) is a relatively
high temperature relative to the temperature range spanned by the power
cycle itself. For example, if T0 = 298 K and Taf = 3000 K, eq. (7.122)
yields Tf,opt = 946 K. If the combustion reaction is followed by dissociation
(Fig. 7.9), the Taf constant of this theory must be replaced by the corresponding
temperature constant for adiabatic and zero-work steady-flow combustion
followed by dissociation, Tafd.

The power plant heat input that corresponds to eq. (7.122) is K(Taf − Tp,opt).
The first-law efficiency of the power plant at the optimum is

𝜂 =
Wmax, Fig. 7.13

K(Taf − Tp,out)
= 1 −

(
T0

Taf

)1∕2

(7.122′)

The power maximization analysis presented between eqs. (7.118) and (7.122)
was an original contribution reported in the first edition of this book. The second
edition drew attention to a related analysis performed by Chambadal [11, 12]
based on a simpler model. As shown in Ref. 12 and Problem 7.7, Chambadal
started with a hot single-phase stream of inlet temperature T1 and constant
specific heat and assumed that the size of the heat exchanger between the
stream and the hot end (T2) of the power plant is sufficiently large such that
the stream outlet temperature is equal to T2. It was shown more recently
[12, 13] that the same optimization result holds when the size of the heat
exchanger is finite (Problem 7.8). Furthermore, Refs. 12–15 showed that in
all these alternative models as well as in Fig. 7.13 the optimal operating point
[eq. (7.122)] can be derived by minimizing the total entropy generated by the
power plant. This equivalence is discussed further in Sections 9.5.1 and 11.5.

(b) Design 2. An alternative to the combustion chamber model of Fig. 7.13 is
shown in Fig. 7.14. This second model stems from the question of what might be
done to improve the performance of the single-Tf scheme of Fig. 7.13 beyond
the optimal conditions identified above. One option is to use the hot exhaust
(Hp, Sp,Bp) of Fig. 7.13 as an additional heat source in the power cycle.

In the new design of Fig. 7.14, the temperature of the products varies inside
the combustion chamber. The temperature decrease from Taf to Tp is caused
by the cooling effect provided by the reversible power plant positioned under-
neath. The arrangement can be realized by using a counterflow heat exchanger
in which the products of combustion flow to the right while the working fluid of
the hot end of the power cycle flows to the left. Anywhere along this counter-
flow, the temperature difference between the gaseous products and the working
fluid is zero.
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Figure 7.14 Power plant driven by the counterflow cooling of the products of combus-
tion.

The work extracted by the reversible power plant from the stream of products
is equal to the drop in the flow availability Bp along the stream:

W = Bp(Taf ,P0) − Bp(Tp,P0) (7.123)

Noting that the pressure remains constant and that Bp = Hp − T0Sp, we write

W = K(Taf − Tp) − T0K ln
Taf
Tp

(7.124)

in which we have assumed once again that in the range Taf − Tp the products are
all ideal gases with temperature-independent specific heats and mole fractions.
The constant of the product stream,K, was defined in eq. (7.119). The important
feature of this newW estimate is that it increases monotonically as Tp decreases.
The maximum W is reached when Tp = T0, that is, when the stream of products
reaches the restricted dead state:

Wmax
Fig. 7.14

= KT0

(
Taf
T0

− 1 − ln
Taf
T0

)

(7.125)

This result can be compared with eq. (7.121) to show that the counter-
flow heat exchanger scheme of Fig. 7.14 is superior to the best of the
single-temperature-product scheme of Fig. 7.13 (see Problem 7.3).

Finally, a unique (average) effective flame temperature can also be estimated
for this latest design by viewing the maximum work of eq. (7.125) as the out-
put of the Carnot engine referred to in eq. (7.116). In the present case, Tp = T0,
which means that instead of (Hr − Hp) in eq. (7.116), we write K(Taf − T0). In
the same equation, Tf,opt replaces Tf . Equating the right sides of eqs. (7.116) and
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(7.125) leads to the optimal average effective flame temperature of the counter-
flow scheme of Fig. 7.14:

Tf , opt
Fig. 7.14

=
Taf − T0

ln(Taf∕T0)
(7.126)

For example, setting T0 = 298 K and Taf = 3000 K in eq. (7.126), we obtain
Tf,opt = 1170 K. This effective flame temperature is greater than the correspond-
ing temperature given by eq. (7.122). The best design based on Fig. 7.14 is better
than the best design based on Fig. 7.13.

Example 7.5. Consider the steady-flow combustion of graphite with theoretical
oxygen,

C + O2 → CO2 (a)

and calculate the adiabatic flame temperature: first, by neglecting the partial dissoci-
ation of CO2 and, second, by accounting for the effect of dissociation. The pressure
throughout the combustion chamber is 1 atm. The reactants enter the chamber at
T0 = 25∘C.

For the first part of the problem, we recognize that

Hr(T0,P0) = Hp(Taf ,P0) (b)

where

Hr(T0,P0) = h∘f ,C + h∘f ,O2
= 0 (c)

Hp(T0,P0) = h∘f ,CO2
+ ΔhCO2

(Taf ) (d)

According to Table 7.2, the enthalpy of formation of carbon dioxide is −393.52
kJ/mol; therefore, eqs. (b), (c) yield one equation for Taf :

0 = −393.52 kJ∕mol + ΔhCO2
(Taf ) (e)

Extrapolating linearly along the CO2 curve of Fig. 7.7, we find that Taf ≅ 6770 K.
The second part of the problem refers to the calculation of Tafd, which is expectedly

lower than the Taf calculated above. The dissociation reaction for CO2 is

CO2 → CO + 1
2

O2 (f)

Not all the CO2 formed during the combustion reaction (a) splits into CO and O2
according to eq. (f). Let 𝜁 be the extent of the reaction of dissociation. From each
mole of CO2 formed at (a), a certain fraction 𝜁 breaks up into 𝜁 moles of CO and 1

2
𝜁

moles of O2, as required by the stoichiometry of eq. (f). In the place once occupied
by 1 mol of CO2 before dissociation, in the final mixture of products, we now find
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1 − 𝜁 moles of CO2, 𝜁 moles of CO, and 1
2
𝜁 moles of O2. Since the total number of

moles is 1 − 𝜁 + 𝜁 + 1
2
𝜁 = 1 + 1

2
𝜁 , the respective mole fractions of the final products

are

xCO2
= 1 − 𝜁

1 + 𝜁∕2
, xCO = 𝜁

1 + 𝜁∕2
, xO2

=
𝜁∕2

1 + 𝜁∕2
(g)

Assuming that after dissociation these products leave the combustion chamber in
equilibrium, the mole fractions above are related through the equilibrium constant:

Kp(Tafd) =
xCOx

1∕2
O2

xCO2

= 𝜁

1 − 𝜁

(
𝜁

2 + 𝜁

)1∕2

(h)

The temperature function Kp(Tafd) is provided in the seventh column of Table 7.1;
combined with eq. (h), it constitutes a one-to-one relationship between Tafd and 𝜁 .
Here are three points calculated along this curve:

Tafd ∶ 3000 K 3500 K 4000 K

𝜁 ∶ 0.436 0.748 0.8984 (i)

The additional information needed for pinpointing 𝜁 (and Tafd) is provided by the
first-law statement for the adiabatic and zero-work steady-flow process:

Hr(T0,P0) = Hp(Tafd,P0) (j)

Where, again,Hr = 0. Recognizing the 𝜁 -dependent composition of the products after
dissociation, eq. (j) states that

0 = (1 − 𝜁 )[h∘f ,CO2
+ ΔhCO2

(Tafd)] + 𝜁 [h
∘
f ,CO + ΔhCO(Tafd)]

+ 1
2
𝜁 [h∘f ,O2

+ ΔhO2
(Tafd)] (k)

where h∘f ,O2
= 0. This is another one-to-one relationship between Tafd and 𝜁 , yielding,

for example,

Tafd ∶ 3000 K 3500 K 4000 K

𝜁 ∶ 0.882 0.774 0.664 (l)

The intersection of the curves represented by eqs. (i) and (l) is the solution

Tafd ≅ 3540 K at 𝜁 ≅ 0.765

Example 7.6. Liquid octane is burned with theoretical air in a steady-flow appa-
ratus that also houses the boiler and superheater of a steam turbine power plant. The
temperature and pressure conditions at the four ports of the control volume are indi-
cated directly on Fig. 7.15. The size of the heat exchanger (boiler and superheater) is
such that, although the superheated steam temperature approaches the temperature of
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Figure 7.15 Boiler and superheater for a steam-turbine power plant (Example 7.6).

the products of combustion, there is a finite temperature difference between the two
exiting streams, 1000 K − 823 K = 177 K.

We are interested in a complete first-law, second-law, and combined-law analysis
of the installation of Fig. 7.15. Particularly important are (1) the needed flow rate of
fuel per unit water flow rate and (2) the degree of irreversibility of the installation.

The first step in any of these problems is occupied by stoichiometry, in this case
by

C8H18 + 12.5(O2 + 3.76N2) → 8CO2 + 9H2O + (12.5)(3.76)N2 (a)

It is assumed that the product temperature is sufficiently low and the mole fraction of
the nondissociating component (N2) is sufficiently high so that the effect of dissoci-
ation can be left out of the discussion.

The first law of thermodynamics requires that

0 = ṅoctane(Hr − Hp) + ṁwater(hin − hout) (b)

where, from the steam tables, hin (25∘C, 15 MPa) = 118.7 kJ∕kg water and
hout (550∘C, 15 MPa) = 3448.6 kJ∕kg water. The per-mole-of-fuel enthalpies of the
reactants and the products are

Hr = h∘f ,C8H18, liquid = −250 kJ∕mol octane (c)

Hp = 8(h∘f + Δh)CO2
+ 9(h∘f + Δh)H2O + 47(h∘f + Δh)N2

= −3793 kJ∕mol octane (d)

The first law (b) delivers the required fuel-to-water ratio, either as

ṅoctane

ṁwater
= 0.94

mol octane
kg water

(e)

or, since Moctane = 114.23 kg∕kmol, as

ṁoctane

ṁwater
= 0.107

kg octane

kg water
(f)
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The second law of thermodynamics requires that

Sgen = ṅoctane(Sp − Sr) + ṁwater(sout − sin) > 0 (g)

where, from the steam tables, sin (25∘C, 15 MPa) = 0.3611 kJ∕kg ⋅ K and
sout (550∘C, 15 MPa) = 6.5199 kJ∕kg ⋅ K. Since the combustion flow takes place at
atmospheric pressure, the entropy inventories are (Table 7.2)

Sr = s∘C8H18, liquid + 12.5 s∘O2
+ 47 s∘N2

= 11.924 J∕K∕mol octane (h)

Sp = (8 sCO2
+ 9 sH2O + 47 sN2

)1000 K = 14,964 J∕K∕mol octane (i)

Putting everything together (including the fuel-to-water ratio calculated earlier), we
conclude that the installation of Fig. 7.15 does not violate the second law:

Ṡgen

ṁwater
= 9.016

kJ∕K

kg water
> 0 (j)

Finally, the combined first- and second-law analysis (Chapter 3) consists of
evaluating

Br = Hr − T0Sr = −3806 kJ∕mol octane (k)

Bp = Hp − T0Sp = −8256 kJ∕mol octane (l)

and the flow availability (or flow exergy) increase along the water stream:

bout − bin = hout − hin − T0(sout − sin) = 1493 kJ∕kg water (m)

If the steam turbine power plant (not sketched in Fig. 7.15) is irreversibility free, the
maximum work per mole of octane that could theoretically be delivered by the plant
is

Wplant = (bout − bin)
ṁwater

ṅoctane
= 1591 kJ∕mol octane (n)

On the other hand, the reversible work that could be extracted from the combustion
process is

Wrev = Br − Bp = 4451 kJ∕mol octane (o)

We discover in this way a maximum second-law efficiency of 36%:

Wplant

Wrev
= 1591

4451
= 0.36 (p)

The lost work (Wrev −Wplant), or T0Sgen, is due only partially to the irreversibil-
ity of the combustion reaction and flow. The other part is due to the finite-ΔT heat
transfer (Hr − Hp) from the flame to the water stream; the temperature difference is
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the smallest at the right edge of Fig. 7.15 (i.e., 177 K). If we model the combustion
products as “well mixed” at the temperature Tf = Tp = 1000 K, the work lost in the
nonuniform temperature gap formed between the Tf ceiling and the water stream is

Wlost,ΔT = (Hr − Hp)
(

1 −
T0

Tf

)

− (bout − bin)
ṁwater

ṅoctane
(q)

The first term on the right side of eq. (q) is the exergy associated with the heat input
(Hr − Hp) coming down from the temperature level Tf . We obtain

Wlost,ΔT = 897 kJ∕mol octane ≅ 0.2Wrev (r)

In summary, out of the theoretical work ceiling Wrev, eq. (p), 36% could in principle
be produced by the steam turbine power plant, 20% is destroyed in the finite-ΔT heat
transfer process, and the remaining 44% is destroyed by the rapid oxidation of the
fuel in the combustion chamber.

7.4 THE CHEMICAL EXERGY OF FUELS

Consider now the maximum work that could be extracted per mole of fuel if the
reactants and the products are in thermomechanical and chemical equilibrium
with the ambient. This topic has been treated in Ref. 16. We considered a similar
problem in the discussion leading to eq. (7.115), where both the mixture of
reactants and the mixture of products were only in thermal and mechanical
equilibrium with the ambient (at T0 and P0, or the restricted dead state). The
new feature of the analysis presented below is that each product and reactant
(other than the fuel itself) is at the temperature, pressure, and chemical potential
at which it exists in the environment. Employing the language of Chapter 5,
we can say that the products and the reactants other than the fuel are at the
unrestricted dead state or unrestricted environmental state.

Consider the complete combustion of 1 mol of the hydrocarbon C𝛼H𝛽 with
diatomic oxygen, that is, without the atmospheric N2 listed in eq. (7.79):

C𝛼H𝛽 +
(

𝛼 + 𝛽

4

)

O2 → 𝛼CO2 +
𝛽

2
H2O(vapor) (7.127)

The water that is formed during this reaction is in its vapor phase. The fuel enters
the steady-flow apparatus as a single-component stream at the restricted dead
state (T0,P0). The remaining reactant (O2) and the products (CO2,H2O) enter
and exit the control volume by passing through appropriately semipermeable
membranes (Fig. 7.16). Each of these components is in the condition in which
it is found in the environment: that is, in chemical equilibrium with its natural
counterpart in the environment.
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Figure 7.16 Reversible combustion process for calculating the chemical exergy of 1
mol of hydrocarbon C𝛼H𝛽 .

For example, the oxygen that crosses the control surface has the same chem-
ical potential as the oxygen found as a component in the atmospherical ideal
gas mixture [eq. (4.129)]:

𝜇O2
(T0,P0, xO2

) = 𝜇
(xO2

=1)
O2

(T0,P0) + RT0 ln xO2

= gO2
(T0,P0) + RT0 ln xO2

(7.128)

The mole fraction xO2
represents the mole fraction of oxygen in the atmosphere.

This and the other mole fractions that are needed later constitute a model for
the composition of atmospheric air that is more detailed than the one used in
Section 7.3.1:

xN2
= 0.7567 xCO2

= 0.0003

xO2
= 0.2035 xother = 0.0092

xH2O = 0.0303 (7.129)

The Gibbs free energy gO2
(T0,P0) appearing in the last of eq. (7.128) refers to

oxygen as a single-component batch at the reference temperature and pressure.
The chemical potentials of the two combustion products of eq. (7.127) can be
evaluated in the same manner as in eq. (7.128):

𝜇CO2
(T0,P0, xCO2

) = gCO2
(T0,P0) + RT0 ln xCO2

(7.130)

𝜇H2O(T0,P0, xH2O) = gH2O(T0,P0) + RT0 ln xH2O (7.131)
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The maximum (reversible) work per mole of fuel follows from eq. (7.114),
in which the r1 reactant is the fuel (note that 𝜈r1 = 1):

Wrev = 𝜇C𝛼H𝛽
+
(

𝛼 + 𝛽

4

)

𝜇O2
− 𝛼𝜇CO2

− 𝛽

2
𝜇H2O (7.132)

The fuel enters the combustion chamber as a single component at T0 and P0;
therefore its chemical potential is the same as gC𝛼H𝛽

(T0,P0). Taken together,
eqs. (7.128)–(7.132) yield

Wrev = 𝜉ch = −ΔG(T0,P0) + RT0 ln
x𝛼+𝛽∕4

O2

x𝛼CO2
x𝛽∕2

H2O

(7.133)

where ΔG is the net change in the Gibbs free energy in the direction of the
reaction:

ΔG(T0,P0) = 𝛼gCO2
(T0,P0) +

𝛽

2
gH2O(T0,P0)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Products

−
[

gC𝛼H𝛽
(T0,P0) +

(

𝛼 + 𝛽

4

)

gO2
(T0,P0)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Reactants

(7.134)

Beginning with eq. (7.133), we use 𝜉ch instead of Wrev as a symbol for the
per-mole chemical exergy of the C𝛼H𝛽 fuel. This terminology is consistent with
Chapter 5 and with the function of the apparatus in Fig. 7.16. That function is
to transform reversibly 1 mol of fuel (already at the restricted dead state) into
products that are at the unrestricted dead state or environmental state. Or, by
changing the direction of all the arrows in Fig. 7.16, 𝜉ch represents the minimum
work that is required to constitute 1 mol of fuel from substances found naturally
in the environment.

All the g’s appearing in eq. (7.134) are being evaluated at T0 and P0; there-
fore, their respective values are the Gibbs free energies of formation listed in
Table 7.2. The (−ΔG) and 𝜉ch values calculated based on eqs. (7.133) and
(7.134) are reported in Table 7.3. General characteristics of the tabulated val-
ues are, first, that the fuel availability does not differ substantially from the
Gibbs free-energy drop (−ΔG). In other words, the actual proportions in which
the gaseous products of combustion find themselves in the atmosphere [or the
last term in eq. (7.133)] have only a minor impact on the calculated chemical
availability. This is fortunate because the atmospheric air proportions assumed
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TABLE 7.3 Lower Heating Values (LHV), Higher Heating Values (HHV), Gibbs
Free-Energy Decrease (–𝚫G), and Chemical Exergy (𝝃ch) of Various Fuels at T0 = 25∘C
and P0 = 1 atm

Fuel (Phase)a
LHV

(kJ/mol)
HHV

(kJ/mol)
−ΔG(T0, P0)

(kJ/mol)
𝝃ch

(kJ/mol)

Hydrogen (g), H2 241.8 285.9 237.2 235.2
Carbon (s), C 393.5 393.5 394.4 410.5

Paraffin Family, CnH2n+2

Methane (g), CH4 802.3 890.4 818 830.2
Ethane (g), C2H6 1427.9 1559.9 1467.5 1493.9
Propane (g), C3H8 2044 2220 2108.4 2149
Butane (g), C4H10 2658.5 2878.5 2747.8 2802.5
Pentane (g), C5H12 3272.1 3536.1 3386.9 3455.8
Pentane (l), C5H12 3245.5 3509.5 3385.8 3454.8
Hexane (g), C6H14 3886.7 4194.8 4026.8 4110
Hexane (l), C6H14 3855.1 4163.1 4022.8 4106
Heptane (g), C7H16 4501.4 4853.5 4667 4764.3
Heptane (l), C7H16 4464.9 4816.9 4660 4757.3
Octane (g), C8H18 5116.2 5512.2 5307.1 5418.6
Octane (l), C8H18 5074.6 5470.7 5297.2 5408.7

Olefin Family, CnH2n

Ethylene (g), C2H4 1323 14.11 1331.3 1359.6
Propylene (g), C3H6 1926.5 2058.5 1957.3 1999.9
Butene (g), C4H8 2542.6 2718.6 2598.3 2655.1
Pentene (g), C5H10 3155.8 3375.9 3236.5 3307.4

Naphthene Family, CnH2n

Cyclopentane (g), C5H10 3099.5 3319.5 3196.5 3267.4
Cyclopentane (l), C5H10 3053.6 3273.6 3189.6 3260.5
Cycloxehane (g), C6H12 3688.9 3953 3821.2 3906.3
Cycloxehane (l), C6H12 3655.9 3919.9 3816.2 3901.3

Aromatic Family, CnH2n−6

Benzene (g), C6H6 3169.5 3301.6 3207.5 3298.5
Toluene (g), C7H8 3772 3948 3831.7 3936.9
Toluene (l), C7H8 3771 3947 3834 3939.2
Ethylbenzene (g), C8H10 4387.1 4607.1 4471.6 4591

Source: Refs. 17 and 18. With permission from Michael J. Moran, the Ohio State University,
after Table 7-2 in his book Availability Analysis: A Guide to Efficient Energy Use, ASME Press,
New York, 1989.
ag, Gas; l, liquid; s, solid.



Trim Size: 6.125in x 9.25in Bejan c07.tex V2 - 08/08/2016 6:37pm Page 320�

� �

�

320 CHEMICALLY REACTIVE SYSTEMS

in eqs. (7.129) are by no means universal. The water–vapor mole fraction, for
example, varies daily with the relative humidity.

The second characteristic is that both −ΔG and 𝜉ch are comparable with
the heating values, especially with the LHV, because the present calculation
is based on the assumption that H2O is gaseous in the products [eq. (7.127)].
Moran [17] reports the following approximate relations between 𝜉ch and the
LHV:

𝜉ch

LHV
≅ 1.033 + 0.0169

𝛽

𝛼
− 0.0698

𝛼
(for gaseous C𝛼H𝛽) (7.135)

𝜉ch

LHV
≅ 1.04224 + 0.011925

𝛽

𝛼
− 0.042

𝛼
(for liquid C𝛼H𝛽) (7.136)

Note that −ΔG represents the reversible work of the reaction in which
each reactant and product participates as a single component at T0 and P0. In
this case, the 𝜇’s and g’s of eqs. (7.128)–(7.131) are identical and eq. (7.133)
reduces to Wrev = −ΔG. An example was discussed in connection with eqs.
(7.60)–(7.61). We see now that the decrease in the Gibbs free energy in the
direction of the constant-T and constant-P reaction represents the reversible
work, which, if lost, is a measure of the irreversibility of the reaction.

7.5 COMBUSTION AT CONSTANT VOLUME

Consider the combustion process in which the closed system that houses the
reactive mixture is surrounded by a constant-volume enclosure. Because of this
feature, the combustion process evolves without work transfer. In the initial
state, the system contains the reactants nr1, nr2,… , nrm, the first of which rep-
resents the fuel, nr1 = nfuel. In the final state, the constant-volume enclosure
houses the products of combustion (np1, np2,… , npn). The main features of this
type of system and process are illustrated in Fig. 7.17.

7.5.1 The First Law

Writing Qr–p for the net heat transfer received by the system during the
zero-work process described above, the first law can be written as

Qr−p =
n∑

i=1

npiupi −
m∑

i=1

nriuri (7.137)
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Figure 7.17 End states of a combustion process confined by a constant-volume and
impermeable boundary.

The corresponding per-mole-of-fuel statement is

Q = 1
nfuel

Qr−p =
n∑

i=1

𝜈piupi −
m∑

i=1

𝜈riuri

=
n∑

i=1

𝜈pi(h
∘
f + Δh − Pv)pi

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Up

−
m∑

i=1

𝜈ri(h
∘
f + Δh − Pv)ri

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Ur

(7.138)

where Up and Ur are the internal energy inventories of the products and the
reactants, respectively, expressed in joules per mole of fuel.

If the combustion is complete and, additionally, if the temperature and
pressure of the reactants (T ,P) equal the temperature and pressure of the
products, Up − Ur is the internal energy of combustion associated with
the fuel that is being considered. Since the combustion is an exothermic
reaction, we expect the difference Up − Ur to be negative. The actual heat
transfer that is released to the environment during this process, Ur − Up,
represents the constant-volume heating value of the fuel. This is a positive
number of joules per mole of fuel. As in the definition of the LHV and
HHV quantities of the preceding section, we distinguish between a lower
constant-volume heating value, (LHV)v, and a higher constant-volume heating
value, (HHV)v, depending on whether the H2O in the products is in vapor or
liquid form.

The symmetry between the new quantities (LHV)v and (HHV)v and their
steady-flow counterparts becomes evident if we rewrite the last of eq. (7.138)
by noting that the Pv term of any gaseous component (reactant or product)
is equal to the same RT , where T is the common temperature of the initial
reactants and the final products. The constant-volume heating value, Ur − Up,
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can be replaced by

Ur − Up =
m∑

i=1

𝜈ri(h
∘
f + Δh)ri

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
Hr

−
∑

𝜈riRT
⏟⏞⏟⏞⏟

Gaseous
reactants

only

−
∑

𝜈riPvri
⏟⏞⏞⏟⏞⏞⏟

Solid and
liquid

reactants

−
n∑

i=1

𝜈pi(h
∘
f + Δh)pi

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Hp

−
∑

𝜈piRT
⏟⏞⏟⏞⏟

Gaseous
products

only

+
∑

𝜈piPvpi
⏟⏞⏞⏟⏞⏞⏟

Solid and
liquid

reactants

(7.139)

In many cases, the volume occupied by the nongaseous components in the reac-
tant and product mixtures is negligible compared with the volume occupied
by the gaseous components. This means that the third and sixth terms can be
neglected in favor of the second and fifth terms in eq. (7.139); therefore,

Ur − Up ≅ Hr − Hp − RT
⎛
⎜
⎜
⎝

∑
𝜈ri −

∑
𝜈pi

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

⎞
⎟
⎟
⎠

Gaseous
components

only

(7.140)

Note on the right side of eq. (7.140) the steady-flow heating value, Hr − Hp.
In the special case where the number of moles of gaseous products is exactly
the same as the original number of moles of gaseous reactants, the last group in
eq. (7.140) vanishes and the constant-volume heating value becomes practically
the same as the steady-flow heating value. In this special case, then, (LHV)v ≅
LHV and (HHV)v ≅ HHV.

7.5.2 The Second Law

For the constant-volume process of Fig. 7.17, the second law of thermodynam-
ics requires that

Sgen, (r)−(p) =
n∑

i=1

npi spi −
m∑

i=1

nrisri − ∫
(p)

(r)

𝛿Q
T

≥ 0 (7.141)

where 𝛿Q is taken as positive when entering the system and T is the absolute
temperature of the boundary crossed by 𝛿Q. On a per-mole-of-fuel basis, the
same statement reads

Sgen = 1
nfuel

Sgen,(r)−(p) = Sp − Sr − ∫
(p)

(r)

𝛿Q∕nfuel

T
≥ 0 (7.142)
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where the entropy inventories of the reactants (Sr) and products (Sp) are calcu-
lated as indicated in eq. (7.102).

7.5.3 Maximum Work Output

Finally, let us calculate the maximum work that could be derived from the
process of Fig. 7.17 in the presence of the reference temperature reservoir
(T0). The aggregate thermodynamic system under consideration consists
of the constant-volume system of Fig. 7.17 and the cyclical device (power
plant) sandwiched between it and reservoir T0. The total per-mole-of-fuel
work transfer delivered by the cyclical device as the constant-volume system
proceeds from r to p is W. During the same process, the total per-mole-of-fuel
heat transfer that passes from T0 to the cyclical device is Q0. In view of eqs.
(7.138) and (7.142), the first- and second-law statements for the aggregate
system defined above are

Q0 −W =Up − Ur (7.143)

Sgen = Sp − Sr −
Q0

T0
≥ 0 (7.144)

Eliminating Q0 between these two equations yields

W = Ur − T0Sr − (Up − T0Sp) − T0Sgen (7.145)

The maximum work transfer per mole of fuel is

Wrev,v = (U − T0S)r − (U − T0S)p (7.146)

that is, the difference between the values of the new quantity (U − T0S) when
summed up over the original reactants and, later, over the products.

Considering the nonflow nature of the r − p process of Fig. 7.17, in
place of eq. (7.146), we might have expected to obtain the difference in the
respective nonflow availability inventories, Ar − Ap, where, for example,
Ar = Ur − T0Sr + P0Vr, eq. (3.30). In the present case, the P0Vr and P0Vp
terms do not appear because the reactive mixture evolves at constant volume
and does not do any work against the pressure reservoir (P0). Conversely,
we can regard the right side of eq. (7.146) as having been written originally
(Ar − Ap), before the terms P0Vr and P0Vp canceled one another.

There are cases in which the per-mole-of-fuel maximum work transfer devel-
oped for constant-volume combustion [eq. (7.146)] is the same as the corre-
sponding result for the same combustion reaction in steady flow [eq. (7.113)].
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When the assumptions listed above eq. (7.140) are valid, the constant-volume
maximum work is also equal to

Wrev,v ≅ Br − Bp − RT
⎛
⎜
⎜
⎝

∑
𝜈ri −

∑
𝜈pi

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

⎞
⎟
⎟
⎠

Gaseous
components

only

(7.147)

The Br − Bp difference appearing on the right side is the reversible work limit
encountered earlier in steady-flow combustion [eq. (7.113)]. The two reversible
work estimates are equal in reactions that are not accompanied by changes in
the total number of moles of all the gaseous components.
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PROBLEMS

7.1 Consider the equilibrium of the reaction 1
2
H2

−→←− H and assume that the
tabulation of log10 KP values (Table 7.1) is so coarse that the value cor-
responding to T = 500 K is missing. Evaluate log10 KP (500 K) by inter-
polating linearly between the two closest values, by assuming that log10
KP is first a linear function of T and, second, a linear function of T−1.
Compare your estimates with the correct value (Table 7.1) and show that
the second method is considerably more accurate.

7.2 Consider an equilibrium mixture of H2, O2, and H2O at T = 3000 K and
P = 0.1 atm. Determine the mole fractions of the three components and
comment on the direction in which they would vary if P were to increase
at constant temperature.

7.3 Consider the optimized power plant designs based on Figs. 7.13 and
7.14. Show that the relative goodness of the second design is measured
by the ratio

Wmax, Fig.7.14

Wmax, Fig.7.13
=
𝜏af − 1 − ln 𝜏af

(𝜏1∕2
af − 1)2

where 𝜏af is the dimensionless adiabatic flame temperature Taf∕T0. Plot
this ratio as a function of 𝜏af in the range 1 < 𝜏af < 10 and comment on
the superiority of the second design.

7.4 A stream of gaseous methane is burned in adiabatic and zero-work steady
flow with theoretical air. The reactants enter the combustion chamber at
25∘C and 1 atm. The pressure of the products is also 1 atm. Calculate the
adiabatic flame temperature Taf by neglecting the effect of dissociation.

Repeat the Taf calculation two more times, for the case when methane
is burned with 200% theoretical air and, later, when it is burned with
400% theoretical air. Show graphically how the mole fractions of the
products vary with the percent excess air brought into the reaction.
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7.5 The boiler and superheater of a steam turbine power plant are heated
by the combustion chamber shown in Fig. 7.15. The reactants, products,
and working fluid of the power cycle enter and leave at the conditions
indicated on the drawing. Assuming that the combustion of liquid octane
is with 100% excess air, calculate in order (see Example 7.6):
(a) The fuel-to-water ratio, ṅoctane∕ṁwater

(b) The entropy generation per mole of octane, Sgen

(c) The reversible work of combustion, Wrev

(d) The maximum work that could be produced by the power plant,
Wplant

(e) The work lost due to the heat transfer across the nonuniform tem-
perature difference between the flame (Tf = Tp = 1000 K) and the
water stream, Wlost,ΔT

Repeat the calculations above by assuming combustion with 200%
excess air. Use the numerical conclusions of this problem [part (e)] and
the conclusion of Example 7.6 to discuss the effect of excess air on the
pattern of destruction of availability in the installation of Fig. 7.15.

7.6 One mole of carbon monoxide burns completely in the presence of
3 mol of diatomic oxygen in a constant-volume enclosure. The original
temperature and pressure of the reactants are 25∘C and 1 atm.
(a) The combustion takes place adiabatically. Neglecting the effect of

dissociation, calculate the final pressure and temperature of the
products.

(b) The combustion does not occur adiabatically. Calculate the heat
transfer released per mole of CO when the products are cooled to a
final temperature of 500 K.

7.7 Chambadal’s optimization of the steady-state power plant can be
retraced by considering the model shown in Fig. P7.7. The power plant
is driven by a stream of hot single-phase fluid of inlet temperature
T1 and constant specific heat cP. The power plant model consists of
two compartments. The lower compartment sandwiched between the
surface of temperature T2 and the ambient T0 operates reversibly.
The area of the heat transfer surface T2 is infinite, and as a consequence,
the outlet temperature of the stream is equal to T2. Determine the
optimal hot-end temperature T2 such that the instantaneous power
output Ẇ is maximized. Show that when the power is maximum, the
efficiency 𝜂 = Ẇmax∕Q̇ is equal to 1 − (T0∕T1)1∕2.

7.8 Chambadal’s maximum-power efficiency is based on an analysis in
which the heat exchanger area was assumed infinite (Problem 7.7).
Show that the same efficiency formula holds when the heat exchanger
size is finite. The stream is unmixed, the finite thermal conductance
between the stream and the T2 surface is specified (UA), and the outlet
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Figure P7.7
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Figure P7.8

temperature varies according to UA in Fig. P7.8a. The second model
(Fig. P7.8b) is the same as the first, except that the stream is well mixed
at the temperature Tout inside the heat exchanger.

7.9 Methane gas is burned with theoretical air in steady flow in an adiabatic
chamber. The reactants enter at 25∘C and 1 atm. The products exit at 1
atm. Calculate the adiabatic flame temperature, Taf . Hint: Determine Taf
by trial and error; make two guesses, Taf = 1200 K and Taf = 1600 K,
and interpolate between two calculations such that the first law is
satisfied.
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Power Generation

The generation of mechanical power is the original raison d’être of the
science of thermodynamics. The world has come a long way from the early
steam engines and reciprocating machinery that started the field. Modern
technological breakthroughs in power generation triggered their own new
brands of thermodynamics. A quick glance at the contents of Figs. 8.1–8.3
invites the reader to think of the beginnings of more specialized modern fields:
for example, internal combustion engines, turbomachinery, and jet propulsion.

More fundamental and lasting is what links all these developments rather
than what sets them apart. The technological developments that led to today’s
level of electrical power production are all manifestations of a common philoso-
phy. This chapter shows that the left-to-right reading of Figs. 8.1–8.3 is a review
of successive entropy generation minimization attempts in heat engine develop-
ment. In accordance with the constructal law [4] efficiency increments recorded
by history are results of the human urge to have power in order to move more
on the landscape more easily, more economically, farther, and longer in time.

8.1 MAXIMUM POWER SUBJECT TO SIZE CONSTRAINT

A simple way of illustrating the maximization of thermodynamic performance
subject to size constraint is to analyze an engine that functions irreversibly
between the temperature reservoirs TH and TL, as shown in Fig. 8.4. In earlier
discussions of the Carnot engine concept, it was assumed that the heat engine
is in thermal equilibrium with each temperature reservoir during heat interac-
tions. Equilibrium would require an infinitely large engine–reservoir contact
surface to allow the working fluid to reside indefinitely in the vicinity of the
engine–reservoir interface. In the real world, sizes are finite and it makes more
sense to express the energy interactions QH and QL on a per-unit-time basis,
that is, as heat transfer rates:

Q̇H = (hA)H(TH − THC) (8.1)

Q̇L = (hA)L(TLC − TL) (8.2)

328
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
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Figure 8.1 Highlights of the early developments of power generation (the power
generation data are from Ref. 1).

Figure 8.2 Evolution of the first-law efficiency of power plants in the middle part of
the twentieth century (data from Ref. 2).

The product hA represents the heat transfer conductance, or in heat
exchanger design terms, the engine–reservoir thermal contact surface times the
overall heat transfer coefficient based on that surface. In the literature, the heat
transfer coefficient h is also labeled U. Assume that the total size of the two
heat exchangers is represented by the constant hA,

(hA)H + (hA)L = hA (constant) (8.3)

Each heat transfer rate occurs across a finite temperature difference. In
Fig. 8.4 the temperature gap TH − TL is filled by a three-layer sandwich: the
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Figure 8.3 Time evolution of the second-law efficiency of modern power plants. (Data
from Ref. 3.)

Figure 8.4 Power plant model with two finite-size heat exchangers (left) and the min-
imization of the power output when the total size is constrained (right).

high-temperature gap (TH − THC), a Carnot engine between THC and TLC,
and the low-temperature gap (TLC − TL). Since no entropy is being generated
between the temperatures THC and TLC, we write

Q̇H

THC
=

Q̇L

TLC
(8.4)

Note that since we are analyzing a known heat engine, the heat transfer rates
are represented in Fig. 8.4 by arrows that point in the physical direction of the
energy flows.
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The power plant model of Fig. 8.4 was proposed independently by several
authors, whose work is reviewed in Refs. 5–7. For example, in Ref. 5 (p. 146)
it was used in the first consideration of the problem of allocating a finite area
among the two heat exchangers, which is the focus of this section. Novikov [8]
had only the hot-end heat exchanger in the model, which is equivalent to the
limit (hA)L → ∞ in the present analysis. Curzon and Ahlborn [9] included both
heat exchangers but made the unrealistic assumption that the heat input Q̇H is
free to vary. Why such an assumption is not realistic for terrestrial power plants,
where there is only one temperature reservoir (the atmosphere), is discussed in
Refs. 6, 7, and 10 and in the second edition of this book. Additional criticism of
the line of work that followed the model of Curzon and Ahlborn was provided
by Gyftopoulos [11, 12].

The present analysis is based on the assumption that Q̇H is fixed [6]. This
is a realistic feature that places the analysis on a per-unit (of heat input, or
fuel) basis. Interesting conclusions are reached in the process of maximizing
the instantaneous power output

ẆC = Q̇H(1 − TLC ∕THC) (8.5)

subject to the size constraint (8.3). Eliminating Q̇L and TLC between eqs. (8.2),
(8.4), and (8.5), we obtain the efficiency:

𝜂 =
ẆC

Q̇H

= 1 −
TL

THC − Q̇H ∕(hA)L
(8.6)

The size constraint (8.3) can be rewritten as

(hA)H = xhA, (hA)L = (1 − x)hA (8.7)

where x is the thermal conductance allocation ratio such that eq. (8.6) becomes

𝜂 = 1 −
(

TL

TH

)/[

1 −
Q̇H

THhA

(1
x
+ 1

1 − x

)]

(8.8)

The efficiency is maximum at xopt =
1
2

[6, 7]:

(hA)H,opt = (hA)L,opt =
1
2

hA (8.9)

𝜂max = 1 −
TL

TH

(

1 −
4Q̇H

THhA

)−1

(8.10)

In conclusion, the fixed heat exchanger inventory hA must be divided
in a “balanced” way among the two ends of the power plant. The fact that
xopt is exactly 1

2
is a reflection of the simplicity of the model of Fig. 8.4.
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The maximized efficiency [eq. (8.10)] is expectedly lower than the Carnot
efficiency associated with the same temperature extremes, 𝜂C = 1 − TL∕TH .

The reality of “economies of scale” is rooted in thermodynamics.
Equation (8.10) shows that the efficiency increases as the total size (hA)
increases. Earlier editions of this book stressed this trend by using data from
refrigeration and liquefaction (Fig. 10.22). The same trend is documented
for power plants in Ref. 13. In sum, size matters: Larger machines are
thermodynamically better than smaller machines because they pack larger
conductances (smaller resistances, e.g., larger heat transfer surfaces) and wider
ducts for fluid flow. Why power plants and animals do not have infinitely large
components is an important constructal law manifestation of design in nature,
on which we focus in Sections 11.5.2.

8.2 MAXIMUM POWER FROM A HOT STREAM

In the thermodynamics treatments of power plants it is assumed routinely that
the heat input is available from a high-temperature reservoir. In this section
we question this view and present the method proposed in Ref. 14. In a terres-
trial power plant and on a vehicle, the exergy supply is provided by a stream
of fuel that is being burned. If the destruction of exergy during combustion is
unavoidable, the most that we have at our disposal is a stream of hot products
of combustion. The stream becomes progressively colder as its exergy is bled
by the power system.

Thermodynamics alone provides an unambiguous answer to the problem of
the maximum power that is theoretically available from a stream in contact with
the atmospheric temperature reservoir T0: That answer is the flow exergy of the
stream (Section 3.4). It is helpful to review this result while looking at the upper
part of Fig. 8.5 and assuming that the stream is single phase (e.g., an ideal gas).
If the hot stream (ṁ,TH) makes contact with a reversible device while reaching
thermal equilibrium with the ambient before it is discharged and the pressure
drop along the stream is assumed negligible, the power output is

Ẇrev = ṁcPT0

(
TH

T0
− 1 − ln

TH

T0

)

(8.11)

The actual power output will always be lower than Ẇrev because of the irre-
versibility of the heat transfer between the hot stream and the rest of the power
plant. A step in the direction of accounting for the heat transfer irreversibility is
the model of Fig. 8.5, where the heat transfer surface has the finite size A = pL
and p is the heat transfer area per unit of flow path length. The power-producing
compartment is a succession of many reversible compartments of the kind
shown in the center of the figure. The infinitesimal power output is

dẆ =
[

1 −
T0

Ts(x)

]

dQ̇H (8.12)



Trim Size: 6.125in x 9.25in Bejan c08.tex V2 - 08/08/2016 6:38pm Page 333�

� �

�

MAXIMUM POWER FROM A HOT STREAM 333

T(x)

dQH

UA

•

Ts(x)

dQ0
•

dW
•

Qe
•

Tout

T0

Lx

T0

0

m,TH
•

Figure 8.5 Power plant model with unmixed hot stream in contact with a nonisothermal
and finite heat transfer surface. (From Ref. 14.)

where the temperature is plotted on the vertical in Fig. 8.5 and

dQ̇H = ṁcP dT (8.13)

The heat transfer through the surface A is assumed proportional to the local
temperature difference,

dQ̇H = [T(x) − Ts(x)]Up dx (8.14)

where U is the overall heat transfer coefficient, which is assumed constant. Com-
bining equations (8.12)–(8.14) and integrating from x = 0 to x = L (= A∕p),
we arrive at the total power output and the finite-area constraint:

Ẇ = ∫
TH

Tout

(

1 −
T0

Ts

)

ṁcP dT (8.15)

Ntu = ∫
TH

Tout

dT
T − Ts

(8.16)

where the total number of heat transfer units is defined as

Ntu = UA
ṁcP

(8.17)

An alternative route to calculating the power output Ẇ is to apply the Gouy–
Stodola theorem to the larger system (extended with dashed line) in Fig. 8.5:
Ẇ = Ẇrev − T0Ṡgen. The reversible-limit power output Ẇrev corresponds to the
reversible cooling of the stream from TH all the way down to T0. The entropy



Trim Size: 6.125in x 9.25in Bejan c08.tex V2 - 08/08/2016 6:38pm Page 334�

� �

�

334 POWER GENERATION

generation rate Ṡgen is the total amount associated with the larger system and is
due to two sources: the temperature difference T − Ts and the finite temperature
difference required by the external cooling rate, Q̇e = ṁcP(Tout − T0). These
two contributions are represented by the two terms in the expression

Ṡgen = ∫
TH

Tout

(
1
Ts

− 1
T

)

ṁcP dT +
(

ṁcP ln
T0

Tout
+ Q̇

T0

)

(8.18)

Maximizing Ẇ is equivalent to minimizing Ṡgen, because Ẇrev is fixed
[eq. (8.11)]. The entropy generation rate (8.18) is subject to the size constraint
(8.16). There are two degrees of freedom in the minimization of Ṡgen: the shape
of the surface temperature function Ts(x) and the place of this function on the
temperature scale (i.e., closer to TH or T0). The second degree of freedom is
represented alternatively by the value of the exhaust temperature Tout.

The optimization of the function Ts(x) is accomplished based on variational
calculus subject to the constraint (8.16) (for details, see Ref. 14):

Ts,opt(x) = 𝜇TH exp

(

− x
L

ln
TH

Tout

)

(8.19)

𝜇 = 1 − 1
Ntu

ln
TH

Tout
(8.20)

Topt(x) = TH exp

(

− x
L

ln
TH

Tout

)

= 1
𝜇

Ts,opt (8.21)

Ẇmax = ṁcPT0

(
TH

T0
−

Tout

T0
− 1
𝜇

ln
TH

Tout

)

(8.22)

At any x, the temperature difference T − Ts is proportional to the local absolute
temperature. This optimal distribution of temperatures is illustrated in Fig. 8.6.

The second step of the minimization of exergy destruction consists of max-
imizing numerically the expression (8.22) with respect to Tout. The result is
the twice-maximized power output Ẇmax,max reported in dimensionless form in
Fig. 8.7:

W̃mm =
Ẇmax,max

ṁcPT0
(8.23)

This rate of exergy production approaches the reversible limit (8.11) as the
surface size (Ntu) increases. Once again, larger machines are more efficient
[cf. eq. (8.10)].

The deduced proportionality between T − Ts and T (or Ts) means that this
optimal configuration can be implemented in practice by using a single-phase
stream (ṁcP)s in place of the Ts(x) surface; this stream runs in counterflow rela-
tive to the hot stream ṁ. The counterflow is characterized by a certain imbalance
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Figure 8.6 Distribution of temperature along the stream and the heat transfer surface
of Fig. 8.5. (From Ref. 14.)

Figure 8.7 Twice-maximized power output corresponding to the model of Fig. 8.5.
(From Ref. 14.)

(the ratio between the capacity flow rates of the two streams), which is the result
of thermodynamic optimization and is reported in Fig. 8.8.

So far we showed how the maximization of exergy extraction (Ẇ) subject to
specified size (A) led to the physical configuration of the system: the counter-
flow heat exchanger with optimal imbalance of mass flow rates. The alternative
is to minimize size subject to specified exergy production rate. We find that
when the performance (8.15) and the size constraint (8.16) trade places in the
optimization, the optimal design (i.e., the best physical configuration) does not
change. This problem was considered in Ref. 15. In brief, the problem has
the same two degrees of freedom as before, the shape of the curve Ts(x) and
the position of this curve on the temperature scale. The minimization of the
area integral (8.16) subject to the power constraint (8.15) yields, first, the same
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Figure 8.8 Optimal imbalance of the counterflow heat exchanger used in conjunction
with the model of Fig. 8.5. (From Ref. 14.)

exponential distribution for Ts(x) as in eq. (8.19). The proportionality factor (𝜇)
between the two temperature distributions (Ts,opt = 𝜇Topt) is now given by

𝜇 =
ln(𝜏H ∕𝜏out)
𝜏H − 𝜏out − W̃

(8.24)

In this expression W̃ is the dimensionless specified power

W̃ = Ẇ
ṁcPT0

(8.25)

and

𝜏H =
TH

T0
, 𝜏out =

Tout

T0
(8.26)

Substituting the optimal surface temperature distribution (8.19) into the surface
integral (8.16), we obtain

Nm =
ln(𝜏H ∕𝜏out)

1 − 𝜇
(8.27)

The subscript m is a reminder that the total surface requirement has been min-
imized once subject to fixed W̃ and 𝜏out. Equations (8.27) and (8.24) establish
Nm as a function of W̃, 𝜏H , and 𝜏out.

The second minimization of Nm is performed with respect to 𝜏out. By
solving 𝜕Nm∕𝜕𝜏out = 0, we obtain the optimal outlet temperature function
𝜏out,opt(W̃, 𝜏H), which is given implicitly by

𝜏
1∕2
out,opt ln

𝜏H

𝜏out,opt
= 𝜏H − 𝜏out,opt − W̃ (8.28)
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Compared with the general 𝜇 expression (8.24), eq. (8.28) also shows that

𝜇 = 𝜏
−1∕2
out,opt (8.29)

Substituting eq. (8.29) and 𝜏out = 𝜏out,opt into the Nm expression (8.27), we arrive
at the twice-minimized total surface requirement,

Nmm =
ln(𝜏H ∕𝜏out,opt)

1 − 𝜏−1∕2
out,opt

(8.30)

Taken together, eqs. (8.30) and (8.28) deliver the twice-minimized total sur-
face Nmm as a function of the power constraint W̃ and the fixed hot-stream
temperature 𝜏H . This function was plotted numerically in Fig. 8.9. The mini-
mized surface requirement increases as the specified power output W̃ increases
and as the inlet temperature of the hot stream 𝜏H decreases.

The results developed in Fig. 8.9 are equivalent (in physical terms) to the
results based on maximizing the power output subject to specified total heat
transfer surface. The power maximization analysis culminated with a graph
showing the twice-maximized power output W̃mm versus 𝜏H on the abscissa for
several values of the Ntu specified (Fig. 8.6). It can be verified numerically that
Figs. 8.7 and 8.9 are equivalent, provided that we replace W̃ with W̃mm and Nmm
with Ntu.

The two approaches lead to the same physical configuration—the same
physical structure—in the final design. Surface minimization and power

Figure 8.9 Twice-minimized heat transfer surface for the model of Fig. 8.5 with spec-
ified power output. (From Ref. 15.)
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maximization recommend the construction of heat transfer surfaces along
which eq. (8.19) holds. Such a design can be implemented by running a second
single-phase stream (ṁs,opt, Ts,opt) in counterflow with the available hot stream
(ṁ, T). The capacity rates of this two-stream structure must be imbalanced:
The ratio (ṁcP)s∕ṁcP is read off Fig. 8.8 after replacing Ntu with the Nmm
solution derived in Fig. 8.9.

In conclusion, the extraction of power from a hot stream can be maximized
by properly matching the hot stream with a cold stream across a finite-size heat
transfer area. This optimization opportunity deserves to be pursued in consider-
ably more complex energy system configurations. For example, when the cold
stream (e.g., water) evaporates as it captures a part of the hot-stream exergy, its
side of the heat exchanger is divided optimally into three sections: liquid pre-
heating, boiling, and vapor superheating. These sections adjust themselves to
their proper relative sizes as the system approaches the global thermodynamic
optimum [16–18].

8.3 EXTERNAL IRREVERSIBILITIES

The irreversibility in the examples of Sections 8.1 and 8.2 was due entirely to
heat transfer across finite temperature gaps that reside outside the power cycle
(see Figs. 8.4 and 8.5). In this section we take a closer look at the origin of this
“external” irreversibility.

Consider the ideal Rankine cycle with superheat, shown in Fig. 8.10. The
cycle is said to be “ideal” because internal irreversibilities are assumed to be
absent (the heat exchangers 1 → 2 and 3 → 4 are modeled as having zero pres-
sure drop) and because the compressor 4→ 1 and the turbine 2→ 3 are modeled
as reversible and adiabatic (isentropic). Three temperature levels are relevant:
the ambient temperature T0, the maximum fluid temperature Tmax = T2, and the
effective flame temperature Tf , which was defined in Section 7.3.4. The max-
imum fluid temperature Tmax is constrained because of the degradation of the
mechanical properties of the turbine blade material at very high temperatures
(see Fig. 8.29).

The flame temperature Tf is the theoretical ceiling temperature of the entire
installation. Fixing Tf is another way of saying that on the back of the heat trans-
fer rate to the power cycle (Q̇H) rides the maximum power-producing potential
(exergy) of the spent fuel,

ĖQH
= Q̇H(1 − T0∕Tf ) (8.31)

and that the ratio ĖQH
∕Q̇H is fixed. Equation (8.31) is the definition of Tf , and

as such, it constitutes a compact summary of the chemical exergy and combus-
tion calculations that lead to ĖQH

. For this reason, Tf is an involved function of
many design parameters, for example, fuel type, fuel/air ratio, and combustion
chamber design (e.g., the direct heat leak to T0). Of importance here is only that
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s (J/g • k)

TL,avg

TH,avg

T (°C)

Figure 8.10 External irreversibilities in an ideal Rankine cycle with superheat. (Here
and in subsequent Rankine cycle diagrams, the T–s diagrams are correct scale drawings
for water above 0∘C. One feature of these drawings is that at subcritical pressures the
compressed liquid states that reside on the PH isobar are graphically indistinguishable
from the neighboring saturated liquid states.)

the Tf value that might be calculated with eq. (8.31) is always higher than Tmax
and is fixed. The Tf temperature is the effective temperature of the combustion
chamber as an exergy source.

The efficiency of the ideal Rankine cycle can be written in a way that shows
the impact of external irreversibilities. By definition, we have

𝜂 =
Ẇnet

Q̇H

= 1 −
Q̇L

Q̇H

= 1 −
h3 − h4

h2 − h1
(8.32)

and since processes 1 → 2 and 3 → 4 are isobaric, dh = T ds + v dP for
single-phase states, and hg − hf = Tsat(sg − sf ) for complete evaporation or
condensation, eq. (8.32) becomes

𝜂 = 1 −

(∫ 3
4 T ds

)

P=PL
(∫ 2

1 T ds
)

P=PH

(8.33)
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The second term on the right side of this last expression is the ratio of the T–s
area under the cooling curve 3 → 4 divided by the area measured under the
heating curve 1 → 2.

Since both areas have the same horizontal dimension, s2 − s1 = s3 − s4, it
makes sense to define the average high and low temperatures of the cycle:

TH,avg =

(∫ 2
1 T ds

)

P=PH

s2 − s1
, TL,avg =

(∫ 3
4 T ds

)

P=PL

s3 − s4
(8.34)

so that the heat engine efficiency becomes

𝜂 = 1 −
TL,avg

TH,avg
(8.35)

The average temperatures TL,avg and TH,avg are at the left of Fig. 8.10; the figure
and the Carnot-type efficiency (8.35) show that the ideal Rankine cycle is equiv-
alent to a Carnot cycle operating between TL,avg and TH,avg. With Tf > TH,avg and
T0 < TL,avg, it is clear that 𝜂 < 1 − T0∕Tf and the irreversibilities are restricted
to the temperature gaps above TH,avg and below TL,avg.

The relative size of the two external irreversibilities can be illustrated by cal-
culating the entropy generation rates associated with the two temperature gaps:

Ṡgen,H = ṁ(s2 − s1) −
Q̇H

Tf

= ṁ
Tf

[

Tf (s2 − s1) −
(

∫
2

1
T ds

)

P=PH

]

(8.36)

Ṡgen,L =
Q̇L

T0
+ ṁ(s4 − s3)

= ṁ
T0

[(

∫
3

4
T ds

)

P=PL

− T0(s3 − s4)

]

(8.37)

Note that the quantities in brackets represent the T–s areas trapped between
T = Tf and P = PH and between P = PL and T = T0, respectively. Let [area]H
and [area]L denote the two T–s areas listed in eqs. (8.36) and (8.37). In
accordance with the Gouy–Stodola theorem (3.7), each entropy generation
rate Ṡgen contributes a T0Ṡgen share to the destruction of available work:

Ẇlost = T0Ṡgen,H + T0Ṡgen,L (8.38)

In other words,
Ẇlost

ṁ
=

T0

Tf
[area]H + [area]L (8.39)
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Equation (8.39) shows that although both T–s temperature gap areas
are related to the destruction of available work, the contribution of the high-
temperature area is diminished in proportion with the small number T0∕Tf . This
point is made graphically in Fig. 8.10 by the shaded areas: The low-temperature
area is shaded as it is, whereas the upper area was reduced by the factor T0∕Tf
before being shaded. Note that the horizontal and vertical linear dimensions of
[area]H were reduced by the factor (T0∕Tf )1∕2.

These graphic conclusions are relevant to the conceptual development of
advanced Rankine cycles, in which the positions occupied by the constant-
pressure heating and cooling processes are readjusted in an attempt to reduce
as much as possible the two temperature gap areas, [area]H and [area]L. One
unit of T–s area reduction yields a greater return in useful power savings when
applied to the low-temperature portion of the cycle.

Another way of looking at the irreversibility of the power plant is to consider
the fate of the exergy invested per unit time [eq. (8.31)]. The power plant is a
closed system in communication with (Tf ) and (T0); therefore, according to
eq. (3.18),

ĖQH
= Ẇlost + Ẇnet (8.40)

In this special (ideal Rankine) case, the Ẇnet∕ṁ ratio equals the T–s area delin-
eated by the cycle itself:

Ẇnet

ṁ
= h2 − h3 − (h1 − h4)

=
(

∫
2

1
T ds

)

P=PH

−
(

∫
3

4
T ds

)

P=PL

(8.41)

The sides of this T–s area are perfectly vertical; the equality between

Ẇnet∕ṁ and ∮ T ds holds only when the compressor and the turbine operate

isentropically.
In conclusion, eq. (8.40) shows that the two shaded areas of Fig. 8.10 and the

area enclosed by the cycle 1 → 2 → 3 → 4 → 1 represent the specific exergy
input ĖQH

∕ṁ. These three areas have been drawn stacked together in the left
half of Fig. 8.11; the meaning of each area in the stack is made clear by its
shape, which has been cut out from Fig. 8.10. To improve the efficiency of the
cycle, then, means to enlarge the area of the uppermost component in the stack
(Ẇnet∕ṁ) at the expense of the lower components, which together represent
Ẇlost∕ṁ.

A more direct way of constructing the T–s area that represents the specific-
exergy input ĖQH

∕ṁ is to rely on eq. (8.31) and note that

Q̇H

ṁ
=
(

∫
2

1
T ds

)

P=PH

(8.42)
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1 J/g • K

Figure 8.11 Two graphic constructions of the T–s area that represents the specific
exergy intake ĖQH

∕ṁ.

The ratio Q̇H ∕ṁ emerges as the area trapped between the high-pressure heating
line 1 → 2 and absolute zero. This area now occupies the right side of Fig. 8.11;
reducing it by the factor (Tf − T0)∕Tf , as indicated by eq. (8.31), yields a T–s
area that equals ĖQH

∕ṁ. This geometric construction consists of reducing each
linear dimension by the factor [(Tf − T0)∕Tf ]1∕2. Of the two constructions pre-
sented in Fig. 8.11, the first is more instructive because it shows the partitioning
of ĖQH

into Ẇnet and Ẇlost as well as the extent to which the two external irre-
versibilities contribute to Ẇlost.

As an example of how the preceding conclusions can be blended in the con-
ceptual design of an actual power cycle, consider again the ideal cycle shown
in Fig. 8.10. This time the low pressure PL is fixed (say, PL = 1 atm), while the
maximum temperature Tmax is constrained by structural design considerations.
We are interested in how the selection of the high pressure PH affects the parti-
tioning of the exergy intake into net (delivered) power and lost power. Indeed,
is there an optimal high pressure that maximizes the cycle efficiency when both
PL and Tmax are fixed?
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Figure 8.12 shows the relation between 𝜂 and PH , where all the calcula-
tions are based on the properties of steam. At subcritical pressures, the cycle
efficiency increases as PH increases. During this process, state 3 of the expander
exhaust shifts from the dry-steam region into the wet-steam dome. Each 𝜂(PH)
curve exhibits a maximum at supercritical pressures. The maximum becomes
less pronounced as the temperature ceiling Tmax increases. Correlating the effi-
ciency maxima, we note that the optimal PH increases with Tmax; in other words,
maximum efficiency means operating at higher pressures when the material
temperature limit Tmax increases. Unfortunately, the quest for higher pressures
PH (also called initial turbine pressures) runs into the turbine blade erosion
problem, which is aggravated as the moisture content of the turbine exhaust
increases (note the location of state 3).

Figure 8.12 also shows the evolution of the average low temperature TL,avg
as PH increases. This temperature decreases as state 3 moves on the PL = 1 atm
line toward the two-phase region and remains constant once state 3 enters the
dome. Since TL,avg is relatively insensitive to PH , the 𝜂(PH) curves of Fig. 8.12

Figure 8.12 Effect of high pressure on cycle efficiency and average low temperature of
the ideal Rankine cycle of Fig. 8.10 at constant Tmax and PL (= 1 atm).
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and eq. (8.35) suggest that the average high temperature of the cycle (TH,avg)
reaches a maximum in the same range of supercritical pressures.

Example 8.1. Consider the ideal Rankine cycle of Fig. 8.10 in the special case
where state 3 is always a two-phase state and the condenser temperature is practically
the same as the ambient temperature T0. Show that the heat engine efficiency of this
class of cycles is

𝜂 =
b2 − b1

h2 − h1

As shown in the sketch, TL = T0 = TL,avg. The first-law efficiency is

𝜂 =
Ẇ∕ṁ

Q̇H∕ṁ
=

h2 − h3 − h1 + h4

h3 − h1
(a)

In addition, we have

h3 − h4 =
(

∫
3

4
Tds

)

= T0 (s3 − s4)

= T0 (s2 − s1) (b)

Combining eqs. (a) and (b) and recalling the flow availability definition b = h – T0s,
we write finally

𝜂 =
h2 − h1 − (h3 − h4)

h2 − h1

=
h2 − h1 − T0(s2 − s1)

h2 − h1
=

b2 − b1

h2 − h1

8.4 INTERNAL IRREVERSIBILITIES

Each of the four components of the Rankine cycle power plant generates
entropy. This feature was assumed away in the definition of the “ideal” cycle
of Fig. 8.10, where the focus was on the external irreversibilities associated
with the heat transfer between the working fluid and the Tf and T0 reservoirs.
In this section we analyze these additional internal irreversibilities and show
how each works toward enlarging the fraction occupied by lost exergy on the
exergy area maps of Figs. 8.10 and 8.11.

8.4.1 Heater

In general, the flow of the high-pressure working fluid through the heater (in this
case, boiler and superheater) is accompanied by a finite pressure drop (ΔPH).
The exit state (2′) is now represented by the maximum temperature Tmax = T2′

and the pressure PH − ΔPH , as shown in Fig. 8.13. The entropy generation rate
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Figure 8.13 Growth of the lost-exergy area as a result of internal irreversibilities in the
four components of the ideal Rankine cycle of Fig. 8.10.

contributed by the heater while in communication with the Tf reservoir is

Ṡgen,heater = ṁ(s2′ − s1) −
Q̇H

Tf
(8.43)

where the heat transfer rate is given by

Q̇H = ṁ

(

∫
2

1
T ds

)

P=PH

(8.44)

The relation between the actual exit state (2′) and the neighboring state 2 is
h2′ = h2. This means that state 2 assumes the role of exit state as ΔPH tends to
zero in the presence of the same (constant) Q̇H ∕ṁ.
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By converting the entropy generation (8.43) into lost exergy, Ẇlost = T0Ṡgen,
we arrive at an expression that spells out the additive contribution of the internal
pressure drop irreversibility:

1
ṁ

Ẇlost,heater =
T0

Tf
[area]H + T0(s2′ − s2) (8.45)

The first term on the right side accounts for the external heat transfer irre-
versibility encountered in the discussion of Fig. 8.10. The second term rep-
resents the specific lost exergy associated with the heater pressure drop; this
particular contribution occupies the rectangular area covered with dots in the
lower-right corner of Fig. 8.13. It is clear from the construction of this area
that any pressure drop (throttling effect) is accompanied by an increase in the
lost-exergy fraction of the original exergy intake of the cycle. In the closing
segment of this section, we see that the dotted rectangular area is only a part of
the lost-exergy area that must be attributed to the heater pressure drop.

8.4.2 Expander

Consider next the irreversibility of the flow through the expander or turbine.
Continuing to model this process as adiabatic, we write that, in general, the
expander generates entropy, s3′ ≥ s2′ ,

Ṡgen,expander = ṁ(s3′ − s2′ ) (8.46)

In the isentropic expansion limit, the expander outlet state occupies position 3:
s3 = s2′ . The exergy destroyed directly by the expander is

1
ṁ

Ẇlost,expander = T0(s3′ − s3) (8.47)

which measures up to the rectangular area covered with horizontal lines in the
lower-right corner of Fig. 8.13. This area becomes wider as the expander isen-
tropic efficiency (𝜂t) decreases. There is also an indirect exergy destruction
effect that is due to the expander inefficiency: namely, the increase in the heat
rejection rate from the cooler to the ambient and in the associated heat transfer
irreversibility. This effect is examined next.

8.4.3 Cooler

Taking into account the finite pressure drop along the flow through the cooler
(or condenser) means that if the pressure at the inlet (3′) is PL, the final pressure
of the condensate is PL − ΔPL. Let state 4′ represent the saturated liquid state
at the condenser outlet. The entropy generation rate of the system composed of
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(a) the stream that flows from 3′ to 4′ and (b) the stream–ambient temperature
gap is

Ṡgen,cooler =
Q̇L

T0
− ṁ(s3′ − s4′ ) (8.48)

The cooling rate Q̇L is equal to ṁ(h3′ − h4′ ) or, according to the drawing
enlarged to the left of the two-phase dome,

Q̇L = ṁ

(

∫
3′

4
T ds

)

P=PL

(8.49)

State 4 is situated inside the subcooled liquid region, on the same constant-
enthalpy line as the saturated liquid state 4′. Note the increase in temperature
as the pressure drops at constant h from state 4 to state 4′; this is the incom-
pressible liquid behavior known also as the negative Joule–Thomson coefficient
(Table 4.5).

By combining eqs. (8.48) and (8.49) into the usual “specific lost exergy”
expression, we have

1
ṁ

Ẇlost,cooler =

(

∫
3′

4
T ds

)

P=PL

− T0(s3′ − s4) + T0(s4′ − s4) (8.50)

Here, the last term on the right side represents the rectangular area covered
with dots in the lower-left corner of Fig. 8.13. The first two terms account for
the shaded area trapped between the PL isobar and the T0 isotherm. Following
this shaded area from s = s3′ all the way through the enlarged drawing, to s =
s4, we note that it is greater than the area associated with the low-temperature
external irreversibility of ideal cycles ([area]L of Fig. 8.10):

Shaded area of Fig. 8.13 =
(

∫
4ideal

4
T ds

)

P=PL

− T0(s4ideal
− s4)

+
(

∫
3ideal

4ideal

T ds

)

P=PL

− T0(s3ideal
− s4ideal

)

+
(

∫
3

3ideal

T ds

)

P=PL

− T0(s3 − s3ideal
)

+

(

∫
3′

3
T ds

)

P=PL

− T0(s3′ − s3) (8.51)

The second line on the right side represents the specific lost exergy in the
ideal Rankine cycle, which was labeled [area]L in Fig. 8.10. The first line
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represents the augmentation of the cooler heat transfer irreversibility because
of the pressure drop experienced by the stream. This is to say that the dashed
rectangular area of width s4′ − s4 and height T0—that is, the last term in
eq. (8.50)—does not represent all the exergy lost by the power plant because
of the pressure drop ΔPL. The same observation can be made with regard to
the third line in eq. (8.51): An added effect of the heater pressure drop ΔPH is
to increase the cooler heat rejection rate and, with it, the cooler–ambient heat
transfer irreversibility. Finally, the last line in eq. (8.51) shows the amount by
which the irreversible operation of the expander contributes to the heat transfer
irreversibility of the cooler. The expander irreversibility is responsible for the
entire trapezoidal area contained between the low-pressure segment 3–3′ and
absolute zero.

8.4.4 Pump

The entropy generation rate attributable to the pump is

Ṡgen,pump = ṁ(s1′ − s4′ ) (8.52)

where the heat leak from the pump to the ambient has been neglected. The
corresponding contribution to the exergy rate destroyed by the cycle is

1
ṁ

Ẇlost,pump = T0(s1′ − s4′ ) (8.53)

which is represented by the slender rectangular area ruled with horizontal lines
in the lower-left corner of Fig. 8.13. The size of this area increases as the isen-
tropic efficiency (𝜂p) of the pump decreases: that is, as state 1′ climbs up on the
high-pressure isobar. At the same time, however, the upper area labeled [area]H
is being diminished from the left (note the vertical dashed line at the left edge
of Fig. 8.13). This effect is hardly visible in a steam turbine power cycle, which
is why we postpone its discussion until Fig. 8.24 and the irreversibility of gas
turbine power plants.

8.4.5 Relative Importance of Internal Irreversibilities

The expanded detail on the left side of the T–s diagram of Fig. 8.13 stresses
that not all the internal irreversibilities identified in this section are crucial
from the point of view of maximizing the overall efficiency of the cycle. Some
irreversibilities have to be magnified to be seen. Consider, as a first example,
the lost-exergy effect of pump irreversibility relative to that of the expander
irreversibility:

Ẇlost,pump

totalẆlost,expander

=
T0(s1′ − s4′ )

(

∫
3′

3
T ds

)

P=PL

(8.54)



Trim Size: 6.125in x 9.25in Bejan c08.tex V2 - 08/08/2016 6:38pm Page 349�

� �

�

INTERNAL IRREVERSIBILITIES 349

In the denominator we have included the entire trapezoidal T − s area that
is born as a result of expander inefficiency—that is, the rectangular area of
eq. (8.47) and the shaded trapezoidal area situated immediately above it.

The pump/expander irreversibility ratio can be written more explicitly as (see
the necessary modeling, Example 8.2)

Ẇlost,pump

totalẆlost,expander

=
v1 PL

cP,3T1

T0(r − 1)(𝜂−1
p − 1)

T3[r(k−1)∕k − 1](1 − 𝜂t)
(8.55)

where r is the pressure ratio PH∕PL; 𝜂p is the isentropic efficiency of the
pump, (h1 − h4′ )∕(h1′ − h4′ ); and 𝜂t is the isentropic efficiency of the expander
or turbine, (h2′ − h3′ )∕(h2′ − h3). Noteworthy in this last expression is that
the dimensionless group that occupies the first pair of parentheses on the
right side is a number much smaller than 1. For example, if PL = 1 atm, this
leading group is equal to 0.00014. Since the remainder of the pump/expander
irreversibility ratio takes values that are not significantly greater than 1,
the message of eq. (8.55) is that the exergy destroyed as a result of turbine
inefficiency is much greater than the exergy lost because of pump inefficiency.

Two internal irreversibilities that are not necessarily negligible with respect
to one another are the irreversibilities associated with the pressure drops ΔPH
and ΔPL. The relative importance of these irreversibilities can be expressed
quantitatively as (Problem 8.1)

totalẆlost,ΔPL

totalẆlost,ΔPH

=

(

∫
4ideal

4
T ds

)

P=PL

− T0(s4ideal
− s4′ )

(

∫
3

3ideal

T ds

)

P=PL

= C
(ΔP∕P)L
(ΔP∕P)H

(8.56)

where the numerical coefficient C is shorthand for

C =
PL

R2T3

(
dbf

dP

)

near
P = PL

(8.57)

The factor dbf∕dP concerns the variation of flow availability (or exergy) with
pressure along the saturated-liquid-state curve, dhf∕dP − T0dsf∕dP, while R2
represents the ideal gas constant of steam near state 2. The irreversibility ratio
defined on the left side of eq. (8.56) is based on accounting for all the exergy
destroyed as a result of ΔPH and ΔPL. The places occupied by the numerator
and the denominator of this ratio can be identified on Fig. 8.13. Other features
of the analytical model that leads to eq. (8.56) are evident from the statement
of Problem 8.1.
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One interesting aspect of this result is that the value of C is a constant if the
condenser pressure PL is fixed. In the case of water, we have C ≅ 0.15 if PL = 1
atm and C ≅ 0.036 if PL = 0.1 atm. Therefore, the relative importance of the
two pressure drops as sources of exergy destruction is established by first cal-
culating C and comparing the ΔP∕P numbers that characterize the heater and
the cooler. It turns out that the relative pressure drop ΔP∕P is a very impor-
tant dimensionless group in the thermodynamic analysis of any heat exchanger
(Chapter 11; see also Problem 8.2).

In summary, the combined effect of all the internal irreversibilities is to
decrease the rate of exergy delivery from the cycle. Writing Ẇnet = Q̇H − Q̇L,
we obtain in order

1
ṁ

Ẇnet = (h2′ − h1′ ) − (h3′ − h4′ )

=
(

∫
2

1′
T ds

)

P=PH

−

(

∫
3′

4
T ds

)

P=PL

= ∫
s=s2

s=s1′

(TP=PH
− TP=PL

)ds −
(

∫
s=s1′

s=s4

T ds

)

P=PL

−
(

∫
s=s3′

s=s2

T ds

)

P=PL

(8.58)

The first integral of the last line is the value of Ẇnet∕ṁ in the ideal limit,
where all the internal irreversibilities are absent. This area was encountered
in Fig. 8.10 as the cycle area bordered from above by [area]H and from
below by [area]L. The second integral represents the Fig. 8.13 area (dotted,
ruled, and shaded) that has grown to the left of s = s1′ as a result of pump
inefficiency and cooler pressure drop. Finally, the third integral totals the
area that expanded to the right of s = s2 because of the heater pressure drop,
expander inefficiency, and additional cooler irreversibility caused by these two
effects. The result delivered by eq. (8.58) is that any internal irreversibility,
no matter how small, detracts from the exergy output of the cycle, which
is already limited by external irreversibilities. The analysis of irreversibility
distribution in power plants is an active topic in the research literature (see,
e.g., Ref. 19).

Example 8.2. Modeling the subcooled liquid states of Fig. 8.13 as incompress-
ible liquid states, show that the entropy increase through the pump equals

s1′ − s1 =
v1

T1

(PH − PL)(𝜂−1
p − 1)

where 𝜂p is the pump isentropic efficiency, v1 is the specific volume of the incom-

pressible liquid, and T1 is an average temperature defined by the relation

T1(s1′ − s1) =

(

∫
1′

1
T ds

)

P=PH
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Next, modeling the turbine exit states as ideal gas states, show that

h3′ − h3 = cP,3T3

[(
PH

PL

)(k−1)∕k

− 1

]

(1 − 𝜂t)

where cP,3 is the specific heat at constant pressure, k is the ratio cP∕cv for near-state-3
steam as an ideal gas, and 𝜂t is the turbine isentropic efficiency. Rely on these two
findings to derive eq. (8.55).

The solution proceeds as follows: With reference to the left side of Fig. 8.9, we
write

𝜂p =
h1 − h4′

h1′ − h4′

From dh = T ds + v dP, in which v = v1 (constant), we deduce that

h1 − h4′ = v1 (PH − PL)

Integrating dh = T ds + v dP at constant pressure, from state 1 to state 1′ we find

h1′ − h1 = T1 (s1′ − s1) (a)

where

T1 =

(

∫
1′

1
T ds

)

PH

s1′ − s1

Adding and subtracting h4′ on the left side of eq. (a) yields, in order,

h1′ − h1 + h4′ − h4′ = T1 (s1′ − s1)

(h1 − h4′ )
(

−1 +
h1′ − h4′

h1 − h4′

)

= T1 (s1′ − s1)

v1(PH − PL)
(

−1 + 1
𝜂p

)

= T1 (s1′ − s1)

in other words,
s1′ − s1 =

v1

T1

(PH − PL) (𝜂−1
p − 1)

Focusing now on the extreme right of Fig. 8.9, the turbine isentropic efficiency is
defined,

𝜂t =
h2′ − h3′

h2′ − h3

We write in order

h3′ − h3 = h3′ − h3 + h2′ − h2′

= (h2′ − h3)
(

1 −
h2′ − h3′

h2′ − h3

)

= (h2′ − h3) (1 − 𝜂t)

= cP,3 (T2′ − T3) (1 − 𝜂t) (b)
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Note the use of the ideal gas and constant-cP model in eq. (b). The isentropic expan-
sion of such a gas from 2’ to 3 also means that

T2′

T3
=
(

PH

PL

)R∕cP

=
(

PH

PL

)(k−1)∕k

therefore, eq. (b) becomes

h3′ = h3 = cP,3 T3

[(
PH

PL

)(k−1)∕k

− 1

]

(1 − 𝜂t)

Finally, the ratio describing the power lost by the pump divided by the power lost
by the turbine is

Ẇlost,pump

totalẆlost,expander

=
T0 (s1′ − s4′ )
(

∫
3′

3
T ds

)

PL

=
T0 (s1′ − s4′ )

h3′ − h3

=
v1PLT0(r − 1) (𝜂−1

p − 1)

cP,3T1T3[r(k−1)∕k − 1] (1 − 𝜂t)

8.5 ADVANCED STEAM TURBINE POWER PLANTS

Sections 8.3 and 8.4 showed that a consistent strategy for improving the effi-
ciency of power cycles is to minimize the entropy generated both externally and
internally. It is important to attack aggressively the irreversibilities that dom-
inate the overall rate of exergy destruction in the power plant. In this section
we take a look at the evolutionary design that led to decreases in the external
irreversibilities of the cycle.

8.5.1 Superheater, Reheater, and Partial Condenser Vacuum

Figure 8.14 shows the raising of the cycle-average high temperature (TH,avg)
by first installing a superheater (Fig. 8.14b) and then splitting the expansion
process between a high-pressure turbine and a low-pressure turbine and by
inserting a reheater between these two stages (Fig. 8.14c). In each design, the
cycle segments in which the working fluid is exposed to heating from the (Tf )
reservoir are indicated by wide arrows that point downward. In a cycle with
superheater and reheater (or resuperheater), there exists an optimal reheating
pressure (Pi) that maximizes the cycle efficiency when Tmax, PH , and PL are
fixed (Example 8.3).
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Figure 8.14 Successive increases in the average high temperature of a simple ideal
Rankine cycle (a) through the insertion of a superheater (b) and a reheater (c).

From Fig. 8.14a to Fig. 8.14c, the average temperature TH,avg increases.
The price paid for these gains, however, is the additional hardware and the
development of heat exchanger and turbine blade materials that can withstand
increased temperatures. Steam turbine plants with reheat (or resuperheat)
appeared around 1925, at a time when turbine blade materials limited Tmax to
400∘C and the blade erosion problem limited the turbine exhaust moisture con-
tent to no more than 12%. Because in a steam turbine plant the moisture content
at state 3 increases as the initial turbine pressure PH increases (Fig. 8.14b), the
blade erosion problem constrained PH to pressures below 30 atm. Therefore,
another advantage of the reheating method—an advantage in addition to the
increase in the cycle efficiency—is that it reduces the turbine exhaust moisture
content when Tmax and PH are fixed. The temperature and pressure limits have
climbed steadily through the years, reaching maximum temperatures TH of
order 700∘C in the 1950s and initial turbine pressures of the order of 150 atm
in subcritical-pressure cycles and 340 atm in supercritical-pressure cycles in
the 1950s and 1960s [2].

Another route to higher steam cycle efficiencies is to expand to a “partial
vacuum,” as shown in Fig. 8.15. The lowering of PL to subatmospheric levels
means lower condenser temperatures and, consequently, lower cycle-averaged
TL,avg values. The shaded area that represents the exergy lost through
condenser–ambient heat transfer shrinks as TL,avg decreases.

Although the use of subatmospheric condenser pressures is desirable,
one cannot think of eliminating the condenser external irreversibility [area]L
entirely. Assuming for the sake of simplicity that the turbine exhaust is in the
two-phase region, the specific lost exergy [area]L decreases proportionally
with the condenser–ambient temperature difference. The TL,avg → T0 limit
demands condensers of increasingly larger sizes (hA). The same limit is
accompanied by increasingly larger condenser pressure drops (ΔPL); in other
words, hand in hand with the shrinking of [area]L comes the expansion of
the lost-exergy area that is due to ΔPL (Fig. 8.13). So, at least from the point
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TL,avg

Figure 8.15 Decreasing the condenser external irreversibility by lowering the con-
denser pressure.

of view of selecting the right partial vacuum for maximum irreversibility
reduction, one should minimize not [area]L alone but also the sum of [area]L
and the total specific lost exergy that can be associated with ΔPL. This trade-off
is another manifestation of the competition between heat transfer and fluid
flow irreversibilities in heat transfer devices (Chapter 11), which in the context
of two-phase-flow heat exchangers is discussed in Ref. 6.

Example 8.3. Consider the ideal Rankine cycle with superheat and reheat in
Fig. 8.14c and assume that PH = 10 MPa, PL = 0.1 MPa, and Tmax = 500∘C. Show
numerically that there exists an optimal reheater pressure Pi for which the heat engine
efficiency of the cycle reaches a maximum.

The solution proceeds as follows: Let states (a) and (b) represent the reheater inlet
and outlet as shown in the sketch below. The heat engine efficiency of the cycle is

𝜂 = 1 −
h3 − h4

h2 − h1 + hb − ha

and, using the T–s diagram for steam,

𝜂 =
3375 J

g
− h3 + hb − ha

2950 J
g
+ hb − ha

Using the same diagram, we complete the following table of approximate values,
where Pi = Pa = Pb:

Pi (atm) ha (J∕g) hb (J∕g) h3 (J∕g) 𝜂

100 0.325
60 3225 3425 2500 0.341
40 3115 3445 2580 0.343
20 2940 3470 2720 0.341
10 2800 3480 2850 0.332
1 0.325
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Clearly, there exists a reheater pressure for which the cycle efficiency is maximum:
That optimal pressure falls in the vicinity of Pi ≅ 40 atm.

PL

PH

PH = 100 atm

Tmax = 500 °C

PL = 1 atm

Pi

S

T

1
4

a 3

b2

8.5.2 Regenerative Feed Heating

Another design change that increases TH,avg is to remove the low-temperature
beginning of the P = PH heating curve. This can be done by taking the com-
pressed liquid (the feed water) from the pump and leading it in counterflow
through the turbine expansion stages (Fig. 8.16). The heat transfer between the
two streams raises the temperature of the compressed liquid stream close to
its boiling point. States 1, c, d,… represent compressed liquid states on the
PH isobar, despite their graphic proximity to the saturated liquid state line. The
intended outcome of the feed-heating arrangement is to avoid the degradation of
the heat transfer from reservoir Tf in the course of heating the cold compressed
liquid stream produced by the pump.

Figure 8.16 Simple Rankine cycle with four stages of regenerative feed heating.



Trim Size: 6.125in x 9.25in Bejan c08.tex V2 - 08/08/2016 6:38pm Page 356�

� �

�

356 POWER GENERATION

The thermodynamic concept of regenerator (or economizer) is the 1816
invention of the Reverend Robert Stirling, the earliest construction of the
device having appeared in his engine and later in James Stirling’s and Captain
Ericsson’s. A theory of the regenerative heating method was presented in
1854 by Rankine [20], who viewed the method as a means of approaching
the Carnot efficiency in a machine whose expansion and compression cover a
temperature range that is narrower than the overall (extreme) temperature gap
of the cycle—that is, in a physically smaller machine that would be required
by the theoretical Carnot engine design. Indeed, as the number of turbine
expansion stages of Fig. 8.16 becomes infinite, the cycle efficiency approaches
the Carnot efficiency dictated by the saturation temperatures associated with
PH and PL (see also Problem 8.3).

The feeding of the compressed liquid stream through the turbine expansion
stage is illustrated as a sequence of four steps in Fig. 8.16. The figure was drawn
to scale assuming that the expansion through each turbine stage is isentropic
and enough contact area exists between the liquid stream and the expanding
stream so that the liquid temperature is brought up to the temperature of the
condensing stream (i.e., Td = Tb). Next, the lateral move from state a to state b
on the T − s diagram is dictated by the first-law analysis of the counterflow
heat exchanger, ha − hb = hd − hc. When the number of feed-heating stages
is finite, the regenerative heating scheme is irreversible because of the heat
transfer across finite temperature gaps of type Tb − Tc. In the limit of infinitely
many feed-heating stages, this “distributed” internal irreversibility disappears
and the regenerative feed-heating arrangement becomes reversible. In that
limit, the expanding stream 2 → 3 traces a well-defined curve s(T) inside the
two-phase dome of Fig. 8.16.

A practical version of these considerations is encountered in the process
of improving the performance of a steam turbine plant with superheat, where,
unlike in Fig. 8.16, a good stretch of the stream that expands through the turbine
is single phase. Figure 8.17 shows a simple way of effecting the regenerative
heating of the feed water stream. The new components in this power plant
are the contact heaters, in which the feed water stream is heated step by step
and augmented by mixing with steam (wet at first and later superheated) bled
from the turbine. Each contact heater has its own pump, whose function it is
to raise the pressure of the feed to the saturation pressure of the steam drawn
from the turbine. The distribution of the pump effect among the three contact
heaters exhibited in Fig. 8.17 has been exaggerated on the left side of the
two-phase dome.

The feed-heating scheme of the superheat cycle derives its irreversibility
from two main sources: the mixing of subcooled liquid with a saturated mix-
ture of higher temperature and, in the case of the later feed-heating stages, the
mixing of superheated steam with a saturated mixture of lower temperature.
Because the irreversibility of each feed-heating stage depends on the tempera-
ture gaps that separate it from adjacent stages and from its own turbine pressure
tap, the effectiveness of the entire string of contact feed heaters depends on their
distribution along the turbine (i.e., on the sequence of turbine pressure taps Pi).
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Figure 8.17 Steam cycle with superheat and a train of contact feed heaters and feed
pumps.

The problem of determining the optimal distribution of a finite number of
feed-heating stages is a fundamental topic in steam turbine power plant design.
Here we discuss Haywood’s formulation [2]. Consider a superheat steam cycle
in which the peripheral parameters are fixed (PH ,PL,Tmax, 𝜂t, 𝜂p) and the only
design decision to be made is the positioning of the n contact feed heaters along
the turbine. The object is to maximize the cycle efficiency:

𝜂 = 1 −
ṁ0(h3 − h4)
ṁn(h2 − hn)

(8.59)

in which the corner enthalpies h2, h3, h4, and hB are fixed (Fig. 8.18). For now,
we assume that the enthalpy of the inlet to the boiler (hn) is fixed, even though
its value is the direct result of the position occupied by the nth feed heater. We
reconsider this assumption at the end of this subsection. The flow rates ṁ0 and
ṁn are the condenser and boiler flow rates, respectively. The boiler flow rate ṁn
is always greater than ṁ0, because it is the compounded result of n incidents of
feed stream augmentation by mixing with steam bled from the turbine.

In sum, to maximize 𝜂 is the same as maximizing the boiler/condenser flow
rate ratio ṁn∕ṁ0. An analytical expression for ṁn∕ṁ0 is obtained from the
first-law analysis of an individual contact heater (Fig. 8.17),

ṁi−1hi−1 + (ṁi − ṁi−1)h
(T)
i + Ẇp,i = ṁihi (8.60)

where h(T)i is the enthalpy of the turbine steam bled through the pressure tap Pi.
The enthalpy of the feed water, hi, is the enthalpy of saturated liquid. One fea-
ture of this model is that the feed pump power Ẇp,i is negligible in eq. (8.60); this
is why in Fig. 8.18 the train of feed heaters is represented only by the sequence
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Figure 8.18 T–s diagram and Mollier chart (h–s) showing the distribution of n contact
feed heaters.

of saturated liquid states 1, … , i, … , n. The mass flow ratio that shows the
augmentation of the feed stream through one contact heater is then

ṁi

ṁi−1
= 1 +

ri

𝛽i
> 1 (8.61)

where ri is the enthalpy rise experienced by the feed water through the contact
heater i,

ri = hi − hi−1 (8.62)

and 𝛽i is the enthalpy drop experienced by the steam bled by heater i from the
turbine,

𝛽i = h(T)i − hi (8.63)

The always positive quantities ri and 𝛽i correspond to the vertical segments
shown in the Mollier chart of Fig. 8.18.
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The recurrence relation (8.61) shows that the optimization process reduces
to maximizing the product

ṁn

ṁ0
=

n∏

i=1

(

1 +
ri

𝛽i

)

(8.64)

That the selection of each tap pressure has a maximization effect on this product
is illustrated by considering the case where only Pi is free to vary—that is, the
case in which the conditions into and out of the remaining n − 1 feed heaters
1,… , i − 1 and i + 1,… , n are fixed. The variation of Pi amounts to the travel
of point i between the fixed points i − 1 and i + 1 on the saturated liquid line
(Fig. 8.18)—that is, to the variation of ri and ri+1 subject to the constraint

ri + ri+1 = r (fixed) (8.65)

Of the n factors in the product (8.64), only two vary as a result of this travel:

ṁi+1

ṁi−1
=
(

1 +
ri

𝛽i

)(

1 +
ri+1

𝛽i+1

)

=
(

1 +
ri

𝛽i

)(

1 +
r − ri

𝛽i+1

)

(8.66)

The maximization of this expression is greatly simplified by the observation that
the position of the cycle is such that 𝛽i is practically independent of ri (notice
how 𝛽i shifts unchanged as ri varies on Fig. 8.18. Writing, therefore,

𝛽i ≅ 𝛽i+1 = 𝛽 (fixed) (8.67)

the maximization of eq. (8.66) occurs when

ri = ri+1 = r∕2 (8.68)

In conclusion, the optimal position of the contact heater i is the one that splits
the feed enthalpy rise evenly between heaters i and i + 1. This reasoning can
be repeated for any other pair of adjacent feed heaters. In the end, we learn
that the entire product (8.64) reaches its maximum when the n feed heaters
are distributed evenly between states 0 and n on the saturated liquid line of
Fig. 8.18: that is, when the total enthalpy rise experienced by the feed (hn − h0)
is divided evenly between the n feed heaters.

It remains to determine the optimum location of the last feed heater (n) rela-
tive to the boiling onset (B). This is the same as deciding how much preheating
of the single-phase fluid goes on in the boiler before boiling actually takes
over. The heat transfer rate in question, Qn−B = ṁn(hB − hn), originates from
the high-temperature ceiling (Tf ). Therefore, it makes no difference if Q̇n−B is
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Figure 8.19 Equivalence between the cycle of Fig. 8.18 and a cycle with n + 1
feed-heating stages and a saturated liquid state (B) as inlet to the boiler.

first absorbed by an intermediate entity and only later used for the purpose of
heating the feed water between n and B. Let this intermediate entity be the more
voluminous boiler stream ṁn+1 shown on the right side of Fig. 8.19. Note that
ṁn+1 > ṁn because ṁn(h2 − hn) = ṁm+1(h2 − hB), where both quantities in the
equality are equal to Q̇n−B + Q̇B−2.

The left side of Fig. 8.19 shows the upper part of the cycle seen on the T–s
diagram of Fig. 8.18. We conclude that equivalent to the cycle of Fig. 8.18 is
the one where the feed is heated from n to B in an additional contact heater
that draws superheated steam directly from state 2. The feed flow rate into this
(n + 1)th contact heater is ṁn, the bled superheated steam flow rate is ṁn+1 −
ṁn, and the flow rate through the boiler between sections B and 2 is ṁn+1. The
cycle efficiency in this case can be expressed as

𝜂 = 1 −
ṁ0(h3 − h4)

ṁn+1(h2 − hB)
(8.69)

where 𝜂 is exactly the same 𝜂 as in eq. (8.59). In this last expression, all the h’s
are fixed, and the efficiency maximization problem reduces to the maximization
of ṁn+1∕ṁ0. According to the analysis outlined between eqs. (8.61) and (8.68),
the maximum 𝜂 occurs when the n + 1 contact heaters contribute evenly to the
overall enthalpy rise experienced by the feed water stream, hB − h0. This means
that the optimal location of the inlet to the boiler in the original configuration
of Fig. 8.18 is given by

hB − hn

hB − h0
≅ 1

n + 1
(8.70)

where n is the actual number of contact heaters. The approximately equal sign
of eq. (8.70) is a reminder of the approximation adopted as eq. (8.67).

The existence of an optimal feed water temperature (or hn) is illustrated in
Fig. 8.20, where each curve corresponds to a design with a finite number of
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Figure 8.20 Relative reduction in the heat input Q̇H due to the use of n contact feed
heaters. PH = 82.6 atm, PL = 0.0334 atm, Tmax = 482∘C. (After Ref. 21.)

feed heaters n. Plotted on the ordinate is the “theoretical gain percentage” [21],
or the relative reduction in the heat input Q̇H that is attributed to the use of n
contact heaters:

Y =
Q̇H(0) − Q̇H(n)
Q̇H(0) − Q̇H(∞)

(8.71)

In this dimensionless group, Q̇H(0) represents the heat transfer received from
Tf when the cycle does not employ any regenerative feed heating, Q̇H(∞) is
the heat input in the case of an infinite number of feed heaters (hn = hB), for a
cycle delineated by a fixed set of peripheral conditions, PH = 82.6 atm, PL =
0.0334 atm, and Tmax = 482∘C. The abscissa parameter is the relative enthalpy
rise experienced by the feed water:

X =
hn − h0

hB − h0
(8.72)

Figure 8.20 shows that, if optimized, the installation of a single feed heater
generates about half of the theoretically maximum savings associated with the
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use of an infinite number of feed heaters. As n increases, the relative reduction
in Q̇H decreases, while the optimal ultimate feed enthalpy hn approaches hB [cf.
eq. (8.70)]. The curves of Fig. 8.20 are based on the actual (charted, tabulated)
properties of steam, not on simplifying assumptions such as eq. (8.67). Never-
theless, the simplified analysis presented here anticipates very well the position
of the maximum of each constant-n curve in the X − Y plane (see Problem 8.4).

8.5.3 Combined Feed Heating and Reheating

Looking back at Fig. 8.14, we get the idea that if regenerative feed heating
can improve the performance of the superheat cycle b, it should also upgrade
the efficiency of the superheat–reheat cycle c. This expectation is based on the
similarity between the first (low-temperature) portions of the constant-PH heat-
ing curves: In Figs. 8.14b and c, the use of regenerative feed heating promises
to eliminate the low-temperature heat transfer process needed to heat the feed
water to the saturation temperature associated with PH.

With the implementation of feed water heating in superreheat cycles comes
the problem of determining the optimal distribution of feed heaters, or the opti-
mal distribution of enthalpy rise among the few feed heaters. This problem was
considered by Weir [22] in a study that included the application of feed heating
to supercritical pressure cycles. For the sake of continuity with Section 8.5.2
we discuss the main conclusion of this work in terms of Haywood’s analysis of
resuperheat cycles [23].

The new element is the reheater that administers the heat transfer rate Q̇R to
the partially expanded stream of pressure PR (Fig. 8.21). Let i + 1 and i rep-
resent the pressure taps (or contact heaters) that at the end of the optimization
process are positioned upstream and downstream, respectively, of the reheater.
It is clear from the analysis of the preceding section and from the Mollier
charts of Figs. 8.18 and 8.21 that the optimization of contact heater distribution
upstream (i + 1,… , n) and downstream (1,… , i) of the reheater leads to the
compact conclusion that the feed enthalpy rise must be divided evenly between
adjacent heaters [eqs. (8.68)–(8.70)]. This conclusion is illustrated in Fig. 8.21
by means of two strings of equidistant points placed on the line of saturated
liquid states. The spacing of the two strings is different in order to emphasize
the only unknown left in the present problem, namely, the relative size of the
two feed enthalpy rises ri+1 and ri. The efficiency of the power cycle is

𝜂 = 1 −
Q̇C

Q̇B + Q̇R

(8.73)

where Q̇C and Q̇B are the condenser heat rejection rate and the heat input
(boiler + superheater) that precedes Q̇R along the heating side of the cycle.
Writing ΔhC = h3 − h4 for the fixed enthalpy drop through the condenser and
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ṁ0 for the condenser flow rate, the efficiency becomes

𝜂 = 1 −
ΔhC

Q̇B∕ṁ0 + Q̇R∕ṁ0

(8.74)

This shows that for maximum 𝜂 we must pursue the maximization of the
denominator of the second term on the right side. The maximization consists of
selecting Pi (or ri) while holding all the other parameters fixed, including the
positions of the i − 1 contact heaters situated below heater i and the positions
of the n − i heaters situated above heater i. This means that the following flow
rate ratios are fixed:

ṁi−1

ṁ0
= k0,

ṁn

ṁi+1
= kn (8.75)

where the constants k0 and kn depend on the number of optimally spaced contact
heaters that fit below and above i. By using the recurrence relation (8.61), it is
easy to show that

Q̇B

ṁ0
= k0kn ΔhB

𝛼i𝛼i+1

𝛽i𝛽i+1
(8.76)

Q̇R

ṁ0
= k0 ΔhR

𝛼i

𝛽i
(8.77)

where 𝛼i = 𝛽i + ri and 𝛼i +1 = 𝛽i+1 + ri+1. The enthalpy excursion from i – 1 to
i + 1 on the saturated liquid line of the Mollier chart (Fig. 8.21) is fixed and
the constraint (8.65) applies here unchanged. Of interest is the sum of the two
derivatives:

d(Q̇B∕ṁ0)
dri

=
Q̇B

ṁ0

(
1
𝛼i

− 1
𝛼i+1

)

(8.78)

d(Q̇R∕ṁ0)
dri

=
Q̇R

ṁ0𝛼i
(8.79)

Setting the sum equal to zero yields the result desired:

ri + 𝛽i

ri+1 + 𝛽i+1
= 1 +

Q̇R

Q̇B

(8.80)

The preceding analysis is based on the approximation that 𝛽i and 𝛽i+1 are
insensitive to changes in ri. This makes eq. (8.68) a particular case of eq. (8.80),
namely, the case of a cycle with zero reheat (Q̇R∕Q̇B = 0 and 𝛽i ≅ 𝛽i+1). Even
though in eq. (8.80) the bled-steam enthalpy drops 𝛽i and 𝛽i+1 are treated as
constant, they are, in general, different:

𝛽i − 𝛽i+1 = Δ𝛽 > 0 (8.81)
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Figure 8.21 Optimal positioning of contact feed water heaters around the reheater of a
steam cycle.

The relative size of 𝛽i and 𝛽i+1 can be measured from Fig. 8.21, keeping in mind
the graphic definition of 𝛽i given in Fig. 8.20. The optimal-design rule (8.80)
can be rewritten in a way that shows the relative size of ri and ri+1:

ri − ri+1 =
Q̇R

Q̇B

(𝛽i+1 + ri+1) − Δ𝛽 (8.82)

Because in most superheat cycles the ratio Q̇R∕Q̇B is not negligibly small when
compared with unity, eq. (8.82) and the dimensions of the Mollier chart cycle
indicate that ri must exceed ri+1 by a certain optimal amount. In conclusion,
the outlet states of the n contact heaters must be arranged equidistantly in two
strings along the saturated liquid line of the Mollier chart in such a way that the
density of the upper string exceeds the density of the lower string in the manner
indicated by eq. (8.82).



Trim Size: 6.125in x 9.25in Bejan c08.tex V2 - 08/08/2016 6:38pm Page 365�

� �

�

ADVANCED STEAM TURBINE POWER PLANTS 365

The reality of “dimishing returns” is rooted in thermodynamics. Although
both reheating and feed heating lead to improvements in the efficiency of
the steam turbine cycle, the 𝜂 change caused by one method is greater when the
method is implemented alone. Note the distinction between efficiency (𝜂)
and the efficiency increment (Δ𝜂) associated with the implementation of one
or more design changes. The efficiency is the highest when both reheating
and feed heating are used. However, the impact of a single method depends
on whether the other method has been applied already. This point is made
graphically in Fig. 8.22, in which the relative efficiency increase Δ𝜂∕𝜂 is
plotted in the vertical direction.

The same point is made in Fig. 8.23, which shows the percent increase in the
efficiency of a steam turbine plant that uses one reheater and a varying number
of feed-heating stages. Note first the existence of the optimal reheater pressure
addressed in Example 8.3 and that this pressure increases as the number of
feed heaters increases. The beneficial effect of using one reheater decreases
steadily as the number of feed-heating stages increases. This trend can also
be detected by comparing the TH,avg increase registered while proceeding from
Fig. 8.14b to Fig. 8.14c, first, without any regenerative feed heaters and, second,
with an infinite number of feed heaters. In the second case, the low-temperature
beginnings of the 1 → 2 isobaric heating processes (the first vertical arrows)
disappear; this modification makes the TH,avg values of Figs. 8.14b and c very
similar, as all the vertical heat transfer arrows enter the working fluid at about
the same temperature level. Therefore, in the second case, the exhaustive use of
feed heating robs the reheater of most of its opportunity to improve the cycle.

The three-dimensional surface that takes shape in Fig. 8.22 is an illustration
of the performance-versus-freedom design space proposed in Ref. 25. In the

Figure 8.22 Interaction between reheating and feed heating toward increasing the
global performance.
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Figure 8.23 Effect of regenerative feed heating on the 𝜂 increase caused by reheating.
PH = 100 atm, PL = 0.05 atm, Tmax = 538∘C, reheater pressure drop ΔPR = 0.1PR.
(After Ref. 24.)

base plane, the arrows of methods I and II indicate the direction in which design
freedom increases. For example, to add feed-heating stages and optimize their
distribution means to add more degrees of freedom and to complicate the
drawing. The global performance increases as the configuration morphs in
the direction of greater freedom. In time, morphing brings these architectures
closer to the peak performance of all possible flow architectures, although as
shown in Figs. 8.22 and 8.23, diminishing returns are experienced.

8.6 ADVANCED GAS TURBINE POWER PLANTS

8.6.1 External and Internal Irreversibilities

Following the steam turbine cycle power plants treated in the preceding section,
we now analyze in the same light an entirely different class of power cycles
and power plants. We begin with gas turbine power plants that operate based
on improved versions of the Brayton cycle (Fig. 8.5), known also as the Joule
cycle. Figure 8.24 shows a realistic version of the simple Brayton cycle, in
which the flow through the heater, 1′ → 2′, is accompanied by the pressure drop
ΔPH . Similarly, the flow through the cooler, 3′ → 4′, is driven by the pressure
difference ΔPL. The gas turbine and the compressor are plagued by irreversibil-
ities lumped in the respective isentropic efficiencies (𝜂t, 𝜂c), which are both less
than 1. The turbine and the compressor are both modeled as adiabatic, that is,
their respective heat leaks to the ambient (T0) are assumed negligible.

Figure 8.24 invites the analogy between the irreversibilities of the present
power plant and those of the steam turbine power plant dissected in Fig. 8.13.
An irreversibility mechanism that is called by the same name is indicated by
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Figure 8.24 External and internal irreversibilities of a gas turbine power plant.

using the same shading on both figures. Starting from the top of the figure,
we recognize the external irreversibility due to heating the working fluid (flow
rate ṁ) across the temperature gap between the combustion chamber Tf and the
bulk temperature of the heater stream 1′ → 2′. In units of lost exergy per unit
flow rate, this external heat transfer irreversibility amounts to

T0

ṁ
Ṡgen,heater

external heat transfer
=

T0

Tf

[

Tf (s2 − s1′ ) −
(

∫
2

1′
T ds

)

P=PH

]

(8.83)

The quantity in brackets represents the almost-trapezoidal area whose border
has been shaded in Fig. 8.24. This area is analogous to [area]H studied in
Fig. 8.10. This area must first be reduced by the factor T0∕Tf if it is to represent
lost exergy per unit flow rate. In eq. (8.83), the quantity in brackets can be
written explicitly in terms of T2, T1′ , and cP if the working fluid is modeled as
an ideal gas with constant specific heat.
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The internal irreversibility of the heater is due to the pressure drop ΔPH ,

T0

ṁ
Ṡgen,heater

pressure drop
= T0(s2′ − s2) ≅ T0R

ΔPH

PH
(8.84)

where the last expression is based on the ideal gas model and the assumption
that ΔPH ≪ PH . The heater pressure drop irreversibility is represented by the
dotted rectangular area at the right of the base of Fig. 8.24.

Proceeding clockwise around the power cycle, we encounter next the exergy
destroyed by the turbine. In the T × s area units of Fig. 8.24, the turbine irre-
versibility is represented by the rectangle with horizontal lines in the lower right
corner of the figure (Example 8.4):

T0

ṁ
Ṡgen,turbine = T0(s3′ − s2′ )

= T0cP ln

{

1 + (1 − 𝜂t)

[(
PH − ΔPH

PL

)R∕cP

− 1

]}

(8.85)

The closed-form expression (8.85) is based on modeling the working fluid as
an ideal gas with constant cP.

The irreversibility associated with the cooler, 3′ → 4′, can be divided into
a heat transfer contribution associated with the stream–ambient temperature
difference and a fluid flow contribution due to the pressure drop ΔPL. To see
how this separation of the two effects takes place analytically, Fig. 8.24 shows
that the flow through the cooler, 3′→ 4′, is equivalent to the flow through a
slightly warmer cooler with zero pressure drop, 3′→ 4, followed by the flow
through a throttle that drops the pressure from PL to PL − ΔPL: that is, from
state 4 to 4′. The per-unit-ṁ destruction of exergy during the cooler–ambient
interaction is

T0

ṁ
Ṡgen,cooler = (h3′ − h4′ ) − T0(s3′ − s4′ )

=

(

∫
3′

4
T ds

)

P=PL

− T0(s3′ − s4′ )

=

(

∫
3′

4
T ds

)

P=PL

− T0(s3′ − s4)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Caused by the heat transfer
from the stream (3′) → (4)

to the ambient (T0)

+ T0(s4′ − s4)
⏟⏞⏞⏞⏟⏞⏞⏞⏟
Caused by the
pressure drop

ΔPL

(8.86)

The heat transfer is represented by the almost-trapezoidal area shaded in full
in Fig. 8.24. Relative to this area, the size of the pressure drop contribution to
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eq. (8.86) is measured by the dotted rectangular area shown in the lower-left
corner of Fig. 8.24.

Finally, the compressor irreversibility can be estimated using the same
approach as in Problem 8.13:

T0

ṁ
Ṡgen,compressor = T0(s1′ − s4′ )

= T0cP ln

{

1 +
(

1
𝜂c

− 1

)[

1 −
(

PL − ΔPL

PH

)R∕cP
]}

(8.87)

where the last expression is again the result of modeling the fluid as a constant-
cP ideal gas. The top expression on the right side of eq. (8.87) shows that the
compressor irreversibility is well represented by the rectangular area with hor-
izontal lines in the lower-left corner of Fig. 8.24.

The sum of eqs. (8.83)–(8.87) is the total exergy destruction rate of the power
plant. The four components interact with one another as they contribute to the
overall irreversibility of the plant. The fact that in the preceding analysis we
have assigned one T0Ṡgen∕ṁ quantity (and one T × s area in Fig. 8.24) to each
of the four components does not mean that these components contribute “inde-
pendently” to degrading the thermodynamic performance of the power plant. In
an example discussed earlier in connection with Fig. 8.13, we saw that both the
boiler (ΔPH) irreversibility and the turbine (𝜂t) irreversibility enhance the irre-
versibility of the condenser. If we are interested in minimizing the irreversibility
caused by a single component, we must carefully evaluate the total irreversibil-
ity introduced by that component in the greater system to which it belongs. This
theme is expanded upon in Ref. 25.

Another example of the close interaction between components can be con-
structed by asking the question: To what extent does the inefficiency (non-
ideality) of the compressor alone affect the irreversibility figure of the entire
power plant? Figure 8.24 shows that if the compressor isentropic efficiency 𝜂c
decreases, the outlet state (1′) moves steadily to the right along the PH isobar.
Two irreversibility areas of Fig. 8.24 are affected by this movement. First, the
rectangular area of height T0 and width s1′ − s4′ increases in accordance with
the last part of eq. (8.87). But, at the same time, the external (heat transfer) irre-
versibility area of the heater is being cut off from the left, as indicated by the
dotted frame corresponding to the case 𝜂c = 1. This second effect of decreasing
𝜂c is beneficial. It is assumed that the deterioration of 𝜂c occurs while keeping all
the other features of the cycle intact. The net irreversibility increase associated
with the deterioration of 𝜂c alone, from 𝜂c = 1 to 𝜂c < 1, is

T0

ṁ
Ṡgen,𝜂c alone = T0(s1′ − s4′ ) −

T0

Tf
(Tf − T1,avg)(s1′ − s1) (8.88)
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where T1,avg is the average temperature between 1 and 1′:

T1,avg = 1
s1′ − s1

(

∫
1′

1
T ds

)

P=PH

(8.89)

The first group on the right side of eq. (8.88) represents the rectangular
area quantity seen in eq. (8.87). The second group is negative and represents
the area cut off from the left in the upper portion of Fig. 8.24, namely, (Tf −
T1,avg)(s1′ − s1) times the area reduction factor T0∕Tf justified earlier in eq.
(8.83). Noting that s1′ − s4′ is the same as s1′ − s1, we conclude that the irre-
versibility increase associated with the decrease of 𝜂c while keeping everything
else fixed is

T0

ṁ
Ṡgen,𝜂c alone =

T1,avg

Tf
T0(s1′ − s4′ ) (8.90)

This quantity is T1,avg∕Tf times smaller than the compressor exergy loss iden-
tified in eq. (8.87).

Example 8.4. Evaluate the irreversibility of the turbine expansion portion of the
cycle of Fig. 8.24. Show that if the fluid is an ideal gas with constant specific heat and
ΔPH << PH and (1 − 𝜂t) << 1, the turbine irreversibility is approximately equal to

Ṡgen,turbine ≅ ṁcP(1 − 𝜂t)[(PH∕PL)R∕cP − 1]

The solution proceeds as follows: First we write that

Ṡgen,turbine = ṁ(s3′ − s2)

= ṁ(s3′ − s3) = ṁcP ln
T3′

T3

In order to evaluate T3′ and T3 we recall that

𝜂t =
T2′ − T3′

T2′ − T3
, and

T2′

T3
=
(

PH − ΔPH

PL

)R∕cP

Combining these two relations we find that

T3′

T3
= 1 + (1 − 𝜂t)

[(
PH − ΔPH

PL

)R∕cP

− 1

]

which means that in the limit 𝜂t → 1 and ΔPH << PH the entropy generation rate
decreases linearly with 1 – 𝜂t:

Ṡgen,turbine → ṁcP (1 − 𝜂t)

[(
PH

PL

)R∕cP

− 1

]
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8.6.2 Regenerative Heat Exchanger, Reheaters, and Intercoolers

The method of improving the performance of the gas turbine cycle of Fig. 8.24
consists of eliminating wherever possible the irreversibility areas shaded in the
figure. Three important steps that have been made in this direction are illus-
trated in Figs. 8.25–8.27. It is assumed in these figures that the gas turbines and
compressors function reversibly (isentropically) and the pressure drops mea-
sured across all the heat exchangers are negligible. The overall irreversibility
of each power plant is due entirely to the external heat transfer irreversibilities
illustrated by [area]L and (T0∕Tf )[area]H in Fig. 8.10.

The two areas that play the analogous roles in the case of a closed gas turbine
power cycle are shown in Fig. 8.25. The lack of perfection of the cycle can
be measured in terms of the size of the two shaded areas or the closeness of
the average heater and cooler temperatures, TH,avg and TL,avg, respectively. The
𝜂,TH,avg, and TL,avg definitions (8.32)–(8.35) apply here. Close TH,avg and TL,avg
mean small heat engine cycle efficiencies, 𝜂.

Figure 8.26 shows the effect of installing a counterflow heat exchanger
between the high- and low-temperature ends of the cycle. One purpose of
the regenerative heat exchanger is to use the hot exhaust from the turbine,
state 3, to preheat the compressed stream that enters the heater. Because of this

TH,avg

TL,avg

Figure 8.25 External irreversibilities of a simple gas turbine power plant.
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TH,avg

TL,avg

Figure 8.26 Effect of the regenerative heat exchanger on the heat transfer external irre-
versibilities of the gas turbine power plant of Fig. 8.25.

TH,avg

TL,avg

Figure 8.27 Effect of reheating and intercooling on the heat transfer external irre-
versibilities of the power plant of Fig. 8.26.
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preheating effect, the heater operates at temperatures between states 1′ and 2,
which are in an average sense much higher than the heater temperatures in the
simplest design (Fig. 8.25). Note the much higher position occupied by TH,avg
in Fig. 8.26. The irreversibility (T0∕Tf )[area]H shrinks considerably from
Fig. 8.25 to Fig. 8.26: What is eliminated is the heating of the coldest stretch
of the compressed stream—that is, the heat transfer irreversibility associated
with the largest temperature differences across the heater of Fig. 8.25. For this
reason, the use of a regenerative heat exchanger in a closed gas turbine cycle
is analogous to the use of regenerative feed heating in advanced steam turbine
power plants (Fig. 8.16).

The other function of the regenerative heat exchanger of Fig. 8.26 is to pre-
vent the cooler from rejecting heat to the ambient across excessive temperature
differences. This is clear if we compare the [area]L features of Figs. 8.25 and
8.26. The regenerative heat exchanger lowers the average temperature experi-
enced by the low-pressure stream in the cooler, TL,avg.

The counterflow heat exchanger 1 − 1′ − 3 − 3′ has been modeled as having
not only zero pressure drops but also zero temperature differences between its
two streams. Note that states such as 1′ and 3, which face each other across
the heat exchanger surface, are positioned at the same temperature level in
Fig. 8.26. In this book, the interplay between pressure drops and stream-to-
stream temperature differences indicating the internal irreversibility of the
regenerative heat exchanger forms the subject of the first part of Chapter 11.

Figure 8.27 shows two improvements that can be made in the power plant of
Fig. 8.26. The first is the idea of using a reheater to break up the expansion from
2 to 3 into two expansion stages, 2 → 2′ and 2′′ → 3. The reheating concept is
the same as in Fig. 8.14c. The beneficial effect of installing a reheater is that it
raises the average temperature TH,avg to a level higher than in Fig. 8.26.

The second idea illustrated in Fig. 8.27 is the use of an intercooler between
the two compression stages 4 → 4′ and 4′′ → 1. Like the cooler, the inter-
cooler is a heat exchanger in which the stream is cooled by thermal contact
with the ambient. The pressure in the intercooler, Pi, is an intermediate pres-
sure, PL < Pi < PH . The same observation holds for the reheater pressure (also
labeled Pi in Fig. 8.14c). Relative to a cycle without intercooling (Fig. 8.26),
the effect of the intercooler is to lower the average temperature of the working
fluid while in thermal communication with the ambient (note the position of
TL,avg in Fig. 8.27). The use of multiple compression stages that alternate with
intercoolers (or “aftercoolers”) is a standard feature of efficient gas compres-
sors. This feature is encountered again in the study of refrigeration (Chapter 10).
The selection of the intermediate pressure of each intercooler is an important
design problem addressed in Problem 10.1

Figures 8.25–8.27 form a sequence that can be continued by adding more
reheating and intercooling stages to the expansion and compression ends of the
cycle. The theoretical limit of this process of optimization is shown in Fig. 8.28.
The high-temperature end of the cycle becomes effectively an isothermal gas
turbine of temperature Tmax. This temperature level had been represented by T2
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TH,avg

TL,avg

Figure 8.28 Theoretical limit of a gas turbine cycle with perfect regenerator and
infinitely many reheating and intercooling stages.

in Figs. 8.25–8.27. The low-temperature end of the cycle becomes an isother-
mal compressor of temperature Tmin (T4 in the preceding three figures). Based
on either eq. (8.35) or other methods (Problem 8.7), it is easy to see that the effi-
ciency reached in this theoretical limit is the Carnot efficiency (1 − Tmin∕Tmax).
This limiting result and idea that one needs a perfect regenerator in order to
achieve it are due to Rankine [20, Prop. XI].

8.6.3 Cooled Turbines

Figure 8.28 and the 1 − Tmin∕Tmax ceiling to the cycle efficiency justify the
modern trend toward the use of turbine blade cooling in the development of gas
turbine cycles for both power plants and propulsion systems. In the pursuit of
higher efficiencies, the power plant design evolves toward lower Tmin and higher
Tmax. The former is limited by the size of the heat exchanger surface built into
the cooler and by the temperature of the atmosphere itself (T0). For example,
in an open gas turbine cycle, where the cooler is missing and the compressor
draws air directly from the ambient, Tmin is equal to T0. The progress toward
higher efficiencies hinges on the designer’s ability to augment Tmax. Here, one
runs into the temperature limitation placed by the strength characteristics of the
turbine blade and vane material.
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One way to circumvent this problem is to allow the temperature of the
working fluid at the turbine inlet to rise above Tmax—as demanded by
the augmentation of 𝜂—and, at the same time, to hold the blade and vane mate-
rial temperature below Tmax by providing sufficient cooling to the metal parts.
The most accessible coolant in a gas turbine power plant is the compressed gas
of state 1 (Fig. 8.29). A fraction of the stream delivered by the compressor is
diverted to the turbine for the purpose of cooling those early expansion stages
that operate above Tmax. In one possible flow circuit, the compressed gas (1)
flows through each blade and is discharged into the main stream that expands
through the turbine.

The coolant flow rate demanded by the safe operation of each blade and vane
increases monotonically with the temperature difference by which the local
main stream exceeds the metal temperature, Tmax. We note here the emergence
of an important design trade-off, for higher turbine stream inlet temperatures
mean higher efficiencies, whereas larger fractions bled from the compressor
stream and not processed through the combustion chamber and the earliest tur-
bine stages mean lower efficiencies. A peak efficiency is registered for a certain
coolant flow rate fraction drawn from the compressor outlet: in other words, at
a certain temperature difference between the inlet temperature of the main tur-
bine stream and the temperature level tolerated by the mechanical strength and
corrosion resistance of the blade material.

For example, the 1980-level design of cooled gas turbine blades for aircraft at
General Electric Co. reveals coolant flow rates on the order of 3.5% of the main
turbine flow rate and turbine inlet temperatures of the order of 1700 K [26].
Figure 8.30 presents a bird’s-eye view of the 1950–1975 history of the tur-
bine inlet temperature in Rolls-Royce aircraft engines, showing the dramatic
change in evolutionary design due to the use of cooled gas turbines. Today, the
order of magnitude of the turbine inlet temperature is 2000 K, the wall (metal)

Figure 8.29 High-temperature part of a gas turbine cycle showing the cooled section
of the turbine and the acceptance of higher turbine inlet temperatures.
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Figure 8.30 Evolution of the gas turbine inlet temperature in Rolls-Royce engines.
(Courtesy of Bernard W. Martin and Alec Brown, University of Wales.)

temperature is 1500 K, and the temperature of the coolant (air) bled from the
compressor is 800 K.

The progress that has been registered over the years in increasing the turbine
inlet temperature (and 𝜂) is related closely to the introduction of new alloys,
new blade manufacturing processes, and new flow architectures for how the
bled air is distributed inside the blade and over its surface (to provide a thermal
barrier between the hot gas and the solid wall). Examples of coolant flow archi-
tectures are serpentine passages inside the blade and jets issuing from slots and
orifices made in the surface of the wall. These features of flow architecture are
constantly changing, and the cooled gas turbine morphs toward higher global
performance levels. This evolution of flow system configuration is in perfect
accord with the constructal law of design and evolution (Chapter 13) and the
entire history of engine development (Figs. 8.1–8.3).

8.7 COMBINED STEAM TURBINE AND GAS TURBINE POWER
PLANTS

Sections 8.5 and 8.6 dealt with the step-by-step improvement of the thermo-
dynamic performance of steam turbine and gas turbine power plants. Now
we recognize the common design philosophy that stimulates each series of
step-by-step improvements. That philosophy consists of avoiding or, at least,
decreasing the irreversibility that accompanies the various components of a
power plant. The effect of decreasing the irreversibility of the power cycle is
to “stretch” the cycle vertically on the T–s diagram so that the thermal contact
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between the working fluid and the Tf and T0 temperature reservoirs is more
and more intimate.

The graphic manifestation of each chain of cycle improvements is reduc-
ing the irreversibility areas (T0∕Tf )[area]H and [area]L relative to the T × s area
enclosed by the cycle. Furthermore, in the ideal limit, the cycle must become flat
along the top and bottom portions; in other words, the heating and cooling pro-
cesses executed by the working fluid must approach the isothermal description.
This brings us to an interesting observation concerning the relative willingness
of steam turbine and gas turbine cycles to submit to this process of thermody-
namic upgrading.

Compare, for example, the shape of the gas turbine cycle of Fig. 8.27 with
that of a steam turbine cycle with one superheater and reheater and a large
number of feed-heating stages. The latter can be visualized by piecing together
the cycle on the T–s diagram of Fig. 8.18 and the cycle with superheater and
reheater shown in Fig. 8.14c. These two cycles—the gas turbine cycle of
Fig. 8.27 and the steam turbine cycle of the combined Figs. 8.18 and 8.14c—are
similar with regard to their complexity. Each has only one reheating stage. Fur-
thermore, the regenerative heat exchanger of the gas turbine cycle is conceptu-
ally equivalent to the train of feed heaters used in the steam turbine cycle. Most
striking in this comparison is the difference between the traces of the respective
heating and cooling processes. By looking first at the cooling process, we see
that the steam turbine cycle (Fig. 8.14c) hugs reservoir T0 considerably more
smoothly than the gas turbine cycle of Fig. 8.27, even when the gas turbine
cycle employs one intercooler. The relative goodness of the steam turbine cycle
is due to the constant-temperature condensation process between states 3 and 4.

The roles are reversed at the hot end of each cycle. The trace of the heating
process of the steam turbine cycle is considerably more rugged than its gas tur-
bine cycle counterpart. At the same time, the temperature gap between Tf and
the trace of the heated water stream is considerably wider and more difficult
to decrease than the [area]H shaded above the cycle of Fig. 8.27. The differ-
ence is due to the phase change experienced by water during its run between
the nth feed-heating stage and the inlet to the low-pressure steam turbine. This
difference persists even if we do away with the phase change and take PH to
be a supercritical pressure. The shape of a supercritical steam turbine cycle on
the T–s diagram resembles a right triangle whose hypotenuse is the constant-PH
heating process. And, even though the water flows as a single phase between the
last feed heater and the steam turbine, it is unlike the single-phase fluid heated
in the gas turbine cycle because it experiences large variations in specific heat
as it rounds the critical-point region of the dome.

From this comparison we learn that gas turbine cycles are better suited
for efficient operation at high temperatures than steam turbine cycles. On the
other hand, the steam turbine cycle is more attractive from the point of view
of minimizing the temperature gap between the cold end of the cycle and the
low-temperature reservoir. It seems natural then to combine these two cycles in
such a way that on the temperature scale the gas turbine cycle is situated above
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the steam turbine cycle. The gas turbine cycle reaches up to the Tf ceiling
in the advantageous manner shown in the upper part of Fig. 8.27. In its turn,
the steam turbine cycle coats the T0 reservoir in the smooth manner indicated
in Fig. 8.14c. The engineering challenge that remains is to mesh optimally
the two cycles along that seam of intermediate temperatures where the upper
(warmer) cycle must act as a heat source for the lower one.

One possibility is illustrated in Fig. 8.31. In this arrangement the gas turbine
cycle is an open circuit, in the sense that the expanded stream (air and products
of combustion) is discharged directly into the atmosphere. Otherwise, the gas
turbine part of the combined-cycle power plant of Fig. 8.31 is the same as in
Fig. 8.26, where the isobaric heating process 1′ → 2 is one way of modeling
the operation of the combustion chamber of Fig. 8.31. The steam turbine part
of the combined cycle resembles most closely the steam cycle with superheat
shown in Fig. 8.14b.

The interface between the two parts of the combined cycle is crossed by
two heat currents. During the lower of these heat interactions, the compressed
water stream produced by the pump is preheated en route to the boiler. The
preheating is done at the expense of the low-pressure gas stream that is about

Figure 8.31 Combined gas turbine and steam turbine cycle.
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to be discharged into the atmosphere (the temperature of this stream imme-
diately downstream of the regenerator is higher than atmospheric: see T3′ in
Fig. 8.26). The upper heat transfer occurs between the reacting (air–fuel) mix-
ture of the combustion chamber and the boiler tubes of the steam cycle. In terms
of the language employed in the preceding two sections, this upper heat transfer
means that both streams of the combined-cycle power plant are heated from the
same temperature reservoir (Tf).

The meshing of the two cycles is accomplished primarily by the first of the
heat currents discussed above. Through this interaction, the gas turbine part of
the combined cycle does the job that in a solo steam turbine cycle would have
been done by a train of feed-heating stages. In return, the steam turbine part of
the cycle does a job that would be necessary if one is to minimize the [area]L
patch shaded in Fig. 8.26.

The evolutionary design of perfecting the fit between the two cycles of the
combined-cycle power plant and between the power plant as a whole and reser-
voirs Tf and T0 is notoriously complicated. This feature is due to the many
design parameters of each cycle taken separately plus the parameters of the
components that constitute the interface between the two cycles. These parame-
ters include turbine and compressor isentropic efficiencies, heat exchanger pres-
sure drops, heat exchanger areas (numbers of heat transfer units; Chapter 11),
and so on.

The trend toward improved second-law efficiencies is reflected by the inter-
est in optimally combining not only two power cycles but also a power cycle
and another process requiring heat transfer from a relatively low temperature.
The broad title for this research arena is cogeneration: literally, the generation
of two or more useful things at the same time. For example, if the low-pressure
steam leaving the turbine of a Rankine cycle power plant is superheated (e.g.,
state 3′ in Fig. 8.13), then before condensation that stream can be used to pro-
vide heat transfer to an industrial or domestic process whose temperature range
is compatible with the temperature of the superheated steam.
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PROBLEMS

8.1 Modeling the behavior of the steam near state 2 (Fig. 8.13) as that of an
ideal gas whose constant is R2, show that

(

∫
3

3ideal

T ds

)

P=PL

= T3R2
ΔPH

PH

where T3 is an appropriately defined average temperature of the states
that reside on the PL isobar between state 3ideal and state 3. Rely on this
result to prove the validity of eqs. (8.56) and (8.57).

8.2 Examine the relative importance of the total irreversibility due to
ΔPH and the total irreversibility due to expander inefficiency (𝜂t < 1)
(Fig. 8.13). Show that when the pressure ratio PH∕PL is fixed, the ratio of
the totalΔPH and expander irreversibilities varies as (ΔPH∕PH)∕(1 − 𝜂t).

8.3 In the limit of infinitely many regenerative feed-heating stages in
Fig. 8.16, the path of the expanding stream 2 → 3 assumes the shape
of a smooth curve inside the two-phase dome. Determine analytically
this smooth curve s(T ) as a function of T and hf (T), where the saturated
liquid enthalpy hf can be curve fitted from tabulated data. Report the
closed-form expression of the s(T ) curve that holds when the T2 − T3
temperature range is narrow enough so that hf increases linearly with T.

8.4 Evaluate the relative reduction in Q̇H caused by regenerative feed heating
(parameter Y, Fig. 8.20) using Haywood’s compact design rule for hn.
Show that the maxima of the constant-n curves fall on the Y ≅ X diagonal
and the maxima are approximately

Ymax(n) ≅
n

n + 1

8.5 Figure 8.20 shows only the relative effect of increasing the number
of contact feed heaters. Develop a quantitative feel for the actual
effect of feed heating on the cycle efficiency 𝜂 by comparing the
efficiency of a cycle without any feed heaters with the efficiency of the
same cycle in the limit of an infinite number of feed heaters. For this
calculation, use the PH ,PL, and Tmax values of Fig. 8.20 coupled with
the assumptions that the expansion through the turbine is isentropic and
the pump power is negligible. In terms of maximum cycle efficiency,
then, what is the effect of increasing the number of feed-heating stages?
In other words, combine the result of your calculation with the Ymax(n)
values read off Fig. 8.20 and construct the corresponding table 𝜂max(n).

8.6 For the design of a new power plant, an engineer proposes to change the
configuration in such a way that the power plant achieves two objectives
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independently, maximum power output Ẇ and minimum entropy gener-
ation rate Ṡgen. He argues that a larger Ẇ and a smaller Ṡgen mean a larger
ratio Ẇ∕Ṡgen, and on this basis he decides to pursue a design that maxi-
mizes the ratio Ẇ∕Ṡgen. Is this decision correct? If not, for what special
class of power plants does the maximization of (Ẇ∕Ṡgen) mean that the
Ẇ maximum and Ṡgen are achieved at the same time? Can the thermody-
namic performance of this special class of power plants be improved?

8.7 Consider the cycle of Fig. 8.28 and assume that throughout the cycle the
working fluid can be modeled as an ideal gas with constant specific heat.
Demonstrate that the heat engine efficiency of this cycle is

𝜂 = 1 − Tmin∕Tmax

8.8 The condenser of a Rankine cycle steam engine receives a stream of
1 kg/s of dry saturated steam at 30 kPa and produces a stream of saturated
liquid at the same pressure. In the condenser, the stream is cooled by
the atmospheric temperature reservoir T0 = 25∘C. Calculate the exter-
nal irreversibility associated with the condenser atmosphere heat transfer
and represented by [area]L in Fig. 8.10.

8.9 An advanced gas turbine power plant is designed so that the ideal gas
stream ṁ delivered by the heater (high pressure PH , high temperature
TH) is expanded first in a high-pressure turbine to the intermediate
pressure Pi (Fig. P8.9). The stream is later reheated at constant pressure
until its temperature again reaches TH . Finally, the (Pi, TH) stream
is allowed to expand through a low-pressure turbine to the pressure
level PL. Determine the optimal intermediate pressure Pi for which
the total power delivered by the two turbines is maximum. Assume
that ṁ, PH , PL, and TH are fixed and the isentropic efficiencies of the
high-pressure and low-pressure turbines are 𝜂t,H and 𝜂t,L, respectively.

Figure P8.9
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Figure P8.10

8.10 A method for the production of mechanical power (Ẇ) from the atmo-
sphere, T0, is shown in Fig. P8.10. The airstream (ṁ) is used first as heat
source in the heater of the actual power plant. The temperature of the
airstream drops as it passes through the heater; therefore, the stream is
used next as a heat sink while flowing through the cooler at the power
plant. The spent air is later discharged into the atmosphere. Is this design
possible?

8.11 The steam turbine and condenser of a simple Rankine cycle are con-
nected as shown in Fig. P8.11. The turbine inlet state is at T1 = 200∘C

Figure P8.11
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and P1 = 0.4 MPa. The operation of the turbine can be modeled as
reversible and adiabatic. The condenser pressure is P2 = P3 = 0.1 MPa.
The condenser pressure drop is neglected. The water stream exiting the
condenser is saturated liquid.
(a) Calculate the specific power output of the turbine (Ẇt∕ṁ) and the

specific-heat rejection rate of the condenser (Q̇C∕ṁ).
(b) Write the second law for the aggregate system defined by the dashed

line in the figure. Note that the temperature of the boundary crossed
by Q̇C is in this case the saturation temperature corresponding to the
condenser pressure. Rely on this second-law statement to prove that
the specific-heat rejection rate calculated in part (a) is a minimum.
In other words, prove that the Q̇C∕ṁ value of an aggregate system
that operates irreversibly is greater than the Q̇C∕ṁ value calculated
in part (a).

8.12 The ideal Brayton cycle shown in Fig. P8.12 employs one reheater,
which is positioned between states 2′ and 2′′. The compressor 4–1, the
high-pressure turbine 2–2′, and the low-pressure turbine 2′′–3 function
reversibly and adiabatically. The heater 1–2 and the reheater and the
cooler 3–4 cause negligible pressure drops along the fluid circuit. The
heater, reheater, and cooler pressures are known (PH , PR, PC, respec-
tively). The working fluid is an ideal gas with constant specific heat.
(a) Determine the heat engine efficiency of the cycle and express your

result as
𝜂R = function(𝜏, 𝜏max, x)

where 𝜏 is the isentropic temperature ratio T1∕T4, 𝜏max is the overall
temperature ratio spanned by the cycle (T2∕T4), and x is the inverse

Figure P8.12
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of the isentropic temperature ratio across the high-pressure turbine,
x = T2′∕T2.

(b) From the 𝜂R formula derived above, deduce the heat engine effi-
ciency expression for a simple Brayton cycle in which the reheater
is absent. Label this new result 𝜂B.

(c) Demonstrate analytically that 𝜂R < 𝜂B, in other words, that the
addition of one reheater to a closed Brayton cycle always diminishes
the efficiency. This conclusion seems paradoxical in view of the
treatment received by reheating in this chapter. Do you accept this
conclusion?

8.13 Show that the entropy generated by the compressor 4′–1′ in Fig. 8.24 is
given by eq. (8.87).

8.14 Novikov’s steady-state model of an irreversible power plant [8] is shown
in Fig. P8.14. The heat exchanger of finite thermal conductance UA
drives the heat transfer rate Q̇1 into the working fluid, which is heated at
constant temperature from b to c. The fluid is expanded irreversibly from
c to d. Novikov accounted for this irreversibility by writing sd − sa =
(1 + i)(sd,rev − sa), or Q̇2 = (1 + i)Q̇2,rev, where 1 + i ≥ 1 and Q2 is the
heat transferred to the ambient T2. The rest of the power plant operates
reversibly. Determine the optimal hot-end temperature T1C for maximum
power. Show that the efficiency at maximum power is

𝜂 = 1 − (1 + i)1∕2

(
T2

T1

)1∕2

8.15 The power plant model shown in Fig. P8.15 contains three compart-
ments: the hot-end heat exchanger, an inner compartment that houses
the circulating working fluid, and the cold-end heat exchanger. Assume
that the heat transfer rates are proportional to the respective temperature
differences,

Q̇1 = 1
R
(T1 − T1C), Q̇2 = 1

R
(T2C − T2)

and the thermal resistance R characterizes both heat exchangers. Assume
also that Q̇1 and Q̇2 can be varied and the inner compartment operates
reversibly. Derive an expression for the instantaneous power output Ẇ as
a function of T1C, T1, T2, and R. Maximize Ẇ with respect to T1C and
show that T1C∕T2C = (T1∕T2)1∕2. Show further that the efficiency 𝜂 =
Ẇ∕Q̇1 at maximum power is equal to 1 − (T2∕T1)1∕2. Finally, calculate
the ratio of the entropy generated in the hot heat exchanger divided by the
entropy generated in the cold heat exchanger and show that the cold heat
exchanger generates more entropy.
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Figure P8.14

8.16 Consider the power plant model shown in Fig. P8.16, where the hot- and
cold-end thermal conductances are generally not equal. Recognize the
availability of a larger heat input Q̇ such that Q̇H can be varied. Derive
an expression for the total rate of entropy generation rate and show that
the minimization of Ṡgen is analytically the same as the maximization
of Ẇ.

8.17 The power plant shown in Fig. P8.17 uses as heat source a hot single-
phase stream of initial temperature TH and capacity flow rate (ṁcP)H .
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The function of the heat sink is served by a cold single-phase stream of
initial temperature TL and capacity flow rate (ṁcP)L. The pressure drops
along both streams can be neglected. The power plant can be modeled as
a sandwich of three compartments: a hot-end heat exchanger, a reversible
compartment contained between two isothermal surfaces (THC,TLC), and
a cold-end heat exchanger. The heat transfer surfaces of temperatures
THC and TLC are sufficiently large so that each stream reaches thermal
equilibrium with the respective surface before it is discharged into the
ambient. Express the power output Ẇ as a function of the variable THC
and the fixed parameters of the device [TH ,TL, (ṁcP)H , (ṁcP)L]. Maxi-
mize Ẇ with respect to THC and show that the maximum power output
is given by

Ẇmax =
(T1∕2

H − T1∕2
L )2

(ṁcP)−1
H + (ṁcP)−1

L

8.18 The power plant model analyzed in Problem 8.17 showed that the max-
imized power output can be increased further by increasing the flow
rates of the two streams. In an actual installation of this type [e.g., ocean
thermal energy conversion (OTEC)] the flow rates cannot be increased
indefinitely, because the required pumping power is subtracted from the
power output of the power plant model. Consider the more complete
model shown in Fig. P8.18, where the fluids of the two streams can
be modeled as incompressible. Each stream originates from an infinite
reservoir of isothermal fluid (TH ,TL) and is pumped through a long con-
duit with known flow resistance (rH , rL) such that the pressure differ-
ences overcome by the pumps can be modeled as ΔPH = rHṁn

H and
ΔPL = rLṁn

L. The exponent n is assumed constant, and its value depends
on the flow regime and falls in the range 1 < n < 2. Assume that the
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The model
optimized in
Problem 8.17

Figure P8.18

second-law efficiency of each pump is a known constant and estimate
the pumping power requirements as Ẇp,H = (ṁ ΔP∕𝜌𝜂II)H and Ẇp,L =
(ṁ ΔP∕𝜌𝜂II)L. The temperature can be modeled as uniform along each
duct. For the power output Ẇmax use the value listed in Problem 8.24.
(a) Derive an expression for the net power output Ẇnet = Ẇmax −

Ẇp,H − Ẇp,L. Maximize the Ẇnet with respect to both (ṁcP)H and
(ṁcP)L and show that the maximum net power is limited by the two
flow resistances,

Ẇnet,max = n

[
(T1∕2

H − T1∕2
L )2

n + 1

](n+1)∕n

[R(1∕(n∕2)
H + R1∕(n+2)

L ]−(n+2)∕n

where

RH =

(

r

𝜌𝜂IIc
n+1
P

)

H

, RL =

(

r

𝜌𝜂IIc
n+1
P

)

L

(b) To decrease RH and RL requires engineering effort and capital.
Account for this aspect by writing the economic constraint

pH
1

RH
+ pL

1
RL

= constant

where pH and pL are the unit costs of the respective flow conduc-
tances. Maximize the Ẇnet,max expression subject to this economic
constraint and show that there is an optimal way of selecting the
ratio of the two flow resistances,

RL,opt

RH,opt
=
(

pL

pH

)(n+2)∕(n+3)
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8.19 A gas turbine power plant with exhaust to the atmosphere has three com-
ponents, which are modeled as follows:

• 1–2: compression from P1 to P2 in a compressor with isentropic
efficiency 𝜂c < 1

• 2–3: heating at constant pressure, P2 = P3

• 3–4: expansion from P3 to P4 in a turbine with isentropic effi-
ciency 𝜂t < 1

The state of the inlet to the compressor is fixed (T1,P1). The highest
temperature reached by the working fluid (T3) is also fixed. The work-
ing fluid behaves as an ideal gas with constant cP and specified flow
rate ṁ. Determine the optimal pressure ratio P2∕P1 such that the spe-
cific power output (Ẇ∕ṁcPT1) is maximum. Also report the expression
for the maximum Ẇ∕ṁcPT1.

8.20 A heat engine communicating with two temperature reservoirs (TH ,TL)
can be modeled as a Carnot engine connected in parallel with a con-
ducting strut. In this model the conducting strut accounts for the leakage
of heat from TH to TL around the power-producing components of the
engine. The bypass heat leak QC is proportional to the temperature dif-
ference across it, QC = C(TH − TL), where C is a measured constant.
(a) Is the heat engine operating reversibly? Explain.
(b) For a fixed heat input QH , determine an expression for the entropy

generated in the heat engine system.

Figure P8.20
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(c) If TH is a design variable, determine the optimal temperature TH,opt
such that the work output (or heat engine efficiency W∕QH) is
maximum.

8.21 A combined-cycle power plant is configured as a gas turbine power plant
at high temperatures and a steam turbine power plant at lower tempera-
tures. Model the two power plants as closed systems that execute cycles.
The gas turbine cycle receives the heat input Q1, produces the work W1,
and rejects the heat transfer Q2. The steam turbine cycle is driven
by Q2 and produces the work W2. The two cycles are not reversible.
Show that the first-law efficiency of the combined-cycle power plant
[𝜂 = (W1 + W2)∕Q1] is given by

𝜂 = 𝜂1 + 𝜂2(1 − 𝜂1)

where 𝜂1 and 𝜂2 are the first-law efficiencies of the gas turbine cycle and
steam turbine cycle, respectively.

8.22 A heat engine operates as a closed system in steady state between
the temperature reservoirs TH = 3000∘C and TL = 25∘C. It receives the
steady heat input Q̇H = 106W. Its energy conversion efficiency is
𝜂 = 0.25. What is the power output of the engine, Ẇ? What would be
the power output in the reversible limit, Ẇrev?

8.23 The power output of a power plant is 5 MW. The power plant rejects heat
to a nearby lake at the rate of 6 MW.
(a) What is the heat input to the power plant?
(b) What is the efficiency of the power plant?
The temperature of the heat source is 600 K while the temperature of the
ambient is 27∘C.

(c) What is the Carnot efficiency of this power plant?
(d) Does the operation of this power plant violate the second law of

thermodynamics?

8.24 The irreversibility of a power plant can be modeled most simply as
shown in Fig. P8.24. The power plant is a closed system that operates in
an integral number of cycles, or in steady state, between the temperature
reservoirs TH and TL. The heat input Q̇H is specified. The power output
Ẇ is less than the Carnot power output associated with Q̇H , TH , and TL.
The power plant model on the right side of the figure consists of three
compartments:

• The hot compartment is a heat transfer surface that vehicles the
heat current Q̇H across the temperature gap TH – THC. The size of
the heat transfer surface is specified, and it is proportional to the
thermal conductance C for thermal contact across the temperature
gap: Q̇H = C(TH − THC).
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• The intermediate compartment, sandwiched between THC and
TLC, is operating reversibly, with zero entropy generation.

• The cold compartment has the same construction as the hot com-
partment. Its thermal conductance C facilitates the flow of the heat
current Q̇L across the temperature gap TLC – TL, in other words,
Q̇L = C(TLC − TL). Note that the hot and cold compartments have
the same area size, which is represented by C.
(a) Determine TLC and THC as functions of TH ,TL, and Q̇H∕C.
(b) Show how the entropy generation rate in the hot compart-

ment Ṡgen,H depends on Q̇H , TH , and Q̇H∕C. Also determine
the entropy generation rate in the cold compartment, Ṡgen,L,
as a function of Q̇H , TH , and Q̇H∕C.

(c) Show that Ṡgen,L > Ṡgen,H , which means that when the hot and
cold compartments have equal size (C) they do not have equal
rates of entropy generation. In what design limit does Ṡgen,L

approach Ṡgen,H?
(d) Derive the expression for the total rate of entropy generation,

Ṡgen = Ṡgen,H + Ṡgen,L, and for the lost power Ẇlost = Ẇrev −
Ẇ, where Ẇrev is the value of Ẇ in the reversible limit (THC =
TH ,TLC = TL). Show that your formulas are a restatement of
the Gouy–Stodola theorem.

8.25 In this problem you discover that to raise the pressure of a stream of
incompressible fluid requires considerably less power than to compress
an ideal gas. Construct your demonstration in the following sequence:

Assume that the stream with the mass flow rate ṁ enters the pump (or
compressor) at atmospheric conditions, Tin and Pin. The pressure riseΔP
is specified, i.e., the outlet pressure is Pout = Pin + ΔP. The flow through
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the pump (or compressor) is in steady state, adiabatic and reversible. The
power input to this open system is Ẇ.
(a) Write the first law and the second law statements for the open system

defined above.
(b) Assume that fluid is incompressible, and determine the specific

pumping power requirement (Ẇ∕ṁ) in terms of ΔP and v, where v
is the specific volume of the fluid. Alternatively, if V̇[m3∕s] is the
volumetric flow rate, what is the ratio Ẇ∕V̇?

(c) Assume that the fluid is an ideal gas, and determine the specific
power requirement (Ẇ∕ṁ) in terms of cP, Tin and the pressure
ratio Pout∕Pin. Does Ẇ∕ṁ increase or decrease with the initial gas
temperature?

(d) Express the result of part (c) in the limit ΔP << Pin, and report the
specific power Ẇ∕ṁ in terms of ΔP and the initial specific volume of
the gas. What is the ratio Ẇ∕V̇?

(e) Consider the numerical example where the incompressible fluid of
part (b) is liquid water at room conditions, and the ideal gas of part
(d) is air at room conditions. Calculate the ratio (Ẇ∕ṁ)water∕(Ẇ∕ṁ)air.
Which power requirement is greater, and how much greater? What is
the ratio (Ẇ∕V̇)water∕(Ẇ∕V̇)air?



Trim Size: 6.125in x 9.25in Bejan c09.tex V2 - 08/08/2016 6:38pm Page 394�

� �

�

9

Solar Power

The mission of solar energy technology is to place work (exergy) at our disposal
for consumption [1, 2]. This chapter constructs a thermodynamic framework
for the efficient use of collected solar energy. The chapter begins with an out-
line of the equilibrium thermodynamics of thermal radiation and continues with
a review of theoretical advances that demonstrate that the energy irradiated
by the sun is rich in exergy. The focus shifts to the irreversible operation of
solar collectors and to discovery of operating conditions for maximum exergy
extraction. More complex features of solar collector and power plant operation
as well as the largest solar-powered engine—Earth’s atmospheric and oceanic
circulation—are discussed in the closing sections of this chapter.

9.1 THERMODYNAMIC PROPERTIES OF THERMAL RADIATION

The power-producing potential of solar thermal radiation has been the subject
of an intense research activity, which was reviewed partly in an 1982 book [1].
One striking feature of this research is the controversy that is generated by each
new answer to the basic question of how much exergy can be derived from
sunlight. Although qualitatively the answers that have been given all say that
the thermal radiation received from the sun is rich in exergy, they disagree in
quantitative terms and with regard to methodology. To understand the ideas that
are being debated and to clarify the terminology that will be used as this debate
continues, it helps to revisit the heat transfer subject of thermal radiation, this
time from the point of view of thermodynamics.

The shift from the heat transfer view to the thermodynamics view involves
two conceptual changes. The first is that in heat transfer we focus on the net
energy interaction (heat transfer) between two or more surfaces with different
temperatures. The analytical framework of thermodynamics on the other hand
is based on the concept of thermodynamic equilibrium; therefore, in the first
part of this presentation, we consider surfaces that are in equilibrium with each
other and with the radiation contained between them. The second conceptual

394
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change consists of abandoning the electromagnetic wave description of thermal
radiation (which is the traditional description in heat transfer) in favor of the
discrete-particle (photon) description. This change allows us to define the ther-
modynamic properties of thermal radiation and condense the thermodynamic
behavior of the thermal radiation system into a fundamental relation of type
U = U(S, V).

9.1.1 Photons

The photon is a relativistic particle with zero rest mass, energy

𝜀 = hv (9.1)

and momentum
p = hv

c
(9.2)

where h = 6.626 × 10−34 J ⋅ s is Planck’s constant and c = 2.998 × 108 m∕s is
the photon’s speed of propagation in an empty space (the speed of light). The
photon is also characterized by a direction of propagation and a frequency 𝜈,
or, conversely, a wavelength

𝜆 = c
𝜈

(9.3)

In what follows we restrict the discussion to unpolarized radiation.
The steady emission of energy as radiation from a surface can be viewed as

the departure of a stream of photons in which the emission of each photon is
associated with a drop in the energy level of an atom in the solid. Absorption
of photons is accompanied by energy transfer to the surface as the atoms of the
solid material experience transitions to higher energy states [3].

Consider a space of size V that is delineated by a perfectly reflecting surface
(Fig. 9.1). The reflectivity of a surface is defined as the fraction (percentage) of
the incident-energy stream that is neither transmitted through nor absorbed by
the surface. A perfectly reflecting surface reflects the incident radiation stream
100%: For each photon of frequency 𝜈i absorbed, the surface has the property of
emitting one photon of the same frequency and energy. From the point of view
of transferring energy as heat across the boundary of the V space, the perfectly
reflecting surface is adiabatic.

The term perfectly reflecting invites us to imagine a surface that resembles a
highly polished (mirror-type) metallic surface: that is, of a specular reflector in
which the reflected and incident beams are positioned symmetrically about the
normal to the surface (Fig. 9.1). The present treatment, however, is not restricted
to specular reflectors. The surface of the enclosed space V can reflect the inci-
dent radiation in any direction (e.g., it can be a diffuse reflector) (Fig. 9.1) as
long as it reflects the incident radiation entirely.
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Figure 9.1 Enclosure with perfectly reflecting internal surfaces.

9.1.2 Temperature

Assuming that initially the V space is completely evacuated, consider introduc-
ing into this space a body (A) whose special property is that its surface can emit
and absorb photons of a certain frequency, 𝜈A. If photons of many other fre-
quencies travel through the enclosure, body A is completely transparent to these
photons. The V space fills with monochromatic radiation of frequency 𝜈A, while
body A reaches the equilibrium temperature TA. At this stage we can speak of
the monochromatic radiation as having the temperature TA, because it is in equi-
librium with a body whose measurable temperature is TA. The act by which we
assign a temperature to the collection of photons that account for the monochro-
matic radiation is an application of the zeroth law of thermodynamics. The
temperature of thermal radiation can only be determined indirectly, by mea-
suring the temperature of the body with which the radiation is in equilibrium.

The argument above can be repeated by replacing body A with a blackbody
(B). The defining feature of the blackbody is that its surface absorbs entirely the
incident radiation, regardless of frequency. This means that the monochromatic
(spectral) and total absorptivities of the blackbody surface are equal to 1
or the corresponding reflectivities and transmissivities are all equal to 0.
We are interested in the type of radiation with which the blackbody is in
equilibrium, because above the atmosphere the solar thermal radiation mimics
the radiation that in Fig. 9.1 would be in equilibrium with a body (B) of
approximately 5762 K.

With body B placed inside it, the V space will be filled by photons of all
frequencies, assuming that the linear dimension of the V space is large enough
to accommodate the radiation with the longest wavelength (namely, the low-
frequency photons whose aggregate contribution to the energy inventory of the
V space is still meaningful; the relation between photon density and frequency is
discussed in the next subsection). Since the V space is completely isolated with
respect to its environment, after a sufficiently long time, the system housed by it
reaches equilibrium. The temperature TB that is reached by the blackbody can
also be assigned to the radiation or instantaneous collection of photons with
which the blackbody is in equilibrium.

Summing up these first two examples, we consider the case where both bod-
ies (A and B) reside inside the enclosure. At equilibrium, TA = TB, which means
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that A and B will be in equilibrium and the temperature of the monochromatic
radiation with which A is in equilibrium will be the same as the temperature of
the blackbody radiation sustained by the blackbody (B). The monochromatic
radiation is therefore the same as that sample of photons that occupy the narrow
frequency band 𝜈A − (𝜈A + d𝜈A) in the frequency-diverse population of photons
that make up the blackbody radiation of the same temperature. And since the
𝜈A frequency is arbitrary, we can vary it and regenerate line by line the fre-
quency dependence of blackbody radiation. Although two batches of thermal
radiation can contain photon populations of different numbers and frequencies,
at equilibrium they have the same temperature.

9.1.3 Energy

Consider from now on the case where the V space is filled only by blackbody
radiation of temperature T, which is in equilibrium with an infinitesimally small
blackbody (e.g., a grain of soot). The energy inventory of the blackbody radi-
ation as a thermodynamic system can be calculated from Planck’s distribution
of photon volumetric density:

h𝜈 =
8𝜋𝜈2c−3

exp(h𝜈∕kT) − 1
(9.4)

where k = 1.38 × 10−23 J∕K is Boltzmann’s constant and n𝜈 represents the
number of photons per unit volume and unit frequency interval; that is, the units
of n𝜈 are the number of photons/m3 ⋅ s. The refractive index of the medium is
assumed equal to 1, as for vacuum and common gases.

The energy per unit volume associated with the density n𝜈 is then u𝜈 = n𝜈h𝜈;
hence,

u𝜈 =
8𝜋h𝜈3c−3

exp(h𝜈∕kT) − 1
(9.5)

Obtained first by Planck [4], eq. (9.5) constituted the starting point in the
development of quantum theory. Finally, integrating eq. (9.5) over the entire
frequency domain, we obtain the volumetric-specific energy of blackbody
radiation:

u = ∫
∞

0
u𝜈d𝜈 = aT4 (9.6)

where

a = 8𝜋5

15
k4

h3c3
= 7.565 × 10−16J∕m3 ⋅ K4 (9.7)

The total energy inventory of the blackbody radiation that fills the space of
size V is, therefore,

U = uV = aVT4 (9.8)



Trim Size: 6.125in x 9.25in Bejan c09.tex V2 - 08/08/2016 6:38pm Page 398�

� �

�

398 SOLAR POWER

Recognize at this stage the connection between eqs. (9.4)–(9.8) and
equivalent formulas that serve as the backbone of most radiation heat transfer
calculations. With reference to eq. (9.4) and the “pencil of rays” of the unit
solid angle shown in the detail of Fig. 9.2, we can evaluate the energy that
arrives per unit time, unit area (dA), unit solid angle (dΩ), and unit frequency
interval (d𝜈) from the direction that is the axis of the pencil:

i′
𝜈b = u𝜈c∕4𝜋 = 2h𝜈3c−2

exp(h𝜈∕kT) − 1
(9.9)

Equation (9.9) represents the spectral intensity of blackbody radiation, where,
in accordance with the notation rules of Siegel and Howell [3], the subscripts
b and 𝜈 stand for “blackbody” and “per-unit frequency,” respectively, and the
superscript (⋅)′ is meant to suggest that i′

𝜈b is a per-unit solid-angle quantity asso-
ciated with a certain direction. More common in heat transfer is the equivalent
expression for the spectral intensity on a per-unit wavelength basis:

i′
𝜆b = 𝜈2

c
i′
𝜈b = 2hc2𝜆−5

exp(hc∕k𝜆T) − 1
(9.10)

as well as the corresponding spectral hemispherical emissive power, e𝜆b = 𝜋i′
𝜆b.

Equations (9.9) and (9.10) reveal the one-to-one relation between the spectral
intensity of blackbody radiation and the temperature of radiation, T, which is
evident in the makeup of the total intensity:

i′b = ∫
∞

0
i′
𝜈b d𝜈 = ∫

∞

0
i′
𝜆b d𝜆 = c

4𝜋
aT4 (9.11)

Through this relation, we can attach a temperature (T) not only to the direction-
ally random radiation that is trapped inside the perfectly reflecting enclosure of
Fig. 9.1 but also to beamed radiation [5].

This conceptual step is important in solar energy utilization, because the inci-
dent extraterrestrial solar radiation is confined to a very narrow solid angle.
The beamed radiation is also a good working model for the solar radiation
that reaches Earth on a clear day. The implication of the intensity–temperature
relation is that in a concentrating device (Fig. 9.2) the maximum theoretical
temperature that might be realized at the focal point of the parabolic mirror
is that of the radiation beam itself. As the incident radiation hits the mirror, it
experiences a compression (concentration), with the result that the energy flux
per unit area normal to one ray increases. However, the intensity or the energy
flux per unit normal area and per unit solid angle is the same anywhere along
the incident and reflected ray and so is the temperature of beamed radiation.
This observation is based on the assumption that the mirror is a specular reflec-
tor; we shall see that a diffusely reflecting surface decreases the temperature
and increases the entropy of the incident beam.
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Figure 9.2 Pencil of rays of unit solid angle (left) and the concentration of a parallel
beam into the pupil of an enclosure filled with isotropic radiation (right)

In the analysis that follows, we continue to use the Stefan–Boltzmann law—
that is, the conclusion that the volumetric-specific total energy of blackbody
radiation is a function of temperature only [eq. (9.6)]. This law was established
experimentally in 1879 by Stefan [6] and derived on the basis of statistical argu-
ments five years later by Boltzmann [7]. The exclusive dependence of u𝜈 on
temperature is one feature that fuels the photon gas–ideal gas analogy; eq. (9.6)
can be regarded as that equation of state whose equivalent in the ideal gas model
is the calorimetric equation of state u = u(T).

9.1.4 Pressure

If one of the walls of the perfectly reflecting enclosure of Fig. 9.1 could move
like a piston inside a frictionless sleeve, the environment must restrain this
movement by applying pressure on the piston. The piston is being pushed out-
ward by the averaged impact of all the photon–wall collisions; the “pressure”
exerted by the trapped radiation (the photon gas) on the wall of the enclosure can
be estimated from a classical result of the kinetic theory of monatomic gases,
namely,

P = 1
3

N
V

mV2
avg (9.12)

where N is the total number of particles that occupy the volume V and m and
Vavg are the mass and average speed of one particle, respectively. In the case of
blackbody radiation, the same reasoning leads to the pressure:

P = 1
3

nh𝜈 = 1
3

u (9.13)

One feature that distinguishes the blackbody photon gas from an ideal gas is
the combined message of eqs. (9.13) and (9.6): P = (a∕3)T4. This means that
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if the temperature of blackbody radiation is maintained constant, not only is its
volumetric-specific energy constant but so its pressure. As a thermodynamic
system, the blackbody radiation is completely specified by V and T, or V and P,
or V and U.

9.1.5 Entropy

To determine the entropy of the photon gas system, consider first an infinitesi-
mal reversible process from (V, U) to (V + dV , U + dU). The first law of ther-
modynamics requires that

𝛿Qrev − PdV = dU (9.14)

where P dV represents the infinitesimal work done reversibly by the system on
the environment and 𝛿Qrev is the reversible heat transfer from the environment
to the system. The latter is accompanied by a decrease in the entropy inventory
of the environment:

dSenv = −
𝛿Qrev

T
(9.15)

where T is the absolute temperature shared by both the system and the environ-
ment during the reversible heat transfer.

Invoking next the second law of thermodynamics for the aggregate system
composed of the environment and the photon gas system, we write that for this
reversible process the entropy generation is zero:

dSenv + dS = 0 (9.16)

where dS accounts for the entropy change experienced by the photon gas
system. Combining eqs. (9.14)–(9.16), we obtain the “combined law” for the
photon gas system:

T dS − PdV = dU (9.17)

In other words,

dS = P
T

dV + 1
T

dU (9.18)

For blackbody radiation, eq. (9.18) yields

dS = u
3T

dV + 1
T
(u dV + V du)

= 4
3

aT3 dV + 4aT2 V dT

= 4
3

a d(VT3) (9.19)
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Setting S = 0 at absolute zero, we obtain finally

S = 4
3

aVT3 = 4U
3T

(9.20)

or per-unit volume,

s = S
V

= 4
3

aT3 = 4u
3T

(9.21)

Like the volumetric-specific energy (u), the volumetric-specific entropy of
blackbody radiation (s) is only a function of absolute temperature.

A more direct alternative to determining S is by invoking the Euler equation
in entropy representation:

S = 1
T

U + P
T

V (9.22)

again using eqs. (9.8) and (9.13). The resulting expression is the fundamental
relation, either in entropy representation,

S(U, V) = 4
3
a1∕4U3∕4V1∕4 (9.23)

or in energy representation,

U(S,V) =
(

3
4

)4∕3
a−1∕3S4∕3V−1∕3 (9.24)

Equation (9.23) is the same as eq. (9.20) if V is eliminated via eq. (9.8).
Here we constructed the three-dimensional surface dictated by the funda-

mental relation [eqs. (9.23)–(9.24)]. In the triple-logarithmic dimensionless
space of Fig. 9.3, the fundamental surface is a plane whose trace has a
slope of 3

4
in any V = const plane and a slope of 1

4
in a U = const plane.

Figure 9.3 shows the manner in which the fundamental surface is covered by
isotherms and isobars, again stressing the combined message of eqs. (9.13) and
(9.6): In equilibrium blackbody radiation, constant temperature also means
constant pressure. The isotherms (isobars) result from the intersection of the
fundamental surface with vertical planes (constant-T and constant-P planes)
whose traces show a slope equal to 1 in each horizontal (S = const) plane.

Regarding the concept of heat capacity for blackbody radiation heated at
constant volume, we find a coefficient that increases rapidly with the absolute
temperature:

CV = T
(
𝜕S
𝜕T

)

V
= 4aVT3 (9.25)

The heat capacity at constant pressure is infinite:

CP = T
(
𝜕S
𝜕T

)

P
→ ∞ (9.26)
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Figure 9.3 Fundamental relation for a volume filled with isotropic blackbody radiation
showing the location of isotherms (or isobars) on the U(S, V) surface.

because for any entropy change contemplated at constant pressure the
temperature change is zero. Finally, a peculiar property of the photon gas
(either monochromatic or blackbody) is that the Gibbs free energy is identically
zero:

G = U + PV − TS = 0 (9.27)

This means that the chemical potential of the photon gas is zero:

𝜇 =
(
𝜕G
𝜕N

)

T ,P
= 0 (9.28)

where N is the total number of photons in the system. Equation (9.28) draws
attention to the fact that G (as well as U and S, Fig. 9.3) does not depend on
the total number of photons that instantaneously inhabit volume V. The same
feature is evident in the fundamental relation (9.24), where U depends on
only two extensive properties (S, V) and is independent of the total number of
particles [recall that the classical form of the fundamental relation for a single-
component system is U = U(S, V , N)]. Even if the photon gas system is
completely isolated, the total number of photons is not conserved [8].
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9.2 REVERSIBLE PROCESSES

Relevant to the conceptual design of thermodynamically efficient operations
for the utilization of solar energy are several benchmark processes that can be
executed by a blackbody radiation system contained in a deformable enclosure.
These processes are characterized by zero entropy generation.

9.2.1 Reversible and Adiabatic Expansion or Compression

Consider the reversible volume change from V1 to V2: In the absence of heat
transfer, the entropy S remains constant; therefore, according to eq. (9.20), the
path of the process is

VT3 = const (9.29)

or, using eqs. (9.13) and (9.6),

VP3∕4 = const (9.30)

The reversible work transfer ∫
2

1
P dV is

W1−2,rev = 3P1V1[1 − (V1∕V2)1∕3] (9.31)

We learn that the work delivered during an isentropic expansion is influenced
greatly by the initial pressure (temperature) of blackbody radiation.

9.2.2 Reversible and Isothermal Expansion or Compression

During this process, the pressure (P) also remains constant, which means that
the work transfer is

W1−2,rev = P(V2 − V1) =
a
3

T4(V2 − V1) (9.32)

The work output of a reversible and isothermal expansion depends very strongly
on the temperature of the process (T). The heat transfer experienced by the
blackbody radiation system during the same process is

Q1−2,rev = W1−2,rev + U2 − U1 = 4
3

aT4(V2 − V1) (9.33)

During an expansion, the heat input is four times greater than the work output.
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9.2.3 Carnot Cycle

Next, alternate the preceding processes in the reconstruction of the classical
four-process Carnot cycle using the trapped blackbody radiation as a working
substance. To place this cycle in the heat engine mode, we position the
reversible and isothermal expansion process at the high-temperature end of
the cycle, TH . The reversible and isothermal compression process is executed
while in communication with the low-temperature reservoir (TL). On a T–V
plane, the cycle is sandwiched between the temperature levels TH and TL.
Since the reversible and isothermal processes are also isobaric, on a P–V plane,
the same cycle is bounded from above by PH = (a∕3)T4

H and from below by
PL = (a∕3)T4

L .
In the T–S plane, the Carnot cycle is a rectangle with horizontal sides repre-

sented by T = TH and T = TL and vertical sides by S = S1 = (4∕3)aV1T3
H and

S = S2 = (4∕3)aV2T3
H , where the subscripts 1 and 2 denote the initial and final

states, respectively, of the high-temperature reversible and isothermal expan-
sion. The net work output of the cycle is

∮ 𝛿Wrev =∮ 𝛿Qrev =∮ T dS = 4
3

aT3
H(V2 − V1)(TH − TL) (9.34)

which, compared with the high-temperature heat transfer interaction
QH = (4∕3)aT4

H(V2 − V1), reveals the Carnot heat engine efficiency

𝜂C = 1
QH ∮ 𝛿Wrev = 1 −

TL

TH
(9.35)

This result reconfirms Sadi Carnot’s argument that the heat engine efficiency
of a reversible cycle should be independent of the nature of the working fluid.
The next issue is how efficiently solar thermal radiation can be collected to
account for the heat input QH that is delivered to the high-temperature end of
the power cycle.

9.3 IRREVERSIBLE PROCESSES

In this section we consider the irreversibilities that accompany the transforma-
tion of solar radiation into mechanical power. We begin with the illustration
of an entropy generation mechanism in the photon gas system of Fig. 9.1, and
continue with the entropy generation analysis of the purely radiative heat trans-
fer process.

9.3.1 Adiabatic Free Expansion

Assume that the perfectly reflecting enclosure of Fig. 9.1 contains at some stage
equilibrium blackbody radiation of volume V1 and temperature T1. The inner
surface of the piston is subjected to the photon gas pressure (a∕3)T4

1 . If the
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external mechanism that restrains the piston is removed, the photon gas expands
without delivering work to its environment. Let V2 be the larger volume occu-
pied by the photon gas system at the end of this free-expansion process. The
energy and entropy inventories before and after this process are

U1 = aT4
1 V1, U2 = aT4

2 V2

S1 = 4a
3

T3
1 V1, S2 = 4a

3
T3

2 V2 (9.36)

Since the system was completely isolated during this process, Q1–2 and W1–2
are both zero. The first law dictates the final equilibrium temperature:

U2 = U1; hence, T2 = T1(V1∕V2)1∕4 (9.37)

We also note that since U = const and S = 4U∕3T , the drop in temperature
from T1 to T2 is accompanied by an increase in entropy:

Sgen,1−2 = S1[(V2∕V1)1∕4 − 1] > 0

= S1

(
T1

T2
− 1

)

> 0 (9.38)

The entropy generation increases with the volume of the final space, reaching
infinity in the case of adiabatic free expansion into an infinite space.

9.3.2 Transformation of Monochromatic Radiation into Blackbody
Radiation

If the volume V of Fig. 9.1 contains monochromatic radiation of frequency 𝜈
and temperature T, the presence of a small grain of soot will trigger a redistri-
bution of the original energy inventory. The result will be a blackbody radiation
of a considerably lower temperature. For the original energy inventory of the
isolated system, we write

U = 8𝜋h𝜈3c−3

exp(h𝜈∕kT) − 1
V Δ𝜈 (9.39)

where Δ𝜈 is the width of the narrow band of monochromatic radiation (no
“monochromatic” radiation has a unique frequency mathematically; rather,
the frequencies span a narrow domain centered around 𝜈). The resulting
equilibrium temperature of blackbody radiation, Tb, follows from the condition
that the energy of the isolated system remains constant (see detail of Fig. 9.4):

U = aVT4
b (9.40)
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Figure 9.4 Entropy increase associated with the constant-energy transformation of
monochromatic radiation into blackbody radiation.

which yields
kTb

h𝜈
= 151∕4

𝜋

[
Δ𝜈∕𝜈

exp(h𝜈∕kT) − 1

]1∕4

(9.41)

The irreversibility of the monochromatic → blackbody radiation transition
is measured as the entropy generation Sgen = Sb − S > 0, where Sb is the final
entropy of blackbody radiation:

Sb

S
= 𝜋

151∕4

(Δ𝜈
𝜈

)−1∕4 kT
h𝜈

[exp(h𝜈∕kT) − 1]1∕4 (9.42)

and where S is the original entropy inventory of the system, S = 4U∕3T .
In dimensionless terms, the entropy generation increases as the slenderness
ratio of the frequency band (Δ𝜈∕𝜈) decreases. Figure 9.4 shows that, relative to
the dimensionless frequency h𝜈∕kT , the entropy generation exhibits a minimum
at h𝜈∕kT = 3.921, which in terms of wavelength means 𝜆T = 0.367 cm K. This
minimum is close to the maximum of the spectral energy distribution (9.5),
which is located at 𝜆T = 0.29 cm K.

In conclusion, the entropy generated during the transformation is minimized
if the original frequency falls “in the middle” of the frequency range: that is,
in that part of the spectrum that accounts for most of the energy of blackbody
radiation.

The monochromatic → blackbody radiation transformation is the simplest
in a class of similar irreversible processes. Any sample of equilibrium radiation
whose spectral energy does not fit a blackbody distribution can undergo an irre-
versible constant-energy transition to blackbody radiation of lower temperature.
An example of radiation whose spectral energy distribution does not conform
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to the Planck distribution (9.5) is the solar radiation filtered by the atmosphere:
The energy spectrum of this radiation shows sizable gaps (absorption bands)
caused primarily by the presence of H2O and CO2 in the atmosphere [9, p. 7].

9.3.3 Scattering

Consider next the dispersion of a radiation beam over a solid angle Ω2 that is
greater than the original angle Ω1. With reference to the detail in the lower right
of Fig. 9.5, think of the isotropic scattering of solar radiation at a point. Writing
i′
𝜈b = i𝜈b∕Ω, where i𝜈b represents the number of watts arriving per unit area, for

the incoming radiation, we have

i𝜈b

Ω1
= 2h𝜈3c−2

exp(h𝜈∕kT1) − 1
(9.43)

The solid angle subtended by the solar disk seen from Earth is Ω1 = 6.8 ×
10−5 sr. Similarly, for the outgoing radiation, we write

i𝜈b

Ω2
= 2h𝜈3c−2

exp(h𝜈∕kT2) − 1
(9.44)

where, for example, Ω2 = 4π if the incident beam is scattered isotropically in
all directions. The numerator i𝜈b is the same on the left side of eqs. (9.43) and
(9.44), to account for the continuity of energy flow through the scattering site.

Figure 9.5 Temperature decrease (entropy increase) caused by the scattering of
monochromatic solar radiation.
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Dividing eqs. (9.43) and (9.44) side by side, we learn that scattering decreases
the temperature of the original radiation:

T1

T2
= 1

x
ln

[
Ω2

Ω1
(ex − 1) + 1

]

where x = h𝜈
kT1

(9.45)

This effect is illustrated in Fig. 9.5 for solar radiation scattered over 4𝜋 and over
2𝜋 (diffuse reflection by an opaque nonabsorbing surface).

Associated with the temperature drop caused by scattering is a rise in the
total entropy current of the beam (i.e., the number of watts per unit area and
kelvin):

L𝜈b = L′
𝜈bΩ = 4

3T
i𝜈b (9.46)

where L′
𝜈b is the corresponding per-unit solid-angle quantity:

L′
𝜈b = 4

3T
i′
𝜈b (9.47)

Scattering, or the dilution of beam radiation, is an entropy generation mecha-
nism:

Sgen = 4
3

i𝜈b

(
1
T2

− 1
T1

)

≥ 0 (9.48)

where T1 and T2 represent the monochromatic radiation temperatures before
and after scattering, respectively.

Figure 9.5 also shows how the temperature drop and the entropy generation
depend on wavelength; these effects become increasingly more pronounced as
the frequency of the monochromatic beam decreases. This means that if the
incident beam contains blackbody radiation of one temperature T1, the scat-
tered beam contains an entire spectrum of temperatures lower than T1; that is,
the scattered radiation is not “blackbody.” According to the constant-energy
scenario constructed in Fig. 9.4, if this nonblackbody scattered radiation were
to be trapped in a reflecting enclosure and seeded with soot particles, its con-
version into a new blackbody radiation would be accompanied by an additional
generation of entropy.

9.3.4 Net Radiative Heat Transfer

A configuration for net radiation heat transfer is shown in Fig. 9.6. A blackbody
of temperature T and total surface area A is surrounded from all angles by an
evacuated enclosure whose wall has a different temperature, Te. The enclosure
is itself a blackbody. The temperatures T and Te are maintained constant
by placing the inner body and the enclosure in thermal communication
with appropriate temperature reservoirs. Given the temperature difference
T − Te, we expect the occurrence of net heat transfer and entropy generation
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Figure 9.6 Energy and entropy currents between a blackbody (A, T) and a surrounding
black surface of a different temperature (Te).

(cf. Ref. 1, p. 99). These two features are illustrated by the relative size of
the heat transfer and entropy transfer arrows shown in Fig. 9.6, where it was
assumed that T > Te.

The following analysis contains two parts. First, we account for the flow of
energy and entropy through the surface of the inner body and conclude that in
the presence of net heat transfer this surface is the locus of irreversibility. Sec-
ond, we account for similar flows and reach a similar conclusion in connection
with the surface of the outer enclosure.

The energy emitted per unit time by the inner body is calculated by integrat-
ing i′b(T) over the solid angle 2𝜋 and area A:

Q̇A = ∫
A

0 ∫
2𝜋

0
i′b(T) cos 𝛽 dΩ dA (9.49)

where 𝛽 is the sharp angle formed between the direction of i′b and the normal
to the area element dA [3, p. 17]. Recognizing dΩ = sin 𝛽 d𝛽 d𝜃, in which 𝛽
varies from 0 to 𝜋∕2 and where 𝜃 increases from 0 to 2𝜋 in the plane of dA, eq.
(9.49) yields

Q̇A = A𝜎T4 (9.50)

Note the emergence of the new coefficient 𝜎, the Stefan–Boltzmann constant:

𝜎 = ac∕4 = 5.669 × 10−8 W∕m2 ⋅ K4 (9.51)

The photon stream that carries Q̇A also carries the entropy outflow

ṠA = 4
3T

Q̇A = 4
3

A𝜎T3 (9.52)
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Next, we consider the energy and entropy streams that arrive at the sur-
face of the inner blackbody. The energy current Q̇e emitted by the enclosure
and absorbed by the inner surface A follows from a double integral similar to
eq. (9.49) using i′b(Te) instead of i′b(T) in the integrand:

Q̇e = A𝜎T4
e (9.53)

Similarly, the entropy current emitted by the enclosure wall and absorbed by
the A surface is

Ṡe =
4

3Te
Q̇e =

4
3

A𝜎T3
e (9.54)

Also arriving at surface A are the heat current Q̇ and the entropy current Q̇∕T
furnished by the reservoir of temperature T. The conservation of energy through
surface A requires that

Q̇ = Q̇A − Q̇e = A𝜎(T4 − T4
e ) (9.55)

which means that the entropy current delivered by reservoir T is
A𝜎(T4 − T4

e )∕T .
The irreversibility of the absorption and emission process that takes place

on surface A is demonstrated by the entropy generation rate calculated for the
inner blackbody as a system:

Ṡgen,A = ṠA − Ṡe − Q̇∕T

= 𝜎A
3T

(T − Te)2(T2 + 3T2
e + 2TTe) ≥ 0 (9.56)

This result was obtained first by Planck (see Ref. 4, p. 98). Its message is that
surface A is the locus of irreversibility as soon as a temperature difference
|T − Te| exists. The interaction between a blackbody T with blackbody radia-
tion of a different temperature (Te) is intrinsically irreversible. This conclusion
is essential in solar energy utilization, because, as a first-cut model, a solar col-
lector can be viewed as a blackbody that is exposed to blackbody radiation of
a higher temperature.

In the extreme situation where the return streams (Q̇e, Ṡe) are negligible, the
entropy generated at surface A is definitely positive: namely, σAT3∕3 > 0. This
extreme, the case of emission without simultaneous absorption, might occur
when the inner blackbody is surrounded by a background (enclosure) whose
temperature approaches absolute zero. In conclusion, emission in the absence
of simultaneous absorption acts as a definite source of irreversibility.

The reverse extreme, the case of absorption in the absence of simultaneous
emission, is especially relevant to deciding how much work can be extracted
from solar radiation. In the pursuit of more production of exergy per unit of



Trim Size: 6.125in x 9.25in Bejan c09.tex V2 - 08/08/2016 6:38pm Page 411�

� �

�

IRREVERSIBLE PROCESSES 411

collector area, one may wish to design a system that absorbs all the solar radi-
ation that lands on it without returning any radiation to the sun: that is, without
simultaneously emitting radiation. For this, one chooses a collector surface
that makes the collector act like a blackbody. And driven by the same exergy-
maximizing objective, one may also wish to size the collector so that the
collector temperature is the highest that it can be: namely, the same as the sun’s
temperature as a blackbody. With reference to Fig. 9.6, these wishes amount
to assuming Q̇A = 0 and Te → T . In this extreme, the first law (9.55) simply
states that the absorbed heat current (Q̇e) must be rejected to temperature
reservoir T, Q̇ = −Q̇e < 0. There is nothing illegal and controversial about
this “first-law” conclusion, which is why the second law is an integral part of
thermodynamics. For in the same extreme, the entropy generation expression
(9.56) would read

Ṡgen,A = −Ṡe − Q̇∕T

= − 4
3T

Q̇e +
Q̇e

T
< 0 (9.57)

which is a violation of the second law of thermodynamics. In conclusion, it is
impossible for a blackbody to absorb radiation of the same temperature without
simultaneously emitting radiation (see Section 9.3.5).

The radiation configuration of Fig. 9.6 has not one but two black surfaces
that emit and absorb. Repeating the preceding analysis for the enclosure body
of temperature Te, in place of eq. (9.60), we find that [10]

Ṡgen,e =
𝜎A
3Te

(T − Te)2(T2
e + 3T2 + 2TeT) ≥ 0 (9.58)

Note that the entropy generated by emission and absorption at the enclosure
surface becomes infinite as Te approaches zero.

Finally, adding eqs. (9.56) and (9.58), we find the aggregate entropy gener-
ation rate of the radiative heat transfer arrangement:

Ṡgen = Ṡgen,A + Ṡgen,e

= 𝜎A
TTe

(T − Te)2(T + Te)(T2 + T2
e ) ≥ 0 (9.59)

Regardless of the relative size of T and Te (i.e., regardless of the physical direc-
tion of Q̇), the occurrence of net heat transfer is accompanied by the generation
of entropy. The same result can be obtained directly by writing the second law
for a control volume that includes the inner blackbody and the enclosure wall,
Ṡgen = Q̇∕Te − Q̇∕T , where Q̇ is given by eq. (9.55), as done in the thermody-
namic optimization of low-temperature radiation shields [1, 2].
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9.3.5 Kirchhoff’s Law

No coverage of the thermodynamics of radiative heat transfer is complete
without mentioning one of the earliest invocations of the second law in this
field [11]. Consider the more general case where the A surface of Fig. 9.6 is
not black. The outgoing energy and entropy currents are now

Q̇A = ∫
A

A=0 ∫
2𝜋

Ω=0 ∫
∞

𝜈=0
𝜀(𝜈, T , 𝛽, 𝜃)i′

𝜈b(𝜈, T) cos 𝛽 d𝜈 dΩ dA (9.60)

ṠA = ∫
A

A=0 ∫
2𝜋

Ω=0 ∫
∞

𝜈=0
𝜀(𝜈, T , 𝛽, 𝜃)L′

𝜈b(𝜈, T) cos 𝛽 d𝜈 dΩ dA (9.61)

where dΩ = sin 𝛽 d𝛽 d𝜃, 0 ≤ 𝜃 ≤ 2𝜋 and 0 ≤ 𝛽 ≤ 𝜋∕2. The spectral inten-
sity of the blackbody entropy current per unit solid angle (L′

𝜈b) is defined in
eq. (9.47). The spectral emissivity 𝜀 ≤ 1 is, in general, a direction-dependent
quantity. When 𝜀 is less than 1, the emission of radiation from a surface of tem-
perature T is the same as having diluted the blackbody monochromatic radiation
that originated from a black surface of the same temperature.

Assuming that the nonblackbody of area A is placed in an enclosure filled
with diffuse blackbody radiation of temperature Te (as in Fig. 9.6), the energy
and entropy currents absorbed by this body are

Q̇e = ∫
A

A=0 ∫
2𝜋

Ω=0 ∫
∞

𝜈=0
𝛼(𝜈, T , 𝛽, 𝜃)i′

𝜈b(𝜈, Te) cos 𝛽 d𝜈 dΩ dA (9.62)

Ṡe = ∫
A

A=0 ∫
2𝜋

Ω=0 ∫
∞

𝜈=0
𝛼(𝜈, T , 𝛽, 𝜃)L′

𝜈b(𝜈, Te) cos 𝛽 d𝜈 dΩ dA (9.63)

In both integrands, we distinguish the direction-dependent spectral absorp-
tivity 𝛼(𝜈, T , 𝛽, 𝜃) ≤ 1, which is a property of the absorbing surface of
temperature T.

Finally, if the entire system (the black enclosure with the nonblack
absorber–emitter in it) is isolated, the first law of thermodynamics (9.55)
requires Q̇A = Q̇e, which in view of eqs. (9.60) and (9.62) means that

𝜀(𝜈, T , 𝛽, 𝜃)i′
𝜈b(𝜈, T) = 𝛼(𝜈, T , 𝛽, 𝜃)i′

𝜈b(𝜈, Te) (9.64)

If, in addition, the isolated system is abandoned for a sufficiently long time so
that it reaches internal equilibrium, then, according to the second law (9.59),
the entropy generation of the entire system or any of its subsystems is zero. In
particular, Ṡgen,A = 0 means that ṠA = Ṡe, or

𝜀(𝜈, T , 𝛽, 𝜃) 4
3T

i′
𝜈b(𝜈, T) = 𝛼(𝜈,T , 𝛽, 𝜃) 4

3Te
i′
𝜈b(𝜈, Te) (9.65)
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Dividing eqs. (9.64) and (9.65) side by side, we conclude that the equilibrium
of the isolated system is characterized by T = Te. Substituting this conclusion
into eq. (9.64), we arrive at the most frequent analytical statement of Kirchhoff’s
law:

𝜀(𝜈, T , 𝛽, 𝜃) = 𝛼(𝜈,T , 𝛽, 𝜃) (9.66)

The spectral directional emissivity of a surface of temperature T is equal to the
spectral directional absorptivity—this, when the surface is in equilibrium with
the radiation that surrounds it, which brings us back to the observation made in
connection with eq. (9.57). The same analysis can be generalized for nonblack
surfaces, to conclude that it is impossible for a body of temperature T to absorb
radiation of the same temperature, without simultaneously emitting radiation.

9.4 THE IDEAL CONVERSION OF ENCLOSED BLACKBODY
RADIATION

The question of how much work can be extracted from thermal radiation is
clouded by the fact that it has been stated in two different settings. One group
of analyses considers as a thermodynamic system a volume initially filled with
equilibrium blackbody radiation of a certain temperature and asks the ques-
tion of how much work could be extracted as the system reaches the dead
state defined by a specified ambient. The second group of analyses refers to
the steady emission of solar radiation into the surrounding cold universe and
asks the practical question of how much mechanical power can be produced
on Earth with that portion of the solar emission that can be intercepted with a
collector. Both types of questions are fundamentally important. In this section
we consider the first question type—the exergy content of trapped blackbody
radiation—and reserve the more practical issue of collector efficiency maxi-
mization for later in the chapter.

9.4.1 Petela’s Theory

Petela [12] reported the exergy of isotropic blackbody radiation by considering
the deformable reflecting enclosure of Fig. 9.7, in which the initial state of the
system is represented by (V1, T1). He argued that the system delivers maximum
work as it settles into the dead state defined by the ambient temperature T0.
We denote the end state as (V2, T2) and note that since T2 = T0 the dead-state
pressure is fixed, P2 = (a∕3)T4

0 . The exergy calculation for trapped blackbody
radiation differs from the usual exergy calculations in this very important
respect: To define the environmental (dead-state) conditions for blackbody
radiation means to specify only one intensive property (T0). This peculiarity
is another manifestation of the special two-argument appearance of the fun-
damental relation U(S, V), which was discussed immediately after eq. (9.28).
Since the chemical potential of the photon gas system is zero, the Gibbs–Duhem
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Figure 9.7 Reversible and adiabatic expansion for calculating the nonflow exergy of
enclosed blackbody radiation. (From Ref. 1, p. 207.)

relation reduces to S dT = V dP, which means that only one intensive property
can be varied independently.

Imagine a batch of blackbody radiation (V1, T1) immersed in an environment
of blackbody radiation of temperature T0. For the extraction of maximum work,
Petela proposed the reversible and adiabatic expansion to the end state (V2, T2),
as shown in the lower half of Fig. 9.7. The net work transferred through the
piston rod is

W1−2 = ∫
2

1
PdV − P2(V2 − V1) (9.67)

where, according to eq. (9.30), the path of the process is P = (constant) V−4∕3.
The net work (or exergy) W1–2 resulting from eq. (9.67) is

W1−2 = U1

[

1 − 4
3

T2

T1
+ 1

3

(
T2

T1

)4
]

(9.68)

where U1 is the original energy inventory of the system (U1 = aT4
1 V1). It has

become fashionable to record this result as an efficiency of converting U1 into
work:

𝜂P =
W1−2

U1
= 1 − 4

3

T2

T1
+ 1

3

(
T2

T1

)4

(9.69)
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Figure 9.8 Petela’s efficiency as a function of the temperature ratio. (From Ref. 1,
p. 209.)

where the subscript P stands for Petela. The dependence of 𝜂P on the temper-
ature ratio T1∕T2 is illustrated in Fig. 9.8. Thinking of solar radiation as an
initial charge for the work-producing stroke of Fig. 9.7, we set T1 = 5762 K
and T2 = 300 K and find a remarkably high conversion efficiency, 𝜂P = 0.9306.

Before questioning this widely quoted and accepted result, it is instructive to
review two alternative derivations of eq. (9.69) that have appeared subsequently
in the literature. The first is based on the straightforward application of the
concept of nonflow availability [1, p. 34] to the process 1 → 2 of Fig. 9.7,

W1−2 = A1 − A2

= (U1 − U2) + P0(V1 − V2) − T0(S1 − S2) (9.70)

where P0 and T0 are the traditional environmental conditions. As noted already,
in the present problem P0 = (a∕3)T4

2 and T0 = T2; that is, P0 is not atmospheric
pressure [e.g., note that if T0 = 300 K the corresponding photon gas pressure
is P0 = (a∕3)T4

0 = 2.02 × 10−11 atm]. Recalling the formulas for energy (9.8)
and entropy (9.20), it is easy to show that eq. (9.70) yields the same result as
eq. (9.68).

Another way of deriving eq. (9.68) is to note that the (V1, T1) system of
Fig. 9.7 can be brought to its dead-state temperature T2 [or dead-state pres-
sure (a∕3)T4

2 ] during a reversible constant-volume cooling process, in which the
temperature gap between the system and the ambient reservoir (T2) is bridged
by a Carnot engine [13]. During the process from (V1, T1) to (V1, T2), the
energy U drops from aT4

1 V1 to aT4
2 V1. Any infinitesimal energy drop (−dU)

acts as a positive heat input to the high-temperature end of the Carnot cycle,
whose instantaneous high temperature is T (this temperature drops gradually
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from T1 to T2). The total work extracted during the process is

W1−2 = ∫
aT4

2 V1

U=aT4
1 V1

(

1 −
T2

T

)

(−dU) (9.71)

where 1 − T2∕T is the instantaneous efficiency of the Carnot engine and
dU = d(aV1T4). Performing the integral above leads again to eq. (9.68).

At least two other efficiency expressions have been proposed in place of
eq. (9.69). The first is due to Spanner [5],

𝜂S = 1 − 4T2∕3T1 (9.72)

and the second was proposed by Jeter [13],

𝜂J = 1 − T2∕T1 (9.73)

In these expressions, T1 and T2 have the same meaning as until now; however,
not all the 𝜂’s fit the definition given in eq. (9.69). The purpose of the follow-
ing analysis is to establish the relationship between these seemingly competing
results. It will be shown that all these results do not “compete” with but, instead,
complement one another.

9.4.2 Unifying Theory

My own questioning of the physical meaning of Petela’s result consisted of
asking the following [14]:

1. What is the origin (the source) of the equilibrium blackbody radiation
system (V1, T1) postulated in the beginning of the process 1 → 2? A “sup-
ply” of such radiation does not exist, and even if it does, the process of
filling the V1 space with T1 radiation must not be overlooked.

2. What is the ultimate fate of the blackbody radiation of temperature T2 left
when the system reaches its dead state? Clearly, there is no such thing as
an “environment” of isotropic blackbody radiation (and pressure), as is
assumed in the availability-type derivation of eq. (9.70).

These questions are particularly appropriate in the field of solar energy
applications, because inserting T1 = 5762 K and T2 = 300 K into eq. (9.69) is
considerably easier than picturing the (V1, T1) enclosure as actually containing
radiation of solar origin.

Answers to these questions follow from the analysis of the reversible three
processes shown in Fig. 9.9. The middle process, 1 → 2, is the same as in
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Figure 9.9 Reversible cycle executed by an enclosed-radiation system in communica-
tion with two temperature reservoirs. (After Ref. 14.)

Petela’s argument or in the two alternative arguments reviewed after eq. (9.69):
It is a reversible process executed in communication with temperature reservoir
T2; during this process, the net work interaction with an external mechanism is
the quantity W1–2 given by eq. (9.68).

The first process, 0 → 1, accounts for the reversible production of the
(V1, T1) radiation system while in thermal contact with temperature reservoir
T1. The system volume V increases from zero to V1 as reservoir T1 heats
the system isothermally and as the system performs the reversible work
𝛿Wrev = P1 dV , where P1 is constant because T1 is constant. It is easy to show
that the energy interactions during this process are

Q0−1 =
4
3

U1 (9.74)

W0−1 =
1
3

U1 (9.75)

where U1 is the energy inventory of the system in state 1 [i.e., the same U1 as
in eq. (9.68)]. The entropy generation is zero:

Sgen,0−1 = −
Q0−1

T1
+ S1 = 0 (9.76)

In conclusion, to produce the assumed state 1 reversibly, it is necessary to
extract heat from reservoir T1 while delivering work to a user. This brings up the
observation that there are infinitely many irreversible processes whose end state
is (V1, T1); in each of these processes, both energy interactions are algebraically
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smaller than the respective values listed in eqs. (9.74) and (9.75). An example of
such an alternative (irreversible process) is given at the end of this subsection.

The (0) → (1) scenario runs in the reverse direction in the last process,
(2) → (3) of Fig. 9.9. This time, the system loses heat to reservoir T2, and since
the process is reversible, the net interactions are

Q2−3 = −4
3

U2 (9.77)

W2−3 = −1
3

U2 (9.78)

Sgen,2−3 = −
Q2−3

T2
− S2 = 0 (9.79)

In other words, it takes work to eliminate the dead-state batch of radiation left at
the end of Petela’s process. In any irreversible process 2 → 3, the required work
input (i.e., the absolute value of W2–3) will be greater than the reversible-limit
result (9.78).

Putting these three results together, we note that 0 → 1 → 2 → 3 represents
a cycle whose net work transfer is maximum in the reversible limit,

∮ 𝛿W = W0−1 + W1−2 + W2−3 = 4
3

U1(1 − T2∕T1) (9.80)

What “maximum efficiency” corresponds to this result depends on how the effi-
ciency ratio is defined. For a cycle executed in communication with two temper-
ature reservoirs, the most reasonable definition is to divide the net work output
(9.80) by the heat input supplied by the high-temperature reservoir (Q0–1). The
result is then the expected Carnot efficiency:

𝜂C =
∮ 𝛿W

Q0−1
= 1 −

T2

T1
(9.81)

This result is “expected” because the efficiency of a reversible cycle executed
by a closed system while in communication with two heat reservoirs is inde-
pendent of the nature of the working fluid employed by the engine. In the
0 → 1 → 2 → 3 scenario of Fig. 9.9, the presence of blackbody radiation is
purely intermediary. The right side of eq. (9.81) is the same as in Jeter’s effi-
ciency (9.73), even though Jeter’s analysis addresses an entirely different kind
of process, system, and surroundings (see the closing part of this section).

Influenced by the Petela terminology, we may define the efficiency by divid-
ing the net work output of the cycle by U1, as in eq. (9.69). If we do this, the
efficiency of the cycle is exactly 4

3
times the Carnot efficiency, which should

be enough of a hint that the 𝜂P ratio is not a heat engine efficiency in the usual
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engineering thermodynamics interpretation. I believe that 𝜂P is no more than a
convenient way to nondimensionalize the calculated work output W1–2.

A slightly modified version of the 0 → 1 → 2 → 3 cycle of Fig. 9.9 is rele-
vant to understanding the position of the Spanner efficiency (9.72) relative to
Jeter’s (9.73) and Petela’s (9.69). The modification consists of replacing the
reversible expansion process 0 → 1 with a spontaneous (irreversible) process
in which the system does not deliver any work to the assumed external mech-
anism. We label this new starting process (0 → 1)zero-work. Physically, this new
process begins with a completely evacuated enclosure of volume V1, which is
placed suddenly in thermal communication with reservoir T1. Seeded with a
soot particle, enclosure V1 fills with equilibrium blackbody radiation of tem-
perature T1. Repeating the first- and second-law analyses that earlier led to eqs.
(9.74)–(9.76), we find that the new process (0 → 1)zero-work is characterized by
the following net interactions:

Q0−1,zero-work = U1 (9.82)

W0−1,zero-work = 0 (9.83)

Sgen,0−1,zero-work = − 1
T1

Q0−1,zero-work + S1 > 0 (irreversible) (9.84)

The reason for considering this modification of the first leg of the reversible
cycle is that the spontaneous filling process (0 → 1)zero-work requires consid-
erably less hardware than the original reversible version (Fig. 9.9). Another
reason for drawing attention to the (0 → 1)zero-work alternative is to show that
the aggregate work output of the modified (now labeled “irreversible”) cycle is

(

∮ 𝛿W

)

irrev

= W1−2 + W2−3

= aT4
1 V1(1 − 4T2∕3T1) (9.85)

and the proper heat engine efficiency for this new cycle is identical to Spanner’s
efficiency (9.72): (

∮ 𝛿W

)

irrev

Q0−1,zero-work
= 1 −

4T2

3T1
(9.86)

In conclusion, eqs. (9.85) and (9.86) represent the maximum work output
and the maximum heat engine efficiency for that class of cycles where the filling
of the cylinder and piston apparatus occurs spontaneously (irreversibly) without
the possibility of delivering useful work.

The equality between the right sides of eqs. (9.86) and (9.72) is coinci-
dental, as 𝜂S was historically defined by dividing W1–2 + W2–3 by U1 in an
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analysis of a reversible process that begins with state 1, not in the analysis of
a heat engine cycle. The coincidence is due to eq. (9.82), which shows that the
energy inventory of the gas system at state 1 happens to be equal to the net heat
input delivered by reservoir T1 to the modified (irreversible) version of the
0 → 1 → 2 → 3 cycle.

One characteristic of Spanner’s efficiency is that it becomes negative for
sufficiently small temperature ratios, T1∕T2 < 4∕3. In view of the scenario of
Fig. 9.9, the Spanner-type results, eqs. (9.85) and (9.86), are correct: They both
must become negative below a certain T1∕T2 ratio, because, as T1∕T2 decreases,
the value of Petela’s work output (W1–2) drops below the value of the work input
required to eliminate the T2 radiation (W2–3). On the other hand, the maximum
heat engine efficiency of the entire cycle, eq. (9.81), is positive in the entire
T1∕T2 > 1 domain, because of the positive contribution made by the work pro-
duced during the reversible charging phase (W0–1).

Figure 9.10 presents a graphic summary of the three points of view rep-
resented by the efficiency ratios of Petela (9.69), Spanner (9.72), and Jeter
(9.73). The narrowest domain is occupied by the Petela line of inquiry, which
describes the maximum work that could be extracted during the transforma-
tion of isotropic T2 radiation into isotropic T1 radiation. Spanner’s point of
view covers a territory that extends beyond Petela’s, because it also consid-
ers the reversible removal of the remanent T2 radiation. The broadest territory
of Fig. 9.10 is covered by the analysis of the three-part cycle of Fig. 9.9. The
cycle analysis consisted of complementing Petela’s problem with answers to
questions 1 and 2. Assuming that T1 is greater than T2, we learned that W0–1 is
positive and W2–3 negative, which means that the following inequalities must

Figure 9.10 Relative position of the three theories of the ideal conversion of blackbody
radiation. (After Ref. 14.)
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hold if all the W’s are referenced to (produced with) the same heat input Q0–1:

W0−3

(

written also ∮ 𝛿W

)

> W1−2(Petela) > W1−3(Spanner) (9.87)

The same inequalities would exist between the corresponding heat engine effi-
ciencies, again provided that they are all defined in the same way.

Finally, we seek an explanation for the coincidence that the heat engine effi-
ciency of the reversible cycle 0 → 1 → 2 → 3 is the same as Jeter’s efficiency
(9.73). Jeter [13] described the steady flow of radiant energy through the appa-
ratus that here is reproduced as the solid-line centerpiece of Fig. 9.11. The term
steady flow is not the most appropriate for an apparatus that processes its con-
tents in a one-shot fashion. Jeter’s apparatus is a cylinder-and-piston enclosure
with perfectly reflecting surfaces. The environment that acts on the back side
of the piston is assumed to be blackbody radiation of temperature T2 (hence,
pressure P2).

In the beginning of the one-shot process, the piston is in its “start” position
(i.e., the swept volume is zero), while the left end of the cylinder is suddenly
opened to a cavity filled with isotropic blackbody radiation of temperature T1.
The one-shot process amounts to the following sequence of events:

1. The piston moves slightly to the right, sweeping the volumeΔV and deliv-
ering work to two other systems:

P2ΔV (to the environment)
(P1 − P2)ΔV (to the external mechanism, the “user”)

Figure 9.11 The operation of Jeter’s flow system is analogous to the cyclical operation
of the apparatus used in Fig. 9.9. (After Ref. 14.)
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During this movement, the swept volume ΔV fills with T1 radiation: The
internal energy inventory of the ΔV volume is ΔU1 = u1ΔV , or since
P1 = u1∕3 we have

ΔU1 = 3P1ΔV (9.88)

2. The second step consists of using the internal energy of the admitted radi-
ation (ΔU1) for producing work while in contact with the T2 radiation
environment. To execute this step, the open side of the cylinder must
first be closed and replaced with another perfectly reflecting wall. The
maximum work produced as the trapped radiation (ΔV , ΔU1) has its tem-
perature lowered from T1 to T2 is the one calculated with Petela’s formula
(9.68):

ΔU1

[

1 −
4T2

3T1
+ 1

3

(
T2

T1

)4
]

Adding this work contribution to the part delivered in step 1, Jeter
obtained the total maximum work delivered during the one-shot process:

W = 4P1ΔV(1 − T2∕T1) (9.89)

While the Carnot efficiency appears explicitly on the right side of eq. (9.89),
the proper definition of conversion efficiency is not as obvious [the use of
Petela’s and Spanner’s definition would lead to W∕ΔU1 = (4∕3)(1 − T2∕T1)].
Jeter departed from tradition and defined the efficiency as

𝜂J =
W

4P1ΔV
= 1 −

T2

T1
(9.90)

by arguing that 4P1 ΔV is the total “quantity of radiation” that entered the cylin-
der to occupy the volume ΔV (this name for the 4P1 ΔV denominator comes
from the argument that the “quantity of radiation” admitted from the left side
of the apparatus is responsible for the internal energy of the trapped radiation,
ΔU1 = 3P1 ΔV , and the total work performed during the filling stroke, P1 ΔV).

My own analysis of Jeter’s argument consists of asking the same questions
as before: namely, questions 1 and 2. First, what is the origin of the radiation
from which Jeter’s one-shot process bleeds a finite amount? The isotropic (T1)
radiation must always be enclosed, even during the charging step 1. Consider
then all the enclosed (T1) radiation as a thermodynamic system whose volume
increases quasi-statically from V1 to V1 + ΔV . The boundary of this system
is indicated by the dashed line in Fig. 9.11. Now, if the system is surrounded
by an adiabatic boundary, the expansion is accompanied by a drop in the tem-
perature of the radiation system (recall the path of a reversible and adiabatic
expansion, T3V = constant). This temperature drop is not allowed by the def-
inition of Jeter’s apparatus (the left, upstream side), especially if the one-shot
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process is to be repeated indefinitely for the steady production of work. There-
fore, the boundary cannot be adiabatic, and that leaves only one possibility:
thermal communication with a heat reservoir of temperature T1.

Step 1 is, therefore, a reversible and isothermal (isobaric) expansion for
which the first law requires that

Q(T1) − P1ΔV = ΔU1 (9.91)

and since ΔU1 = 3P1ΔV , it follows that the heating received by the enclosed
radiation system from temperature reservoir T1 is Q(T1) = 4P1ΔV . In conclu-
sion, what Jeter has called the “quantity of radiation” is in fact the heat input
that must be provided by temperature reservoir T1 to regenerate the portion of
the isotropic (T1) radiation system that is consumed by the one-shot apparatus.

Question 2 relates to the task of maintaining the T2 environment isothermal
and isobaric despite the compression stroke provided by the back side of the
piston during the execution of step 1. With reference to the dotted line system
of T2 radiation sketched on the right side of Fig. 9.11, the first law for step 1
requires that

Q(T2) + P2ΔV = ΔU2 (9.92)

where P2 ΔV is the work received by the system and ΔU2 = −3P2ΔV is the
portion of T2 radiation that occupied the ΔV space in the beginning of step 1.
The heat interaction with temperature reservoir T2 is negative, Q(T2) =
−4P2ΔV .

Reviewing now the greater picture that emerged in Fig. 9.11—an aggregate
system that executes a reversible cycle† while in communication with two tem-
perature reservoirs—we see that Jeter’s work (9.89) can be recalculated as

W = Q(T1) + Q(T2) + QC (9.93)

where QC is the heat transferred between the Carnot engine and reservoir T2.‡

The value of QC can be calculated by applying the second law to the step (b)
executed by the reversible heat engine and the trapped radiation volume ΔV as
one system,

QC∕T2 + ΔS2 − ΔS1 = 0 (9.94)

where ΔS1,2 is the entropy inventory of the ΔV space before and after the
reversible cooling process:

ΔS1 =
4ΔU1

3T1
, ΔS2 =

4ΔU2

3T2
(9.95)

†The one-shot process can be repeated if, following step 2, an open window allows the two sides of
the piston face to communicate as the piston is moved back to its “start” position.
‡Note that all heat interactions are defined positive when entering the system; in accordance with
the same “heat engine” sign convention, the work interactions are defined positive when exiting the
system.
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Combining eqs. (9.93)–(9.95) leads back to Jeter’s work (9.89), proving that
Jeter’s efficiency [eqs. (9.73) and (9.90)] is the proper heat engine efficiency
for the cycle referred to in the footnote, 𝜂J = W∕Q(T1). The analogy between
the aggregate system of Fig. 9.11 and the 0 → 1 → 2 → 3 cycle of Fig. 9.9 is
now evident.

To summarize, this section brought under the same theory three divergent
theories concerning the ideal conversion of thermal radiation into work. It
showed that all these theories are correct and that each occupies a well-deserved
place in the theoretical domain outlined in Fig. 9.10.

9.5 MAXIMIZATION OF POWER OUTPUT PER UNIT
COLLECTOR AREA

9.5.1 Ideal Concentrators

Think of a reversible heat engine cycle that uses the sun not as a source of
thermal radiation but as a source of heat transfer at a very high constant temper-
ature. At least in principle, an arrangement of this kind can be visualized as was
done on the right side of Fig. 9.2, where the aperture of the enclosure occupies
the focal point of the parabolic concentrating mirrors. This arrangement is
such that the aperture sees only the sun, and in turn, the solar beam inter-
cepted by the mirror is totally directed into the aperture (i.e., over the
hemispherical solid angle 2𝜋). This enclosure is filled by isotropic blackbody
radiation of temperature T, where T is also the temperature of the enclosure wall
(Ts ≥ T ≥ T0). If the enclosure is insulated perfectly, the total energy current
that leaves through the aperture (𝜎AT4) must match the solar energy stream
that arrives through the same solid angle (2𝜋) into the enclosure (𝜎AT4

s ),
the A area being the aperture cross section. In this limiting case, then, the
enclosure reaches thermal equilibrium with the solar radiation channeled
into it, T = Ts. This case is the same as setting Q̇ = 0 in the analysis of the
two-body arrangement shown in Fig. 9.6.

Although the maximization of the enclosure wall temperature T for the pur-
pose of creating a body whose temperature approaches Ts is appealing, the
enclosure will never be a “heat reservoir” of temperature Ts, because in the
T = Ts limit there can be no heat transfer between this enclosure and its environ-
ment. If the enclosure serves as heater for a Carnot engine between temperatures
T and T0, the Carnot power output of the engine is

ẆC = Q̇(1 − T0∕T) (9.96)

where Q̇ is the heat transfer rate into the pupil of the focal enclosure:

Q̇ = 𝜎A(T4
s − T4) (9.97)
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We see that, although in the limit T = Ts the Carnot efficiency (ẆC∕Q̇) reaches
its maximum value, in the same limit both ẆC and Q̇ tend to zero. The only way
to visualize finite ẆC and Q̇ in the T = Ts limit is by invoking the unrealistic
limit A → ∞.

This brings us to the more practical proposition of maximizing not ẆC∕Q̇
but ẆC∕A. To maximize the Carnot power output subject to constant A means
to maximize the dimensionless expression

𝜂A =
ẆC

𝜎AT4
s

=

[

1 −
(
𝜃

𝜃s

)4
]
(

1 − 1
𝜃

)

(9.98)

where 𝜃 = T∕T0 and 𝜃s = Ts∕T0. The 𝜂A notation is simply a way of nondimen-
sionalizing the target quantity ẆC∕A; this notation is not intended to suggest
that ẆC might ever become equal to 𝜎AT4

s in an “ideal” set of circumstances.
There is only one degree of freedom in the design of the collector and engine
installation: namely, the collector temperature T or, conversely, the heat trans-
fer rate into the Carnot engine, Q̇. The problem reduces to solving d𝜂A∕d𝜃 = 0,
namely,

4𝜃5 − 3𝜃4 − 𝜃4
s = 0 (9.99)

and substituting the 𝜃opt solution to this equation back into the 𝜂A expression
(9.98). The complete function 𝜂A,max = 𝜂A(𝜃opt) can be found numerically; how-
ever, most relevant to solar energy utilization is the case 𝜃s ≫ 1 for which the
following closed-form results hold [10, 15]:

𝜃opt ≅ 4−1∕5𝜃
4∕5
s and 𝜂A,max ≅ 1 − 5(4𝜃s)−4∕5 (9.100)

For example, if T0 = 300 K and Ts = 5762 K (i.e., if 𝜃s = 19.21), the exact
numerical solution to eq. (9.99) is 𝜃opt = 8.216; hence, 𝜂A,max = 0.849.
In the same case, the approximate expressions (9.100) yield 𝜃opt ≅ 8.06 and
𝜂A,max ≅ 0.845. The analytical development that ended with eq. (9.99), and
especially the point of view that a ratio of type ẆC∕A is an important figure of
merit in the field of solar energy conversion, was presented in Refs. 15–17.

One observation concerns the meaning of the Carnot power, whose maxi-
mization led to the ratio that was labeled 𝜂A,max. Despite the “Carnot” termi-
nology, the operation of the collector and engine arrangement is not reversible,
because the collector surface (A, T) is not in equilibrium with the incoming radi-
ation. The reversible compartment of the arrangement is only the Carnot engine,
which bridges the gap between T and T0. Indeed, the lone degree of freedom
that permits the optimization of this power-producing installation amounts to
varying the irreversibility associated with collecting the heat input delivered to
the Carnot engine, Q̇.
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With the Guoy–Stodola theorem in mind, we know to expect that the optimal
design represented by eq. (9.99) can also be accomplished by minimizing the
total entropy generation rate per unit area, Ṡgen∕A. If we pursue this alternative
derivation, however, we reach a very interesting paradox. Basing the analysis
on a two-body arrangement like the one shown in Fig. 9.6, one might easily
argue that the entropy generation rate associated with collecting Q̇ is [see the
discussion under eq. (9.59)]

Ṡgen = Q̇
T

− Q̇
Ts

(9.101)

Minimizing this expression with respect to T yields

4

(
𝜃

𝜃s

)5

− 3

(
𝜃

𝜃s

)4

− 1 = 0 (9.102)

which is clearly in disaccord with eq. (9.99). What, then, is the proper entropy
generation rate associated with the collector and engine arrangement?

An answer can be formulated in two steps (Fig. 9.12). First, the idea of mini-
mizing entropy generation for maximizing the production of mechanical power
requires that we include in the picture the ambient temperature reservoir (T0).
Second, if the net heat transfer rate into the collector Q̇ is to float freely for
the purpose of choosing the optimal operating conditions, the actual heat input
from the sun must be greater than any Q̇ value that might be required in the
course of collector and engine optimization. Let Q̇† be this sufficiently large
(and fixed) heat transfer rate. The Q̇† constant must be at least as large as 𝜎AT4

s .

Figure 9.12 Heat transfer across two temperature gaps, Ts − T and Ts − T0, as a mech-
anism of entropy generation in an installation with fixed-area collector and reversible
engine.
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A portion of Q̇† is intercepted by the concentrating collector (Q̇) while the
remainder (Q̇† − Q̇) must necessarily be rejected to the ambient reservoir (T0);
both portions Q̇ and Q̇† − Q̇ vary with the only degree of freedom of the sys-
tem (T or Q̇). The correct entropy generation rate of the collector and engine
installation is (Fig. 9.12)

Ṡgen = Q̇
T

+
Q̇† − Q̇

T0
−

Q̇†

Ts
(9.103)

The minimization of this expression with respect to T and subject to constant A,
T0, Ts, and Q̇† leads to the same conclusion as the Carnot power maximization
procedure outlined earlier. The paradox that has just been clarified is similar
to the one identified in Problem 2.2 of Ref. 1. Further examples are given in
Refs. 18–20. The error that was illustrated via eq. (9.101) can be avoided by rec-
ognizing the following theorem [1]: The task of maximizing the work (exergy)
delivered per unit of collector cross section A is equivalent to minimizing the
entropy generated in the “column” of cross section A, extending from T0 all the
way up to Ts.

9.5.2 Omnicolor Series of Ideal Concentrators

The essential point of the preceding subsection is that there exists a collec-
tor temperature for which the Carnot power produced per unit collector area
reaches a maximum value. The same analysis can be repeated for the case where
the intercepted Ts radiation is monochromatic (𝜈) instead of blackbody. In place
of eq. (9.99), we reach the conclusion that to each frequency 𝜈 corresponds an
optimal collector temperature Topt(𝜈).

The change from the ideal blackbody concentrator of Fig. 9.2 to the single-
color scheme discussed here can be effected by first decomposing the incoming
flux 𝜎AT4

s into an infinite number of monochromatic components, 𝜋Ai′vb, where
i′vb is a function of 𝜈 and Ts. Second, the heat current Q̇v drawn from each
single-color collector is used to drive a Carnot engine the power output of
which is

ẆC,𝜈(𝜈, T) = Q̇𝜈(1 − T0∕T) (9.104)

where
Q̇𝜈 = 𝜋A[i′

𝜈b(𝜈, Ts) − i′
𝜈b(𝜈, T)] (9.105)

By continuing to regard A as fixed, the power ẆC,𝜈 can be maximized by find-
ing the temperature of the single-color collector, Topt(𝜈). A related calculation
that is discussed later in connection with Fig. 9.15 shows that Topt(𝜈) increases
monotonically with 𝜈. Substituting Topt(𝜈) into eq. (9.104), we obtain the max-
imum power output of the collector of frequency 𝜈,

ẆC,𝜈,max = ẆC,𝜈(𝜈, Topt) (9.106)
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and the total maximum power of the “omnicolor” series of single-color col-
lectors,

ẆC,max,omnicolor = ∫
∞

0
ẆC,𝜈,max(𝜈) d𝜈 (9.107)

This analytical development was reported by De Vos [21] and, indepen-
dently, by Haught [22] (see Section 9.5.3). The maximum power calculated
with eq. (9.107) can be expressed in dimensionless form as

𝜂A,max,omnicolor =
ẆC,max,omnicolor

𝜎AT4
s

= 15
𝜋4
𝜃−4

s ∫
∞

0

u2x2eu−x

(eu−x − 1)2
du (9.108)

where x(u, 𝜃s) is the solution of the following transcendental equation [23]:

(1 + x)eu−x − 1
(eu−x − 1)2

= (eu∕𝜃s − 1)−1 (9.109)

When 𝜃s is considerably greater than 1, the dimensionless power per unit area
(9.108) can be expressed in closed form as

𝜂A,max,omnicolor ≅ 1 − (1.567 + 0.37 ln 𝜃s)𝜃−1
s (𝜃s ≫ 1) (9.110)

Considering again the numerical example 𝜃s = 5762 K∕300 K, eq. (9.110)
yields 𝜂A,max,omnicolor ≅ 0.861, which is only 2% greater than the one calculated
with eq. (9.100). Therefore, the refined optimization procedure that gives us an
omnicolor series of individually optimized collectors improves only slightly on
the maximum ẆC∕A ratio of ideal concentrators that have a single temperature.
Equation (9.108) also represents the theoretically maximum power that could
be drawn from a photovoltaic energy conversion device [17, 23].

9.5.3 Unconcentrated Solar Radiation

The same power maximization ideas were advanced by Haught [22] in the
context of a Carnot engine driven by a solar collector exposed to unconcen-
trated solar radiation. Unlike in the ideal concentrators discussed until now,
any point on Haught’s collector sees the sun only over the narrow solid angle
Ω1 = 6.8 × 10−5 sr. The collector receives radiation from both the sun and the
ambient modeled as a black surface of temperature T0. The T0 radiation arrives
at the collector surface through the hemispherical solid angle 2𝜋. The radiation
emitted back by the collector also leaves through the solid angle 2𝜋.
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The Carnot power is given by eq. (9.96), where the heat input Q̇ is

Q̇ = 𝜋A∫
∞

0
[i′
𝜈b(𝜈, Ts)Ω1∕𝜋 + i′

𝜈b(𝜈, T0) − i′
𝜈b(𝜈, T)]𝛼(𝜈,T)d𝜈 (9.111)

The radiation input from the sun, the radiation input from the ambient, and the
departing radiation are listed sequentially in the brackets of the integrand. One
additional feature of Haught’s collector model is the nonuniform absorptivity
𝛼(𝜈, T), which allows us to consider selective absorber surfaces. The simplest
model of such a surface is the step absorptivity function shown against
the right ordinate of Fig. 9.13. The left ordinate of the same figure shows
qualitatively the size of the three terms that appear inside the integral (9.111).
A surface that absorbs and emits above a certain cutoff frequency 𝜈0 has the
potential of absorbing most of the incoming solar energy while avoiding most
of the radiative heat loss that would occur if 𝛼 were equal to 1 for all 𝜈’s.
The subtraction of the superimposed shaded areas of Fig. 9.13 suggests that
there exists an optimal cutoff frequency for which the net heat input Q̇ is
a maximum.

The optimization of the collector and engine arrangement consists of select-
ing not only the collector temperature but also the cutoff frequency. By holding
𝜈0 fixed, the ẆC∕A ratio reaches its maximum for the Topt(𝜈0) values plot-
ted in Fig. 9.14. The dimensionless 𝜂A,max(𝜈0) ratio that corresponds to each
Topt(𝜈0) is shown on the same graph [the 𝜂A ratio is defined as in eq. (9.98)].
The additional effect of varying 𝜈0 is clear: Although Topt increases with 𝜈0

inb(n,T)

inb(n,T0)

inb(n,Ts)V1/p

inb

Figure 9.13 The three radiative contributions to Q̇ [eq. (9.111)] and the opportunity for
maximizing Q̇ by varying the cutoff frequency 𝜈0. (After Ref. 22.)
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Figure 9.14 Optimal collector temperature and maximum power output as a function
of cutoff frequency. (After Ref. 22.)

monotonically, there exists an optimal cutoff frequency for which 𝜂A,max(𝜈0) is
itself a maximum [22]:

𝜂A,max,max = 0.54, 𝜈0,opt = 2.22 × 1014s−1, Topt = 863 K (9.112)

Figure 9.14 and the numerical values listed above are based on Ts = 6000 K and
T0 = 300 K. The peak 𝜂A value of 0.54 is lower than the value 0.849 calculated
for ideal concentrators because of the considerably lower energy flux (W∕m2)
that is associated with unconcentrated solar radiation [note the smallness of the
factor Ω1∕𝜋 that multiplies the solar term in the Q̇ integral (9.111)].

Another interesting result is the maximum power delivered by an infinite
series of single-frequency collectors that are optimized individually. In an anal-
ysis that parallels the one shown between eqs. (9.104) and (9.110), Haught
found that the optimal temperature of a single-frequency collector increases
with 𝜈 in the manner shown in Fig. 9.15. This analysis consists of maximizing
eq. (9.104) for a fixed 𝜈, where Q̇ is the value obtained by setting 𝛼(𝜈, T) = 1 in
eq. (9.111). The numerical values assumed for Ts and T0 are 6000 K and 300 K,
respectively. To each Topt(𝜈) value plotted in Fig. 9.15 corresponds a maximum
single-frequency Carnot power output [eq. (9.106)]; integrating this result over
frequency yields the maximum Carnot power for a series of single-frequency
collectors:

𝜂A,max,omnicolor = 0.683 (9.113)
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Figure 9.15 Optimal temperature of a single-frequency collector that receives uncon-
centrated solar radiation. (After Ref. 22.)

Comparing this result with the 𝜂A,max,max of eqs. (9.112), we see that the
optimized series of single-frequency collectors is 26% more productive than
the optimized single-temperature collector. On the other hand, in view of the
numerical example listed under eq. (9.110), the omnicolor series of collectors
that receive unconcentrated solar radiation are about 20% less productive than
the corresponding series of ideal concentrators.

9.6 CONVECTIVELY COOLED COLLECTORS

One common feature of the collector models discussed until now is the pres-
ence of radiation as the only heat transfer mechanism for the leakage of heat
from the collector surface. Another common feature is the high-temperature
domain that is identified by each process of power maximization. The high
operating temperatures recommended come in conflict with material worthi-
ness and structural considerations that must enter the solar power plant design.
The fundamental problem that is borne out of this conflict is that of determining
the maximum power per unit collector area in “low-temperature” installations
where the dominant collector heat loss mechanism is convection [24].
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9.6.1 Linear Convective Heat Loss Model

Consider for the sake of simplicity the linear model

Q̇0 = UA(T − T0) (9.114)

where U is the overall convective heat transfer coefficient based on A and Q̇0 is
the convective heat loss. The heat transfer rate that would drive a Carnot engine
positioned between T and T0 is given by the expression

Q̇ = Q̇s − UA(T − T0) (9.115)

in which Q̇s represents the net heat current of solar origin that is absorbed by
the collector (note that Q̇s is proportional to A). As shown in Fig. 9.16, if U
is independent of temperature, this simple convective cooling model translates
into a linear collector efficiency curve [25]:

𝜂collector =
Q̇

Q̇s

= 1 − 𝜃 − 1
𝜃max − 1

(9.116)

where 𝜃 = T∕T0. The dimensionless maximum (or “stagnation”) temperature
𝜃max is defined as

𝜃max = 1 +
Q̇s

UAT0
(9.117)

The optimal collector temperature for maximum power per unit area can be
determined in three ways: by maximizing ẆC; by minimizing Ṡgen, as indicated
in the theorem at the end of Section 9.5.1; or by maximizing the exergy stream-
ing out of the column of cross section A and temperature height Ts − T0 [1, 24].

Figure 9.16 Linear convective cooling model for low-temperature solar collectors.
(After Ref. 24.)
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In all cases, the thermodynamic optimum is

𝜃opt = 𝜃
1∕2
max or 𝜂collector,opt =

𝜃
1∕2
max

1 + 𝜃1∕2
max

< 1 (9.118)

which means the following dimensionless ratio:

ẆC,max

Q̇s

=
𝜃

1∕2
max − 1

𝜃
1∕2
max + 1

(9.119)

In the low-temperature limit 𝜃max → 1, the ẆC,max∕Q̇s ratio approaches
(𝜃max − 1)∕4: in other words, Q̇s∕4UAT0. This limiting result shows how the
power production per unit area increases with the absorbed flux (Q̇s∕A) and
how it decreases when the convective loss coefficient U increases.

9.6.2 Effect of Collector–Engine Heat Exchanger Irreversibility

As a step in the direction of more realistic modeling, let us recognize that the
net heat transfer rate Q̇ requires a finite temperature difference to flow from
the collector surface into the high-temperature end of the power cycle. Let
(UA)i represent the internal heat transfer conductance of the heat exchanger that
places the engine in thermal contact with the collector, such that (see Fig. 9.17)

Q̇ = (UA)i(T − TH) (9.120)

where TH is the high-temperature level of the Carnot cycle that uses Q̇.
Equation (9.120) introduces one more variable (TH) and one more constraint;

Figure 9.17 Heat exchanger between collector and engine. (After Ref. 24.)



Trim Size: 6.125in x 9.25in Bejan c09.tex V2 - 08/08/2016 6:38pm Page 434�

� �

�

434 SOLAR POWER

therefore, there is still only one degree of freedom left in the maximization of
the Carnot power, Q̇(1 − T0∕TH), which yields

𝜃opt =
𝜃

1∕2
max + R𝜃max

1 + R
(9.121)

where R is the external/internal conductance ratio:

R = UA
(UA)i

(9.122)

The limit R = 0 represents the case treated in Section 9.6.1. The maximum
power produced per unit of collector area assumes the more general form

ẆC,max

Q̇s

=
𝜃

1∕2
max − 1

(R + 1)(𝜃1∕2
max + 1)

(9.123)

This shows explicitly how the work productivity of the collector decreases as
the thermal contact between the collector and the power cycle worsens (i.e., as
R increases).

9.6.3 Combined Convective and Radiative Heat Loss

A general collector heat loss model that bridges the gap between the purely
radiative and purely convective models discussed until now was presented in
Ref. 26. The net heat transfer into the high-temperature end of the reversible
power cycle is

Q̇ = 𝜏𝛼′sqsAc − 𝜀b𝜎AbT4 − (UA)b(T − T0) (9.124)

with the following notation:

𝜏 = transmittance of the cover-plate assembly
𝛼′s = effective solar absorptance of the base of the collector
qs = direct solar flux, qs = Q̇s∕Ac
Ac = collector projected area
𝜀b = effective infrared emittance of the absorber plate
Ab = base-plate area (projected area of the absorber plate)
Ub = overall convective heat transfer coefficient referenced to the base-plate

area Ab
T = base-plate temperature (also the temperature of the hot end of the

Carnot power cycle)

The maximization of the Carnot power (9.96) based on Q̇ as heat input yields
an equation for the optimum collector temperature 𝜃 = T∕T0:

𝜃5 − 3
4
𝜃4 + b

4a
𝜃2 = 1 + b

4a
(9.125)
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where

a =
𝜀bAb𝜎T4

0

𝜏𝛼′sqsAc
(radiative heat loss parameter) (9.126)

b =
(UA)bT0

𝜏𝛼′sqsAc
(convective heat loss parameter) (9.127)

Figure 9.18 shows the values taken by the optimal collector temperature in
the domain 10−3 < a < 1 and 0 < b < 2. It is worth recognizing the line b = 0
as the radiation cooling limit and the a → 0 limit as the domain of relatively cold
collectors whose heat loss is dominated by convection. Shown also on Fig. 9.18
are the a ranges that characterize four classes of collector designs:

A. Spectrally selective absorbers, concentrating collectors (Ab = Ac∕3, 6 <
𝛼′s∕∈ b < 15, which means 0.009 < a < 0.022; tracking concentrators
attain Ac∕Ab ratios of order 103, meaning a < 10−3)

B. Spectrally selective flat plate collectors (Ab = Ac, 10 < 𝛼′s∕∈ b < 15,
which means 0.026 < a < 0.039)

C. Directionally selective, nontracking black absorbers (Ab ≈ Ac∕3, 0.6 <
𝛼′s∕∈ b < 3, or 0.04 < a < 0.21)

D. Flat plate collectors using black absorbers (Ab = Ac, 1 < 𝛼′s∕∈ b < 3, or
0.13 < a < 0.39)

Figure 9.18 Optimal collector temperatures, showing the combined effect of radiative
and convective heat loss. (After Ref. 26.)
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All these calculations have been based on qs = 1 kW∕m2 and T0 =
294 K (21∘C).

9.7 EXTRATERRESTRIAL SOLAR POWER PLANT

The trade-off between the sizes of various components is also present in the
thermodynamic optimization of a solar power plant that operates in outer space.
This problem type was first treated in the first edition of this book, where it was
assumed that the collector is equipped with an ideal concentrator. This section
outlines the corresponding analysis for a nonideal concentrator, which is based
on suggestions received from A. F. Mills and A. De Vos.

As shown in Fig. 9.19, the working fluid is heated by the sun (Ts) in the
collector (TH) and cooled by the cold background (T∞) in the radiator (TL).
All the surfaces (sun, AH , AL, background) are modeled as black. The internal
operation of the heat engine cycle (the system contained between AH and AL) is
modeled as reversible. The mass of the power plant and the cost of constructing
it and placing it in orbit are influenced strongly by the total surface (mass) of
the collector and the radiator; consequently, the total surface is constrained,

A = AH + AL (constant) (9.128)

T`

T`

Ts

QH

QL

TH , AH

W

TL , AL

Figure 9.19 Extraterrestrial power plant with heat transfer irreversibilities at the hot
and cold ends.
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The objective is to find the best way of dividing A between AH and AL such
that the instantaneous power output W is maximum. Fixed are A, Ts, and T∞.
The analysis begins with the first and second laws for the reversible compart-
ment (shaded in Fig. 9.19), which lead to W = QH(1 − TL∕TH). To calculate
QH , consider the enclosure with three black surfaces (Ts, T∞, TH) formed
above AH ,

QH = AHFHS𝜎(T4
s − T4

H) − AHFH∞𝜎(T4
H − T4

∞) (9.129)

where FHs and FH∞ are the collector–sun and collector–background view fac-
tors. The relation between them is FH∞ = 1 − FHs. Note further that T4

∞ is
negligible relative to T4

H , because T∞ ≅ 4 K while the expected order of mag-
nitude of TH is 103 K. With these observations, eq. (9.129) becomes

QH = 𝜎AH(FHsT
4
s − T4

H) (9.130)

The enclosure with two black surfaces formed under the radiator AL in Fig. 9.19
shows that QL = 𝜎AL(T4

L − T4
∞), in which T4

∞ is negligible relative to T4
L ,

QL = 𝜎ALT4
L (9.131)

If we express the area constraint (9.128) in terms of the area allocation
ratio x,

AH = xA, AL = (1 − x)A (9.132)

we find that the problem statement reduces to

TL

TH
=
[ x

1 − x
(𝜁 − 1)

]1∕3
(9.133)

QH = 𝜎AFHsT
4
s x

(

1 − 1
𝜁

)

(9.134)

W̃ = W

𝜎AFHsT
4
s

= x

(

1 − 1
𝜁

){

1 −
[ x

1 − x
(𝜁 − 1)

]1∕3
}

(9.135)

where 𝜁 = FHs (Ts∕TH)4. The dimensionless power output W̃ emerges as a func-
tion of two degrees of freedom, 𝜁 and x. In the first edition of this book it was
shown numerically that W̃ can be maximized with respect to both 𝜁 and x and
that the results are

𝜁opt = 1.538, xopt = 0.35, W̃max = 0.0414 (9.136)

In conclusion, in the optimal design the collector accounts for roughly
one-third of the total surface available, which means that AH is about half
the size of AL. This conclusion is independent of whether the collector is
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fitted with a concentrator. Finally, by substituting Ts = 5762 K in 𝜁opt and
eq. (9.133), we find that

TH,opt = (5174F1∕4
Hs )K, TL,opt = (3423F1∕4

Hs )K (9.137)

Depending on the degree of concentration of solar radiation, FHs varies from
10−4 to 1, and, according to eqs. (9.137), TH,opt and TL,opt can be as low as
roughly 520 K and 340 K.

The extraterrestrial solar power plant model of Fig. 9.19 is related to the
conversion of solar heating into wind power (natural convection) on Earth. This
power is destroyed totally by friction and heat transfer across finite temperature
differences. The heat engine that drives any natural convection process was first
noted in the field of heat transfer [27]. This concept is used in the next section
to develop a constructal theory of global circulation and climate.

9.8 CLIMATE

This section establishes the connection between two domains: the climate mod-
els that have been developed ad hoc in geophysics and the heat engine models
that have been developed ad hoc for wind power calculations in thermodynam-
ics. Both domains are very active, voluminous, and established—to review them
is not the objective. The connection is made on the basis of the constructal law
(Chapter 13), which is the idea that all natural flow architectures have the ten-
dency to emerge and to evolve to facilitate access. The presentation made in
this section is based on Refs. 28–30.

This connection is important because atmospheric and oceanic circulation is
the largest flow system on Earth and the implications of the theoretical success
demonstrated in the two domains are great. In geophysics, the invocation of a
principle of maximization of entropy generation rate has been recognized as
a “law of maximum entropy production which follows deductively from the
second law of thermodynamics” [31]. This is a misconception. If it were true,
the principle invoked in geophysics is at best a theorem, not a new law.

About Earth’s climate, the second law states this: In the steady state, the solar
heat current flows as all currents flow, from high to low—from the sun to the
universe, with Earth in between. The second law also states that if the sun is
suddenly extinguished, in time Earth will reach equilibrium with the universe.
The second law proclaims the existence of the phenomenon of irreversibil-
ity. The second law says nothing about flow configuration—nothing about evo-
lution and design. It says nothing about the drawing that shows the paths of
currents inside the closed system.

The generation of flow configuration is a universal behavior, which is exhib-
ited by all macroscopic nonequilibrium flow systems, from geophysics to ani-
mal design and the evolution of “man + machine species” (i.e., our engineering,
social organization, economics, demography, business, communications, etc.).
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Because this universal behavior is not deducible from existing laws, it calls for a
summarizing statement of its own. That statement is the constructal law, which
is stated more simply as: For a flow system to persist in time (to survive), it
must morph in time such that it provides easier access to its currents. The role
of the constructal law in thermodynamics is discussed in Chapter 13.

Climate models based on the maximization of entropy generation rate
began with Malkus’s [32] hypothesis that in Bénard convection the overall
heat transfer rate is maximized through the selection of flow pattern. Examples
and reviews are available in Refs. 33–35. The connection between this
hypothesis and constructal theory was noted by Nelson and Bejan [36] where
the constructal principle delivered all the known characteristics of Bénard
flow and heat transfer in fluids as well as fluid-saturated porous media. In
this section, constructal theory is extended to the problem of atmospheric and
oceanic circulation driven by heating from the sun.

The method consists of viewing the sun–Earth–universe assembly as an
extraterrestrial power plant whose power output is used for the purpose of
forcing the atmosphere and hydrosphere to flow. The power plant models that
have been proposed were presented in Refs. 37 and 38. Earth may be viewed as
a closed system having two surfaces, a hot surface of area AH and temperature
TH which is heated by the sun and a cold surface (AL, TL) cooled by radiation
to the universe. On a spaceship, the collector (AH) and radiator (AL) are the
object of design, as we saw in Section 9.7. In the modeling of wind generation
on Earth, the surfaces AH and AL represent the daily illuminated and dark
hemispheres, or the time-averaged equatorial and polar zones. In all cases the
total radiation heat transfer surface is fixed:

AH + AL = A (9.138)

The main features of the model are illustrated in Figs. 9.20 and 9.21. The
surface temperature is time independent. It is averaged over the daily and annual
cycles and is represented by two temperatures (TH , TL) that correspond to the
equatorial and polar zones (AH , AL). The radiation heat transfer model is the
same as in Refs. 39 and 40. The equatorial surface receives the solar heat current

qs = AHp(1 − 𝜌)f𝜎T4
s (9.139)

where Ts, σ, f , and 𝜌 are the temperature of the sun as a blackbody (5762 K),
the Stefan–Boltzmann constant (5.67 × 10−8 W∕m2 ⋅ K4), the Earth–sun view
factor (2.16 × 10−5), and the albedo of Earth (0.3). The area AHp is the area AH
projected on a plane perpendicular to the direction Earth–sun. The ratio AHp∕AH

decreases from 1∕π when AH is a narrow belt along the equator, to 1
4

when AH
covers the globe almost completely. For simplicity, we adopt the approximation
AHp∕AH = 1

4
, which is independent of the variable area fraction x = AH∕A. This

approximation is permissible in view of the order-of-magnitude analysis of the
natural convection part of the model.
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Figure 9.20 Earth model with equatorial (AH) and polar (AL) surfaces, and convective
heat current between them. (From Ref. 28.)

Figure 9.21 Natural convection loops in a fluid layer connecting the equatorial and
polar surfaces. (From Ref. 28.)
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The AH surface radiates into space the heat current

q∞ = AH(1 − 𝛾)𝜎T4
H (9.140)

where 𝛾 = 0.4 is Earth’s greenhouse factor, or the reflectance in the infrared
region [38]. The difference between qs and q∞ is convected over Earth’s surface,
from AH to AL,

q = qs − q∞ (9.141)

and it is finally transmitted by radiation to the cold background,

q = AL(1 − 𝛾)𝜎T4
L (9.142)

Equations (9.162) and (9.164) have been simplified by neglecting T4
∞ in favor

of T4
L and T4

H , where T∞ is the temperature of the background. By combining
eqs. (9.160)–(9.164) with the notation x = AH∕A, we obtain

T4
H +

(1
x
− 1

)

T4
L = B (9.143)

where B is nearly constant,

B =
f

4
T4

s
1 − 𝜌
1 − 𝛾

≅ 7 × 109K4 (9.144)

The heat current q is driven from TH to TL by the buoyancy effect in the layer
of fluid that covers Earth’s surface. In the following derivation of the q formula
we neglect factors of order 1, in accordance with the rules of scale analysis
[27]. The fluid layer covers an area of flow length L (∼ R) and width W (∼ R),
where R is Earth’s radius. The vertical length scale of the fluid layer, H, will be
defined shortly. The length L bridges the gap between TH and TL. At the TH end
of the fluid layer, the hydrostatic pressure at the bottom of the layer is 𝜌HgH.
Similarly, at the TL end the pressure is 𝜌LgH. The pressure difference in the L
direction is

ΔP ∼ (𝜌L − 𝜌H)gH ∼ 𝜌𝛽(TH − TL)gH (9.145)

where 𝜌 is the mean fluid density and 𝛽 is the coefficient of volumetric thermal
expansion. The fluid layer control volume is exposed to the force ΔPWH in the
L direction. This force is opposed by the shear force felt by the moving fluid
over the surface LW,

ΔPWH = 𝜏LW (9.146)

The average shear stress is
𝜏 ∼ 𝜌𝜀M

u
H

(9.147)
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where 𝜀M is the eddy diffusivity for momentum and u is the velocity in the
L direction. For the order of magnitude of 𝜀M we use Prandtl’s mixing length
model [27], in which we take H to represent the mixing length,

𝜀M = H2 u
H

= Hu (9.148)

In other words, H is the vertical dimension of the fluid system that mixes (trans-
fers momentum vertically) while moving horizontally. Note that H is not the
vertical extent of the fluid layer. By eliminating ΔP, u, and 𝜀M between eqs.
(9.146)–(9.148), we obtain the horizontal velocity scale

u ∼
[

𝛽g(TH − TL)
H2

L

]1∕2

(9.149)

The convective heat transfer rate associated with the counterflow between TH
and TL depends on whether the two branches of the counterflow are in intimate
thermal contact. They are not if, for example, the circulation is in the plane
L × W, as in the case of R-scale oceanic and atmospheric currents that complete
loops over large portions of the globe (Fig. 9.21). Another example is when the
loop is a vertical plane aligned with the meridian, when the branches of the
counterflow are far enough apart and do not exchange heat in a significant way
in the vertical direction (Fig. 9.21b). In such cases the convective heat current
is

q ∼ 𝜌uHWcP(TH − TL) (9.150)

or, after using eq. (9.149) and L ∼ W ∼ R,

q ∼ 𝜌cP(g𝛽)1∕2H2R1∕2(TH − TL)3∕2 (9.151)

The convective current is proportional to (TH − TL)3∕2, not to TH − TL, as it
might have been assumed based on a simple invocation of convection as a mech-
anism [e.g., eq. (9.152) below]. To verify that eq. (9.151) provides a realistic
estimate of the q scale, note that in the geophysics literature [35] the group

D ∼
q

R2(TH − TL)
(9.152)

is known as the convective conductance in the horizontal direction, expressed
per unit of horizontal (Earth) area. The proportionality between heat current
and temperature difference in the D definition is assumed, not deduced. The
value of D is known empirically [41] to be on the order of 0.6 W∕m2 ⋅ K. The
theoretical estimate (9.151) anticipates

D ∼ 𝜌cP(g𝛽)1∕2H2R−3∕2(TH − TH)1∕2 (9.153)
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which, for R ∼ 5000 km, TH − TL ∼ 40 K, and air properties evaluated at 0∘C,
yields

D ∼ 0.14
( H

km

)2

W∕m2 ⋅ K (9.154)

This estimate agrees with the empirical D value when H is on the order of 2 km,
which is a realistic transversal length scale for shear flows in the atmosphere. If
we perform the corresponding calculation using the properties of water at 10∘C,
in eq. (9.154) the coefficient 0.14 is replaced by 70, and D matches 0.6 W∕m2 ⋅
K when H is of order 100 m; this length scale is compatible with the thickness
of mixing layers in the ocean.

Consider now the alternative where the two branches of the counterflow
are in good thermal contact. If the counterflow is a loop in the vertical plane
L × H, with the warm branch flowing from TH to TL over the top and the cold
branch returning along the bottom (Fig. 9.21b), eq. (9.149) continues to hold
but eq. (9.150) is replaced by

q ∼ 𝜌uHWcP ΔT (9.155)

Here ΔT is the top–bottom temperature difference between the two branches of
the counterflow, ΔT < TH − TL. The temperature of the warm branch decreases
from TH at the warm entrance to TL + ΔT at the cold exit. The enthalpy drop
in the horizontal direction is caused by the heat transfer by eddy motion in the
vertical direction,

uH(TH − TL − ΔT) ∼ 𝜀HL
ΔT
H

(9.156)

where 𝜀H is the thermal eddy diffusivity. Again using the mixing length model,
𝜀H ∼ Hu, we find that eq. (9.156) reduces to ΔT∕(TH − TL) ∼ H∕L ≪ 1, such
that the convection current (9.177) and the convective conductance become
q ∼ 𝜌cP(g𝛽)1∕2H3R−1∕2(TH − TL)3∕2 and D ∼ 𝜌cP(g𝛽)1∕2H3R−5∕2(TH − TL)1∕2.
These q and D estimates are less realistic because they are smaller by a signifi-
cant factor (H∕R ≪ 1) than those of eqs. (9.151) and (9.153).

In conclusion, the convection model with counterflow branches that are not in
intimate thermal contact is more realistic. Such a counterflow poses a minimal
convective resistance to heat flow in the flow direction. This feature has been
encountered before in constructal theory; the same minimal resistance principle
was used in the prediction of Bénard convection [36]. In the following analysis
we retain eq. (9.151) because of the test given under eq. (9.154). Combining
eq. (9.151) with eq. (9.142), AL = (1 − x)A and A = 4𝜋R2, we arrive at

C3∕2(TH − TL)3∕2 ∼ (1 − x)T4
L (9.157)

where the theoretical conductance is

C3∕2 =
𝜌cP(g𝛽)1∕2H2R1∕2

4𝜋R2(1 − 𝛾)𝜎
∼ 2.1 × 105 K5∕2 (9.158)
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Figure 9.22 Effect of the area allocation fraction x on the equatorial zone and polar
zone temperature. (From Ref. 28.)

This C3∕2 value corresponds to air at 1 atm and 0∘C and the assumption that
H ∼ 2 km.

In summary, the radiation–convection model reduces to eqs. (9.143) and
(9.157), which determine the functions TH(x) and TL(x). The only degree of
freedom in morphing this configuration is the area fraction x. Figure 9.22 shows
the effect of x on TH and TL. In the limit x = 1, or AH = A, Earth’s surface has a
uniform temperature, 289 K. The constants B and C3∕2 are known, although the
C3∕2 estimate is not nearly as accurate as B. The convective conductance C3∕2
may be regarded as a parameter that accounts for the accuracy of the convection
model (more on this in Table 9.1).

The fact that the collector–radiator temperature difference (TH − TL) partic-
ipates in the model as (TH − TL)3/2 is in agreement with the Monin–Obukhov

TABLE 9.1 Effect of the Heat Transfer Model on the Results of the Double
Maximization of the Power Produced and Destroyed by Global Circulation

n wmm xopt Cn,opt TL TH

1 2.28 × 108 W 0.35 1.2 × 107 K3 189.9 K 260.2 K
3
2

2.28 × 108 W 0.35 1.4 × 106 K5∕2 189.5 K 260.5 K
2 2.28 × 108 W 0.34 1.6 × 105 K2 188.1 K 260.0 K

Source: Ref. 28.
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similarity theory [41], provided that the vertical length scale H is replaced by
the Obukhov length,

LO =
u3𝜌cP

kg𝛽q′′
(9.159)

where k ∼ 0.24 is von Kármán’s constant. The assumption H ∼ LO is reason-
able because the Obukhov length is the scale where the atmospheric shear
effects are dominant. In brief, according to the Monin–Obukhov theory, the
Earth boundary layer depends on only four independent parameters: (1) the
height z above Earth’s surface; (2) the friction velocity u∗ = (𝜏∕𝜌)1∕2 (cf. Ref.
42, p. 144), where u∗ is the same as the u of eqs. (9.147); (3) the surface
heat flux q′′∕𝜌cP; and (4) the buoyancy effect g𝛽, or g/T (cf. Ref. 42, p. 157).
Buckingham’s 𝜋 theorem states that the only dimensionless combination of
these four variables consists of z∕LO and the LO group shown in eq. (9.159).
In the analysis presented in this section we arrived at the same conclusion
in a different way. The key assumption was made in eq. (9.146), where the
effective vertical length scale (H) was taken to be the same as the thickness of
the zone dominated by shear.

The Earth surface model with natural convection loops allows us to estimate
several quantities that characterize the global performance of atmospheric and
oceanic circulation. We pursue this from the constructal point of view, which
is that the circulation itself represents a flow geometry that is the result of the
maximization of global performance in a freely morphing system.

Consider first the mechanical power that could be generated by a power plant
operating between TH and TL and driven by the heat input q. The power output
(w) is dissipated by friction in fluid flow (a fluid brake system) and added fully
to the heat current (qL) that the power plant rejects to TL. The power plant and
the fluid brake system occupy the space shown between AH and AL in the lower
part of Fig. 9.20. Note the continuity of the heat current q through this composite
system, q = w + qL. The most power that the composite system could produce
is associated with the reversible operation of the power plant. The power output
in this limit is proportional to

w = q

(

1 −
TL

TH

)

(9.160)

which is shown as a function of x in Fig. 9.23. The w maximum is due to two
competing trends. When x approaches 1, Earth’s surface becomes isothermal
(TL∕TH = 1), and the power output w is zero. In the opposite limit (x = 0),
w tends to zero because q vanishes. The maximum power (wm) occurs when
xopt = 0.35. This point of optimal thermodynamic operation (xopt, wm) is
reported in Figs. 9.24 and 9.25, where the abscissa parameter is the convective
conductance C3∕2, which is allowed to vary.
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Figure 9.23 Maximization of the power output, convective heat transfer rate, and
convective thermal conductance with respect to the surface allocation ratio. (From
Ref. 28.)

Figure 9.24 Optimal allocation ratios corresponding to the peaks of the three curves
shown in Fig. 9.27. (From Ref. 28.)
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Figure 9.25 Maximized global performance resulting from the maximization of w, q,
and q∕TH in Fig. 9.27. (From Ref. 28.)

The maximized power (wm) exhibits a maximum with respect to the convec-
tive conductance, as shown in Fig. 9.25. The maximum is located at C3∕2,opt =
1.4 × 106 K5∕2. The optimal convective conductance C3∕2,opt exceeds by a fac-
tor of only 6 the value anticipated in eq. (9.158). In view of the approximate
character of the simple model (radiation, Earth surface, convection) employed
in this section, we conclude that the agreement between C3∕2,opt and eq. (9.158)
is correct in an order-of-magnitude sense. On the same basis, we speculate
that the natural counterflow structure described in Fig. 9.21 is the result of the
tendency of the flow system to dissipate maximum power such that, if sud-
denly left in isolation, the flow system would reach equilibrium the fastest. This
tendency is evident in all flows and is a manifestation of the constructal law
(Chapter 13).

It is also possible to regard the agreement between eq. (9.158) and
C3∕2,opt as a coincidence. The reason for claiming more than a coincidence
is the observation that similar coincidences are occurring every time the
constructal law is invoked. After all, the law is a summary of coincidences
(i.e., a statement describing the pattern exhibited by previously unexplained
observations). Examples most relevant to the present are the prediction of the
flow structure and global Nusselt number for Bénard convection [36] and the
laminar–turbulent (or turbulent–laminar) transition in many flow configura-
tions [43, Chap. 7; 27, Chap. 6]. The present example adds itself to the list and
suggests that global circulation and climate are covered by the constructal law.
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Better agreement between constructal theory and observed properties of
atmospheric circulation is obtained if we account for the effect of latent heat
in heating and cooling of humid air. In the analysis of Section 9.3 we used
only the sensible heat effect. The ratio between the sensible heat and latent
heat effects in the atmosphere is known as the Bowen ratio (Bo). According to
Brutsaert [43], several Bo estimates are available and are of the same order of
magnitude: for example, Budyko (Bo = 5), Reichel (Bo = 3.8), and Korzum
et al. (Bo = 5.6). The Bo effect can be added to the preceding model by
multiplying with Bo the right side of eq. (9.151).

The first presentation of the constructal law recommended it as a self-
standing law that is distinct from the second law. There is nothing in classical
thermodynamics to require the power of the global circulation engine to exhibit
maxima with respect to configuration features such as x and C3∕2. That the
optimized geometric features are consistent with features observed in nature
affirms the law status of the principle. It is a law of thermodynamics because
it completes the description of the behavior of nonequilibrium (flow) systems
under constraints. Flow and dissipation (irreversibility) must be distributed in
special ways in space and time, so that the flow system may persist in time.

Figures 9.23–9.25 show two alternatives to the maximization of power
production and dissipation. One is the convective heat current (q) between
the two temperature zones. The other is the ratio q∕TH , which in view of
the assumption T∞ ≪ TH , is essentially the same as the thermal conductance
q∕(TH − T∞). These two quantities can be maximized with respect to the
partitioning of Earth’s surface (x). Figure 9.24 shows that the optimal area
allocation ratio is almost the same as when w is maximized. The difference is
displayed in Fig. 9.25: qm and (q∕TH)m do not exhibit maxima with respect to
the convective conductance C3∕2.

The robustness exhibited by xopt with respect to the optimization objective
(Fig. 9.24) is intriguing. We may ask whether the natural circulation model has
any effect on xopt. For example, according to the simplest heat transfer model of
convection, the heat current between the warm and cold regions of Earth would
be proportional to the temperature difference (TH − TL), not to (TH − TL)3∕2 as
in eq. (9.151). This would replace eq. (9.173) with the more general statement

Cn(TH − TL)n ∼ (1 − x)T4
L (9.161)

where n = 1 represents the simplest model and n = 3
2

represents the convection
model used in this section. The units of Cn are K4−n. Table 9.1 shows the results
of repeating the optimization for n = 1 and n = 2. The area allocation ratio and
the maximized power are insensitive to the heat transfer model in the n range
that can be considered reasonable. The optimized thermal conductance factor
Cn,opt depends on the heat transfer model. The important feature of Cn is that
it can be optimized (i.e., from an infinity of possible Cn values, there is one
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for which the global generation and dissipation of power via organized flow is
maximal).

Global warming is a time-dependent (unsteady) flow process that can be pre-
dicted based on the constructal treatment of global climate presented in this
section. The first steps toward a constructal theory of global warming are traced
in Problems 9.6–9.9 and Ref. 30.

9.9 SELF-PUMPING AND ATMOSPHERIC CIRCULATION

The physics of atmospheric circulation is in evidence in rotating electric
machines that are cooled by an external stream of cold gas [44]. The machine
generates heat throughout its volume, Fig. 9.26. It has two parts, an internal
rotor and a stator. The cooling gas enters the rotor, experiences heating (Q̇)
while bathing the rotor and the stator, and exits through the stator, which is
stationary.

At the outlet, the gas pressure is higher than at the inlet. It is as if the rotat-
ing machine acts as a compressor or as if the gas experiences self-pumping as
it flows through the machine. Here is the thermodynamics basis for the self-
pumping effect: As shown in Fig. 9.27, the cold gas enters along the rotor axis
at the temperature T0. The coolant is then accelerated to the rotor radius R (the
relative motion gap), where its pressure and temperature increase to PR and TR.
Assume that the rotor radius is considerably smaller than the rotor length such
that most of the heating experienced by the ṁ stream occurs at high pressure,
at the rotor radius, in the windings. According to the same model, the flow of
the stream in the radial direction is approximated as reversible and adiabatic:

TR

T0
=
(

PR

P0

)R∕cP

(9.162)

Coolant
out

Coolant
in +

Coolant
out

r

x

q″(x, r, θ)

θ

Figure 9.26 Coolant flow paths through the rotor and stator of a generator.
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2
ṁ

Figure 9.27 The origin of the self pumping effect experienced by a stream that is accel-
erated to a larger radius of rotation, and then heated at that radius.

The work that the stream of coolant receives from the radial passages en route
from the axis to the outer radius is

Ẇ = ṁ
1
2

V2 (9.163)

where V = 𝜔R is the peripheral velocity with angular speed𝜔 (rad/s). This work
input is fixed and matches the specific enthalpy rise from axis to rotor periphery,

1
2

V2 = cP(TR − T0) (9.164)

While flowing longitudinally (at constant pressure, PR) and cooling the rotor
winding, the ṁ stream receives the heat input Q̇, and its temperature rises from
TR to Tmax,

Q̇ = ṁcP(Tmax − TR) (9.165)

Next, the coolant flows from the outer radius to the rotor axis, and it expands
isentropically from PR to the final pressure Pout,

Tmax

Tout
=
(

PR

Pout

)R∕cP

(9.166)

while delivering back to the radial passages the power ṁ (1∕2)V2, cf. eq. (9.164).
Alternatively, the first-law analysis of the control volume that contains the entire
U-shaped flow path of Fig. 9.27 shows that Q̇ is also equal to

Q̇ = ṁcP(Tout − T0) (9.167)
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By combining eqs. (9.162) and (9.165)–(9.167), we arrive at the self-
pumping effect represented by the pressure rise along the axis,

Pout

P0
=

PR

P0

(
q̃ + 1

q̃ + TR∕T0

)cP∕R

(9.168)

where

q̃ = Q̇
ṁcPT0

(9.169)

Noteworthy is that the radial temperature ratio TR∕T0 is set by the power indi-
cated in eqs. (9.163) and (9.164). As a consequence of Eq. (9.162), the radial
pressure ratio PR∕P0 is fixed as well.

Equation (9.168) shows that the self-pumping effect Pout∕P0 depends on the
heating (q̃) that the coolant receives from the winding. When the heating is
sufficiently large such that q̃ > TR∕T0, the axial pressure rise reaches its highest
value,

Pout

P0
→

PR

P0

(
TR

T0

)cP∕R

=
(

1 + V2

2cPT0

)cP∕R

(9.170)

When the heating effect is negligible (q̃ < 1), the self-pumping effect indicated
by Eq. (23) is negligible,

Pout

P0
∼ 1 (9.171)

On a more fundamental level, the thermodynamics basis of the self-pumping
effect sheds light on all the phenomena of natural circulation that occur at all
scales in nature. The earth-size equivalent of the flow of Fig. 9.27 is shown
in Fig. 9.28, which represents the circulation of the atmosphere in the plane
of the meridian. The atmospheric layer has the finite depth h, which is much
smaller than the meridian length scale. Near the tropics, the air is warm (aver-
age density 𝜌w) and the bottom–top hydrostatic pressure difference is of order
ΔPw ∼ 𝜌wgh. Near the polar circle, the air is colder (average density 𝜌c) and the
bottom–top hydrostatic pressure difference is of order ΔPc ∼ 𝜌cgh.

Note that ΔPc > ΔPw, because 𝜌c > 𝜌w. Furthermore, because the pressure
at the upper surface of the atmosphere is uniform (zero), ΔPw and ΔPc rep-
resent the pressure exerted by the atmosphere on the ground. It follows that
from the polar circle to the tropics the pressure drop at ground level is of order
ΔP = ΔPc − ΔPw ∼ (𝜌c − 𝜌w)gh. This pressure difference drives the entire cir-
culation, against friction. The pressure difference is due to the fact that at ground
level (i.e., at high pressure) the cold air that descended from the upper levels is
heated by the solar heat current Q̇, absorbed originally by Earth’s surface. As the
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Upper levels

Cold

Hot

Earth’s surface

Tropics Polar
circle

g

Q̇

Q̇

ρcρw R

Figure 9.28 The natural circulation of the atmosphere in the plane of the meridian
is driven as a heat engine, which is equivalent to the self-pumping effect discussed in
Fig. 9.27.

circulation is completed at the upper levels, flowing from the tropical regions
to the polar regions, the air current is cooled by radiation to the cold sky.

In sum, the circulation of air in Fig. 9.28 is the same as the circulation of the
working fluid in a Rankine cycle or Brayton cycle, in this sequence: Heating at
high pressure is followed by cooling at low pressure. This is analogous to the
sequence of processes identified in Fig. 9.27, although in that figure the cooling
of ṁ at low pressure (in the stationary frame of the laboratory) is not shown.
The self-pumping effect that occurs in gas-cooled rotating windings represents
the same physics as all the natural circulation phenomena recognized broadly
as natural convection, free convection, and buoyancy-driven flow. The g of
Fig. 9.28 plays the same role as the 𝜔2R of Fig. 9.27.

Equally important is the observation that the circulation explained in
Figs. 9.27 and 9.28 cannot proceed in the opposite sense. Cooling at high

Upper levels

Cold

Hot

Earth’s surface

g

Q̇

Q̇

ρcρw

Figure 9.29 The reverse of the circulation shown in Fig. 9.28 is impossible, because by
itself the heat current does not flow from cold to hot.
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pressure (at ground level) cannot happen after (or before) heating at low
pressure (at upper levels). The reverse flow sketched in Fig. 9.29 is impossible
because, by itself, the heat current Q̇ does not flow from the cold sky to the
warm surface of Earth. Note further that the circulation imagined in Fig. 9.29
is the same as the circuit executed by the working fluid in a vapor compression
or Brayton refrigeration cycle. In order to run (to force a heat current from cold
to hot), a refrigerator requires an external power input. There is no external
power that could drive the heat flow shown in Fig. 9.29.

In conclusion, self-pumping and heat engine circulation (Figs. 9.27 and 9.28)
occur naturally and are an integral part of physics. The “refrigerator” circulation
(Fig. 9.29) is impossible.
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PROBLEMS

9.1 A simple model of an irreversible solar-driven refrigerator is shown
in Fig. P9.1. A solar collector with heat loss to the ambient heats
the hot end of a reversible refrigeration cycle. The collector model is
described by eqs. (9.114) and (9.116). Show that when the refrigeration
load temperature TL is fixed, the refrigeration load is maximum when
the collector temperature is the geometric average of the stagnation
temperature and the ambient temperature.

Tc

T0

TL
QL

Qr

Qc

Q0

Q*

Figure P9.1
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9.2 Suppose that you are installing an air-conditioning unit on the side of
a house. On which side (north or south) should you install the unit and
why? On which side should you install a heat pump? Does your answer
depend on the hemisphere in which you live?

9.3 A room is maintained at the temperature Tr above the ambient tempera-
ture T0 by the heat input Qr received from a reversible heat pump driven
by the heat input Qc from a solar collector of temperature Tc (Fig. P9.3).
The net solar heat transfer into the collector is fixed, Q∗. The rate of
collector–ambient heat loss is Q0 = UcAc(Tc − T0), where the thermal
conductance UcAc is fixed. Determine the optimal collector temperature
such that the heat input Qr is maximized.

9.4 The refrigerator shown on the right side of Fig. P9.4 is driven by the
heat input QH received at the temperature TH from a solar collector
of temperature TH . The refrigeration load QL is extracted from a
cold space of temperature TL. The refrigerator rejects heat at the rate
Q0 to the ambient T0. The heat transfer rates of the evaporator and
condenser are proportional to the respective temperature differences,
QL = (UA)L(TL − TLC) and Q0 = (UA)0(T0C − T0). The evaporator and
condenser thermal conductances (UA)L and (UA)0 are related through
the total thermal conductance constraint (UA)L + (UA)0 = UA, constant.
The rest of the refrigerator is modeled as reversible and labeled (C). The
collector loses heat to the ambient such that the collector efficiency
decreases linearly with the collector temperature [cf. eq. (9.116)].
Nondimensionalize the equations that describe the refrigerator model
and maximize numerically the refrigeration load. Determine the optimal
conductance allocation fraction z = (UA)L∕UA as a function of the

Sun

Collector Tc

Ambient T0

Q0

Q* Qc

Qr
Reversible
heat pump

Room
Tr

QL

Figure P9.3
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TL

TLC

T0

Q0 (UA)0

QL (UA)L

Figure P9.4

collector stagnation temperature and other dimensionless parameters of
the model.

9.5 This problem is about the thermodynamics fundamentals of global cir-
culation and natural convection in general. We explore the fundamentals
in two parts, in accordance with Fig. P9.5.
(a) Consider a stream of ideal gas with the flow rate ṁ which flows

isothermally and reversibly through the system shown in Fig. P9.5a.
The temperature T is constant throughout the system. The inlet and
outlet pressures are Pin and Pout. Invoke the first and second laws,
the ideal gas model, and the isothermal and reversible model and
show that the heat input rate Q̇ and work output rate Ẇ are equal
and given by

Q̇ = Ẇ = ṁRT ln
Pin

Pout

(b) Next, the circulation of the atmosphere can be modeled as a heat
engine that functions in a cycle of four processes (Fig. P9.5b): 1–2,
isothermal heating and expansion at TH; 2–3, isobaric cooling at PL;
3–4, isothermal cooling and compression at TL; and 4–1, isobaric
heating at PH . The cycle is executed reversibly: There are no pres-
sure drops from 2 to 3 and from 4 to 1, and locally, there is no
temperature difference between the 2–3 and 4–1 streams. The inter-
nal (regenerative) heat transfer Q̇i occurs across a zero temperature
difference. The heating and expansion process is a model for how
the air warms up and rises to higher altitudes (lower pressures) over
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Figure P9.5

the equatorial zone (TH). The cooling and compression represent
a model for the sinking of the same airstream over the polar zones
(TL). The counterflow formed by the 4–1 and 2–3 streams is a model
for the circulation of the atmosphere in the meridional direction.

Use the results of part (a) to calculate the net power output of the
atmospheric heat engine (Ẇnet = ẆH − WL) and the energy conver-
sion efficiency 𝜂 = Ẇnet∕Q̇H . Does your resulting expression for 𝜂
look familiar? Why?

9.6 This problem and the next three are about global warming. Reconsider
the start of the analysis of Section 9.8 and use the simpler model in
which the Earth surface has a single temperature T1. This means that
TH = T1 and TL = T1. In the steady state, the solar heat input qs is equal
to the heat current rejected into space, q∞. Assume the atmospheric
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radiative properties given in the text (𝜌1 = 0.3, 𝛾1 = 0.4) and calculate
the steady-state surface temperature T1.

9.7 Read the preceding problem statement and consider the impact of
a sudden change in the radiative properties of the atmosphere. The
albedo increases from 𝜌1 = 0.3 to 𝜌2 = 0.3 + 𝛽, where 𝛽 ≪ 0.3,
and the greenhouse factor increases from 𝛾1 = 0.4 to 𝛾2 = 0.4 + 𝜀,
where 𝜀 ≪ 0.4. The Earth surface temperature does not have time to
change: It is still at the level T1 = 288.7 K calculated in the preceding
problem by using 𝜌1 and 𝛾1. This creates an imbalance between the
solar heat input qs2 (associated with 𝜌2) and the rejected heat current
q∞2 = 4𝜋R2(1 − 𝛾2)𝛼T4

1 . Measurements show that the heat input imbal-
ance is (qs2 − q∞2)∕(4𝜋R2) = 0.85 W∕m2. Find what relation must exist
between 𝛽 and 𝜀 such that this heat current imbalance occurs. If enough
time passes, the Earth surface temperature rises to a new steady-state
level T2 such that the rejected heat current matches the solar input qs2.
Show that the final global warming effect is T2 − T1 ≅ 0.3 K.

9.8 Read the preceding two problems and perform the corresponding
calculations by using the Earth model with two temperatures (TH , TL)
presented in Section 9.8. Invoke the energy continuity equations (9.143)
and (9.157) for two situations: the initial steady state (𝜌1, 𝛾1, TH1, TL1)
and the final steady state (𝜌2, 𝛾2, TH2, TL2). Assume that x = 0.35 holds
for both steady states. Simplify the analysis by linearizing the equations
based on the assumption of small changes: 𝜌2 = 𝜌1 + 𝛽, 𝛾2 = 𝛾1 + 𝜀
(cf. Problem 9.7), and, in addition, (TH2 − TH1)/TH1 ≪ 1 and
(TL2 − TL1)/TL1 ≪ 1. Determine the relative changes in TH and TL
as functions of 𝛽 and 𝜀. Finally, use eq. (9.149) to show that the relative
change in wind speed (u2 − u1)∕u1 is a function of 𝛽 and 𝜀, which
decreases as 𝛽 increases and increases as 𝜀 increases. Show that the two
global warming mechanisms (𝛽, 𝜀) cancel their effect on wind speed
when 𝛽∕𝜀 ≅ 1∕3.

9.9 Calculate the global warming time. This is the time interval from the
original steady state (Problem 9.6) to the new steady state (Problem
9.7), during which the average temperature of Earth increases by ΔT =
0.28 K. During the same time interval, the Earth area-averaged excess
solar heat flux that is absorbed by the Earth surface is q′′ = 0.85 W∕m2

(Problem 9.7). Assume that the thermal inertia of the “Earth surface”
is dominated by the thermal inertia of the oceans and the ocean depth
averaged over the entire Earth is on the order of 1 km.

9.10 The collector of a power plant driven by solar power intercepts the
solar heat current Q̇S, which originates from the solar surface of
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temperature Ts. The environment in which the power plant operates is
at the temperature T0. What is the theoretically highest level of power
generation that is associated with Q̇S?

Ts

T0

Ẇ

Q̇0

Q̇s

Figure P9.10
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Refrigeration has come a long way from the late 1800s, when center stage
belonged to the engine developers and when refrigeration engineers devoted
themselves primarily to ice manufacturing and the transoceanic transport of
frozen meat. In the meantime, the field of refrigeration produced not only the
tested techniques that are being used today but also much of the current exergy
and entropy generation minimization methodology of engineering thermo-
dynamics. Nowhere on the absolute temperature scale is the phenomenon of
entropy generation more critical than at low temperatures. And, proving again
that Rankine was right (p. 21 footnote), refrigeration continues to be a show-
case of engineering creativity in a perennial “supporting role” to a long list of
seemingly more philosophical and noble pursuits that catch the headlines: for
example, physics (superconductivity, fusion), medicine (preservation of living
tissues, surgery), and aerospace science (rocket motors, insulation systems).

This chapter presents an outline of modem refrigeration thermodynamics,
with an emphasis on low-temperature refrigeration, or cryogenics. The presen-
tation is structured to show the steady progress made toward lower temper-
atures, more efficient and advanced refrigeration installations, and, overall, a
more powerful thermodynamics.

10.1 JOULE–THOMSON EXPANSION

One of the simplest refrigeration methods is the vapor compression cycle shown
in Fig. 10.1. The refrigeration effect, or the removal of the heat transfer rate Q̇L
from a system whose temperature (TL) is lower than the ambient temperature
(T0), is the result of placing the system in thermal contact with an evaporating
stream. The evaporation temperature T1 must be lower than the refrigeration
temperature TL.

The purpose of the refrigeration machine is to produce the stream of
low-temperature fluid whose complete evaporation accounts for the refrigera-
tion effect, Q̇L = ṁ(h1 − h4). This is done in three steps: first, by compressing
the vapor produced by the absorption of Q̇L (in Fig. 10.1, this step is shown as

461
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
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Figure 10.1 Vapor compression refrigeration cycle with one Joule–Thomson expan-
sion stage.

1 → 2, suggesting that in general the compressor generates entropy); second,
by cooling the compressed fluid through an aftercooler that rejects heat to
the ambient, Q̇H = ṁ(h2 − h3); and third, by expanding the stream through a
valve. Step 3 → 4 is the constant-enthalpy Joule–Thomson expansion process
studied in Section 4.5.2. For this scheme to be successful, the Joule–Thomson
coefficient 𝜇J at state 3 must be positive, which means that the constant-h line
that passes through state 3 must have a negative slope on the T–s diagram.

Another requirement is that, given the evaporation pressure PL, the work-
ing fluid must be such that its evaporation temperature (T1) falls below the
refrigeration temperature (TL). Table 10.1 shows the evaporation temperatures
of various working fluids used in refrigeration installations, although only the
upper entries can be used in the scheme of Fig. 10.1. Moving down through
the table, the condition that the Joule–Thomson coefficient must be positive at
room temperature is gradually being placed in jeopardy and violated by helium.
This is why the cycle of Fig. 10.1 is far from being the answer to the quest for
low-temperature refrigeration.

One feature that will stay with us throughout this chapter is the physical sense
chosen for the arrows that indicate energy transfer in figures such as Fig. 10.1.
This decision is equivalent to the one made in the illustration of power systems
(e.g., Fig. 8.4).

The components of the machine are organized vertically in a way that
distinguishes between the cold region of the machine and the warm region
above room temperature (Fig. 10.1). The warm components are positioned
above the cold components, the demarcation line being the room temperature
level T0. This vertical arrangement makes sense because from our earliest
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encounter with thermometric scales we have been taught to associate “up” with
high temperatures and “down” with low temperatures and in many designs
the minimization of the convection heat leak from room temperature to the
evaporator demands that colder components be placed at progressively lower
levels. The machine “pulls” the refrigeration load Q̇L up and through the room
temperature demarcation line.

Invoking the first law for the cold region of the machine (the dashed-line
system on the left side of Fig. 10.1) we find that

Q̇L = ṁ(h1 − h3) (10.1)

In other words, the function of the counterflow that pierces the room temper-
ature demarcation line is to convect to room temperature the heat current that
was extracted from the cold system (TL). The continuity of Q̇L vertically through
the cold region of the machine is a common feature of systems that rely exclu-
sively on the Joule–Thomson process for expanding the refrigerant: see also the
dashed-line system on the left side of Fig. 10.2.

Figure 10.2 Reaching toward lower temperatures by inserting a counterflow heat
exchanger in a cycle with Joule–Thomson expansion.



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 465�

� �

�

JOULE–THOMSON EXPANSION 465

Figure 10.2 shows an evolved (advanced) version of the vapor compression
and throttling cycle. The new component is the regenerative (counterflow)
heat exchanger that insulates [1] the Joule–Thomson expansion stage and
the evaporator from the warm zone of the machine. The longitudinal thermal
insulation function served by the counterflow heat exchanger is the subject of
Section 10.4.1. In the field of refrigeration, the regenerative counterflow heat
exchanger was first used by John Gorrie [2, 3] and by Charles Siemens [4].

The reason for introducing a counterflow heat exchanger in the cycle of
Fig. 10.2 is the pursuit of lower refrigeration temperatures. In the absence of
a regenerative heat exchanger, the Joule–Thomson expansion would proceed
from state 3 along the local constant-enthalpy line, yielding temperatures that
are far above the refrigeration temperature. The refrigeration temperature TL is
slightly greater than the evaporation temperature T6; these temperatures con-
strain the selection of the refrigerant and the evaporation pressure PL.

Inside the counterflow heat exchanger, the compressed stream is cooled from
state 3 to state 4 using the sensible heat of the cold gas (6) that leaves the
evaporator. The Joule–Thomson expansion takes the refrigerant from state 4
to state 5, highlighting again the requirement that 𝜇J must be positive in the
domain inhabited by these states.

The limited reach of the scheme of Fig. 10.2 into low temperatures becomes
evident if we analyze eq. (10.1). Refrigeration means Q̇L > 0 and, at room tem-
perature, h1 > h3. Without defeating the conclusion that we are about to reach,
we assume that the heat transfer area of the counterflow heat exchanger 3–4–6–1
is infinite—in other words, that thermal equilibrium rules the top end of the heat
exchanger, T3 = T1. These observations can be summarized as

state 3 state 1

h3 < h1

T3 = T1

PH > PL

which means that “refrigeration at TL” demands a refrigerant that at room tem-
perature exhibits (

𝜕h
𝜕P

)

T
< 0 (10.2)

Seen through the cyclical relation
(
𝜕h
𝜕T

)

P

(
𝜕T
𝜕P

)

h

(
𝜕P
𝜕h

)

T
= −1 (10.3)

the refrigeration condition (10.2) is the same as requiring a refrigerant with
positive Joule–Thomson coefficient at room temperature:

𝜇J = − 1
cP

(
𝜕h
𝜕P

)

T
> 0 (10.4)
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The same requirement was identified earlier in the discussion of the throttling
process 3 → 4 of Fig. 10.1. We reach the important conclusion that the refrig-
erants that approach ideal gas behavior at room temperature (𝜇J ≅ 0) cannot
be used in the design of Fig. 10.2, despite the obvious attractiveness of their
low boiling points. Even worse, the inequality (10.4) represents the optimistic
limit of a more stringent criterion that holds when a finite temperature differ-
ence exists across the top end of the counterflow heat exchanger, T3 > T1. In
the general case, the refrigeration effect QL is possible only when 𝜇J exceeds
a positive critical value. This threshold value increases as the effectiveness of
the heat exchanger decreases. It is this limitation that created the need for the
more advanced schemes discussed in Section 10.2.

One last observation concerns the geometry of the low-temperature end of
the cycle plotted on the T–s diagram of Fig. 10.2. In thermal design, we learn to
expect vanishing temperature differences as the heat exchanger area becomes
infinite; on this basis, we wrote T1 = T3 and derived eq. (10.4). Yet a look at the
fixed position of the PH and PL isobars and their intersection with constant-h
lines such as 4 → 5 in Fig. 10.2 tells us that T4 must always be greater than T5.
In other words, a temperature difference appears to persist across the bottom
end of the counterflow heat exchanger despite the infinite heat transfer area
assumption.

This apparent paradox is clarified by a plot of counterflow stream-to-stream
temperature difference (ΔT) versus the longitudinal temperature variation of
one of the two streams (Fig. 10.3). This diagram can be drawn to scale for each

Figure 10.3 Construction of the temperature distribution along a counterflow heat
exchanger.
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counterflow heat exchanger design by writing the first law for the dashed-line
control volume:

h4′ = (T4′ ,PH) = h3 − h1 + h6′ (T6′ ,PL) (10.5)

The calculation begins with assuming the top-end temperature difference
T3 − T1, which fixes the value of h3 − h1 on the right side of eq. (10.5). Next,
selecting a temperature for the low-pressure stream (T6′) and determining
h6′ (T6′ ,PL) from property tables, we use eq. (10.5) to calculate the enthalpy
of the high-pressure stream at the point that resides vis-à-vis with point 6′.
Using the same tables, we rely on the calculated h4′ to deduce the tempera-
ture T4′ . The path of this calculation is indicated by the dashed line on the right
side of Fig. 10.3.

Repeating the calculation for a new starting value T6′ corresponds to mov-
ing up or down the bottom cut made by the control volume across the heat
exchanger. In this manner we can trace the entire curve TPH versus TPL or, alter-
natively, ΔT versus TPL. In this discussion, TPL indicates the temperature of the
low-pressure stream. The TPH(TPL) curve of Fig. 10.3 corresponds to the regen-
erative heat exchanger 3–4–6–1 of Fig. 10.2. The stream-to-stream temperature
difference increases gradually toward the cold end of the heat exchanger. This
feature is due to the different cP values of the two streams, the greater value
being on the high-pressure side.

As the heat exchanger area increases, the TPH curve approaches TPL until the
two curves touch (pinch) in at least one point. In the present example, the shape
of the TPH curve is such that the pinch point will occur at the top end, assuming
that the area is infinite.

One danger to guard against is the calculation of a TPH(TPL) line that inter-
sects the diagonal TPL(TPL) (i.e., a heat exchanger in which the two temperature
distributions cross). In the example of Fig. 10.3, the TPH and TPL lines would
cross if the h1 − h3 value selected to start the calculation corresponds to a tem-
perature difference that points in the wrong direction, T1 > T3. Physical situa-
tions of this kind are ruled out by the second law, because the crossing implies
the existence of negative ΔT values or spontaneous heat transfer against the
temperature gradient. The test that should accompany every heat exchanger cal-
culation is the second law of thermodynamics [5], which in the present example
requires that

1
ṁ

Ṡgen = s1 + s4′ − s3 − s6′ > 0 (10.6)

If the sign in this calculation is negative, we can be sure that the temperature
distribution inside the dashed-line control volume of Fig. 10.3 is impossible.

Example 10.1. The compressor of a vapor compression cycle refrigerator oper-
ates in two stages. In the low-pressure compressor (1–2), the pressure is raised from
PL to an intermediate pressure Pi. In the high-pressure compressor (3–4), the pressure
is raised from Pi to PH . The pressures PH and PL are specified, while Pi may vary.
Note that T3 = T1 = T0, where T0 is the room temperature. Both compressors have
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isentropic efficiencies equal to 1. The working fluid is an ideal gas. Derive an expres-
sion for the total power required by the two compressors as a function of Pi, PL, and
PH . Minimize this function with respect to the variable Pi and report the optimal Pi
value in terms of PL and PH .

The solution proceeds in the following steps. The power requirements of the two
compressors are

ẆL = ṁcP(T2 − T0) (a)

ẆH = ṁcP(TH − T0) (b)

The total compressor power can be nondimensionalized as

Ẇ =
ẆL + ẆH

ṁcPT0
=

T2

T0
+

T4

T0
− 2 (c)

Because the two compressors have isentropic efficiencies equal to 1, the entropy
remains constant from 1 to 2 and from 3 to 4, and this means that

T2

T0
=
(

Pi

PL

)a T4

T0
=
(

PH

Pi

)a

(d)

where a = R∕cP. Substituting these into eq. (c) and solving 𝜕W̃∕𝜕Pi = 0, we obtain
Pi,opt = (PHPL)

1∕2.

PH

4

2

3

S

1

Pi PL

T0

T

Figure E10.1

10.2 WORK-PRODUCING EXPANSION

The refrigeration load Q̇L must escape through the room temperature roof of
the cold region. Two room temperature features—the smallness of the Joule–
Thomson expansion coefficient and the finite ΔT across the warm end of the
regenerator—conspire to prevent this escape. With reference to the left side of
Fig. 10.4, the refrigeration that eventually is convected through the warm end is
the difference between the maximum value that corresponds to the infinite heat
exchanger area, Q̇L,max, and a downward convective heat leak that is due to the
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Figure 10.4 Work-producing expansion as another escape route for Q̇L out of the cold
zone of a refrigeration machine.

finiteness of the actual area, Q̇teak:

Q̇L = ṁ(h1 − h3)
= ṁ[(h1)T1=T 3

− h3]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

↑ Q̇L,max

− ṁ[(h1)T1=T3
− h1]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

↑ Q̇leak

(10.7)

The first term is the one threatened by the smallness of 𝜇J , whereas the second
term increases proportionally with the ΔT across the warm end.

The challenge is to provide a different escape route for Q̇L. This is the
function served by the intermediate-temperature expander on the right side of
Fig. 10.4. The expander bleeds a fraction (ṁe) from the high-pressure stream,
expands it, lowers its temperature, and returns it to a colder position on the
low-pressure side of the counterflow heat exchanger. Modeling the expanding
fluid as an ideal gas and assuming that the expander functions adiabatically
and reversibly, the mechanical power extracted by the expander is

Ẇe

ṁe
= k

k − 1
RTe

[

1 −
(

Pf

Pe

)(k−1)∕k
]

(10.8)
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Noting that Pf∕Pe = PL∕PH and that in the nitrogen and helium refrigeration
cycles that use such expanders PL∕PH ≪ 1, the specific expander power is
approximately kRTe∕(k − 1).

The positive effect of Ẇe on the refrigeration rate Q̇L can be seen by writing
the first law for the entire system on the right side of Fig. 10.4:

Q̇L

ṁ
=

Ẇe

ṁ
+ h1 − h3

≅
ṁekRTe

ṁ(k − 1)

[

1 −
(

PL

PH

)(k−1)∕k
]

+

h1−h3
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

𝜇JcP(PH − PL) − cP(T3 − T1)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

↑

(
Q̇L

ṁ

)

max

↓
Q̇leak

ṁ

(10.9)

The approximation of h1 − h3 in terms of this linear two-term expression is the
subject of Problem 10.1. Note that 𝜇JcP is an average value of the 𝜇JcP values
found on the T = T3 isotherm between P = PL and P = PH , while the lone cP
factor is the cP value found on the PL isobar between T1 and T3. The expansion
work term dominates the remaining two terms on the right side of eq. (10.9),
even when 𝜇J = 0 (Problem 10.2).

The figure of merit of the installation is the ratio Q̇L∕Ẇc, where Ẇc repre-
sents the compressor power input. The inverse of this ratio is also in use [6].
The Q̇L∕Ẇc ratio is identical to the coefficient of performance (COP) only
in installations that rely exclusively on the Joule–Thomson expansion effect
(e.g., Figs. 10.1 and 10.2) and in the special case where the expander power Ẇe
of Fig. 10.4 is dissipated through a brake. Since Ẇe is in general greater than
zero, the Q̇L∕Ẇc ratio is slightly smaller than the COP.

The compressor power Ẇc depends on the design of the compressor—for
example, on the isentropic efficiency of each compression stage, the number of
compression stages, the heat exchanger effectiveness of each aftercooler, and
so on. When the focus is on the design of the cold region for the purpose of
maximizing Q̇L∕ṁ, it is convenient to use as the standard Ẇc value the theoret-
ically minimum compressor power that can pressurize the ṁ stream from PL to
PH at room temperature. That power is the rate of flow exergy increase from
(T0, PL) to (T0, PH), or the power input required by a reversible and isothermal
compressor in thermal equilibrium with the ambient:

Ẇc,min = ṁRT0 ln
PH

PL
(10.10)

Therefore, to the extent that the last two terms of eq. (10.9) can be neglected,
the Q̇L∕Ẇc ratio of the system shown on the right side of Fig. 10.4 is

Q̇L

Ẇc,min

≅
ṁekTe

ṁ(k − 1)T0 ln (PH∕PL)

[

1 −
(

PL

PH

)(k−1)∕k
]

(10.11)



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 471�

� �

�

BRAYTON CYCLE 471

Figure 10.5 Two cycles that combine bottom-end (Joule–Thomson) expansion with
work-producing expansion at intermediate temperatures: Claude (left) and Heylandt
(right).

Two classical examples of refrigeration cycles that combine the Joule–
Thomson effect with expansion in a work-producing device (originally,
cylinder and piston; lately, turbines; also called expander, expansion engine,
or “engine”) are the Claude [7] and Heylandt [8] machines shown in Fig. 10.5.
Claude’s design and especially his development of a sufficiently efficient and
reliable expander proved instrumental in the growth of an industry for the
liquefaction of air and the manufacture of nitrogen, oxygen, and other gases.
In 1920, Claude used an expansion engine in the industrial liquefaction of
hydrogen and the production of refrigeration at and around the normal boiling
point of hydrogen (Table 10.1).

The Heylandt cycle differs from Claude’s in that the expander receives room
temperature compressed gas. With inlet pressures as high as 200 atm and outlet
pressures of about 5 atm, the temperature at the expander outlet is almost as
low as the temperature of the cold end of the counterflow heat exchanger. This
cycle was used extensively in the production of nitrogen and oxygen.

10.3 BRAYTON CYCLE

Another way to see the effect of work-producing expanders in the cold zone
is to follow the expander stream ṁe as it flows through the remainder of the
installation. Shown on the left side of Fig. 10.6 is the usual drawing, in which
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the compressor processes the total flow rate ṁ, while the refrigeration load
Q̇L is absorbed by the smaller stream (ṁ − ṁe). On the right side of Fig. 10.6,
the circuits completed by the expander stream (ṁe) and the refrigeration load
stream (ṁ − ṁe) are shown separately. The stream ṁ − ṁe completes a circuit
similar to the one of Fig. 10.2 in the sense that its only expansion occurs through
the Joule–Thomson valve. The crucial difference between Figs. 10.2 and 10.6
is that the counterflow heat exchanger traveled by the ṁ − ṁe stream on the
right side of Fig. 10.6 is cooled along the segment embraced by the expander.
This feature—the cooling of the cold zone of the installation at intermediate
temperatures between T0 and TL—is fundamentally important, as we shall see.

The intermediate cooling effect is provided by the refrigeration cycle
executed by the expander stream ṁe: expander–heater (PL)–regenerator
(PL)–compressor–aftercooler (PH)–regenerator (PH). Since this sequence
is exactly the reverse of what in the field of power generation is called the
regenerative Brayton cycle, in memory of George Brayton’s 1873 heat engine,
a good name for it here is the refrigeration Brayton cycle with a regenerative
counterflow heat exchanger.

The Brayton cycle has been studied in detail because of its extensive use in
aircraft cooling and in the conceptual design of operations in space. The reason
for focusing on the Brayton cycle at this stage is twofold. First, the Brayton
cycle is hidden in any refrigeration scheme that uses an expander (Fig. 10.6).
The second reason is that, in combination with the ideal gas model, the Brayton

Figure 10.6 Decomposition of the cycles executed by ṁe and (ṁ − ṁe), showing that
the ṁe cycle cools the midsection of the main counterflow heat exchanger.
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cycle makes possible a compact analysis that shows the adverse effect of various
irreversibilities on the refrigeration rate, Q̇L.

Consider the T–s diagram of the regenerative Brayton cycle (Fig. 10.7) and
continue to adopt eq. (10.10) as the minimum compressor power that would take
the stream from state 1 to state 3. In the first phase of this analysis, let us assume
that the refrigeration cycle is ideal: that is, that there are no stream-to-stream
temperature differences in the regenerator (T3 = T1, T4 = T6), there are no pres-
sure drops (P3 = P4 = PH , P6 = P1 = PL), and the expander works reversibly
and adiabatically (s5 = s4). This ideal cycle is shown on the left side of Fig. 10.7.

The ideal Brayton cycle collects the refrigeration load Q̇L from the entire
temperature range T5 − T6; note that an example of this kind (i.e., “distributed”)
of refrigeration effect is provided by the ṁe cycle of Fig. 10.6. For simplicity,

Figure 10.7 Irreversibilities present in the cold zone of the Brayton refrigeration cycle:
the ideal cycle (left) and the cumulative effect of internal irreversibilities (right).
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we assume that the refrigeration load is extracted from a unique temperature
TL, which is equal to T6. This implies a cold-end heat exchanger with infinite
heat transfer area, since, in general, TL must be greater than T6.

The specific refrigeration rate extracted by the ideal Brayton cycle is

Q̇L

ṁ
= h6 − h5 =

(

∫
6

5
T ds

)

P=PL

(10.12)

This is represented by the lined trapezoidal area trapped between the PL isobar
and absolute zero. The expansion from PH to PL can take place in one stage (e.g.,
4 → 5 in Fig. 10.7) or in more than one stage. The multiparameter optimization
procedure required in Problem 10.3 can be used to determine the optimal pres-
sures of the isobaric heating processes that alternate with the n expanders, as the
stream follows a zigzag course from state 4 to state 6. According to eq. (10.12),
Q̇L increases with the number of expansion stages, because the specific refrig-
eration area on the T − s diagram rises from T = 0 into the teeth of the zigzag
path. In the limit of infinitely many expansion stages, the expansion proceeds
reversibly and isothermally from state 4 to state 6, while the refrigeration rate
reaches the maximum represented by the rectangular area of height TL:

Q̇L,max

ṁ
= TL(s6 − s4) = TLR ln

PH

PL
(10.13)

The difference between the refrigeration rate (10.12) and the ceiling value
(10.13) is due to the irreversibility of heating the stream from state 5 to state 6
across the finite temperature gap that extends downward from (TL). The entropy
generated in the cold-end heat exchanger is

Ṡgen,L = ṁ(s6 − s5) − Q̇L∕TL (10.14)

Multiplied by TL, this accounts for the dotted triangular area of Fig. 10.7 (left):
that is, for the difference between the refrigeration rate and its theoretical max-
imum value,

Q̇L = Q̇L,max − TLṠgen,L (10.15)

The refrigeration effect (Q̇L) produced by the ideal Brayton cycle shown on
the left side of Fig. 10.7 is reduced further by several internal irreversibilities.
In the second phase of this analysis, we consider the more general situation
shown on the right side of Fig. 10.7, where, proceeding counterclockwise
around the bottom end of the cycle, the following sources of entropy generation
are present:

1. Pressure drop along the high-pressure side of the counterflow heat
exchanger, P3 − P4 = ΔPH

2. Finite stream-to-stream temperature difference in the counterflow heat
exchanger, T4 − T6 = ΔT (note that since the same ideal gas and mass
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flow rates are on the two sides of the counterflow, TPH − TPL = ΔT , con-
stant, i.e., T3 − T1 = ΔT)

3. Nonisentropic expansion through the expander, 𝜂e < 1, where for ideal
gases 𝜂e = (T4 − T5′′ )∕(T4 − T5′′′ )

4. Pressure drop along the low-pressure side of the counterflow heat
exchanger, P5 − P1 = ΔPL

Equations (10.12) and (10.14) continue to hold; however, to make a much
better drawing, we note that h5 = h5′ , and h6 = h6′ . This allows us to translate
the T–s areas for Q̇L∕ṁ and Sgen,L∕ṁ slightly to the right of their true posi-
tion on the s axis. The specific refrigeration area Q̇L∕ṁ is now smaller than
in the ideal case treated on the left side of Fig. 10.7, because each of the irre-
versibilities above takes a rectangular slice out of the maximum refrigeration
area, Q̇L,max∕ṁ = TL(S6′ − S4′ ). Geometrically, we see that

Q̇L = Q̇L,max − TL(Ṡgen,L + Ṡgen,ΔPH
+ Ṡgen,ΔT + Ṡgen,𝜂e

+ Ṡgen,ΔPL
) (10.16)

where the last four entropy generation contributions are listed in the same order
as their sources 1–4. In the case of negligibly small pressure drops and tempera-
ture differences (ΔPH ≪ PH , ΔPL ≪ PL, ΔT ≪ TL), these four terms reduce to

Ṡgen,ΔPH
≅ ṁR

ΔPH

PH
(10.17)

Ṡgen,ΔT ≅ ṁcP
ΔT
TL

(10.18)

Ṡgen,𝜂e
≅ ṁcP(1 − 𝜂e)

[(
PH

PL

)(k−1)∕k

− 1

]

(10.19)

Ṡgen,ΔPL
≅ ṁR

ΔPL

PL
(10.20)

Their combined effect, the sum of the first four shaded strips in Fig. 10.7 (right),
can be divided by the maximum refrigeration potential offered by the cycle:

TL

Q̇L,max

(Ṡgen,ΔPH
+ Ṡgen,ΔPL

+ Ṡgen,ΔT + Ṡgen,𝜂e
)

=
(

ln
PH

PL

)−1 {ΔPH

PH
+

ΔPL

PL
+ k

k − 1
ΔT
TL

+ k
k − 1

(1 − 𝜂e)

[(
PH

PL

)(k−1)∕k

− 1

]}

(10.21)
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In view of the small-ΔP and small-ΔT assumption, eq. (10.21) holds
only when the right-hand side is at least one order of magnitude smaller
than unity. The complete picture emerges only on the basis of a numerical
analysis that avoids the small-ΔP and small-ΔT assumption that preceded eqs.
(10.17)–(10.20). The relative effect of each internal irreversibility is shown by
eq. (10.21). The first three terms contained between the braces are due to the
counterflow heat exchanger; the manner in which they influence one another is
a fundamental thermodynamics problem [5, 9] (see also Chapter 11). The last
term represents the irreversibility of the expander. For example, in a typical
liquid-nitrogen temperature application, we have TL ∼ 80 K, PH∕PL ∼ 200,
and k = 1.4, which means that the expander and the counterflow heat exchanger
ΔT contribute equally when ΔT ≅ 280(1 − 𝜂e) K. Therefore, the irreversibility
of an expander whose efficiency is 𝜂e = 0.9 rivals that of a counterflow heat
exchanger in which the stream-to-stream temperature difference is 28 K.

These conclusions can be compared with the numerical example in Fig. 10.8,
which is based on a set of calculations reported by Thirumaleshwar [10]. With
reference to the T–s diagram of Fig. 10.7, the overall parameters of the helium
Brayton cycle are PH = 10 atm, PL = 1 atm, T0 = 300 K, and TL = 30 K. The
compression from state 1 to state 3 was assumed to be carried out in a 60%
efficient isothermal compressor. The destruction of exergy is dominated by
the compressor and the low-temperature expansion process. The loss due to

Figure 10.8 Example of how the destruction of exergy is distributed among the com-
ponents of a helium gas Brayton cycle with regenerative heat exchanger.
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counterflow heat exchanger irreversibility is noticeably small because of the
small ΔT and ΔP values assumed in the model. The second-law efficiency
[eq. (3.24)] of this cycle is roughly 25%.

10.4 INTERMEDIATE COOLING

In this section we consider two questions regarding the expansion of the ṁe
stream on the right side of Fig. 10.6: how much intermediate cooling is advan-
tageous and at what location between T0 and TL should this cooling effect
be installed? In the single-expander configuration of Fig. 10.6 (right), these
questions result in determining the optimal expander mass fraction ṁe∕ṁ and
the position of the expansion process on the temperature scale (Te)—based
on the assumption that the pressure ratio PH∕PL, the expander efficiency 𝜂e,
and the size of the counterflow heat exchanger hA are fixed.

The two-parameter optimization problem identified in this section could be
solved numerically. On the other hand, because the final conclusions of such a
study are part of a much more fundamental principle of the evolutionary gener-
ation of flow configuration (Chapter 13), in this section we develop analytically
the optimal distribution of intermediate refrigeration along the cold column of
a refrigeration machine in general.

10.4.1 Counterflow Heat Exchanger

With reference to Fig. 10.9, we seek the distribution of intermediate cooling
effect dQ̇ for which the entropy generation rate contributed by the counterflow
heat exchanger is minimum. Note that the minimization of entropy genera-
tion represents a reduction in the mechanical power demanded by the refrig-
erator when the load Q̇L is fixed (Problem 10.5) or the augmentation of the
refrigeration effect Q̇L when the room temperature compressor power is fixed
[Fig. 10.7 and eq. (10.21)]. The flow rate ṁL is the same on both sides of the
heat exchanger: the subscript L draws attention to the fact that, like the ṁ − ṁe
flow rate of the counterflow of Fig. 10.6 (right), the present flow rate is constant
throughout the temperature range T0 − TL spanned by the heat exchanger.

Neglecting the pressure drop irreversibility and writing ΔT for the local
stream-to-stream temperature difference, we find that the entropy generation
rate contributed by the segment of height dT is [1]

dṠgen = ṁLcP ln
T + dT

T
+ ṁLcP ln

T + ΔT
T + ΔT + d(T + ΔT)

≅ ṁLcP

(
dT
T

− dT + d(ΔT)
T + ΔT

)

≅
ṁLcPΔT

T2
dT (10.22)
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Figure 10.9 A counterflow heat exchanger is a conduit for convective heat leak, which
flows in the longitudinal direction.

This compact expression holds if ΔT ≪ T . The group ṁLcPΔT is the longi-
tudinal convective heat leak in the same sense as the term Q̇leak identified in
eq. (10.7) and Fig. 10.4 (left). By writing

Q̇ = ṁLcP ΔT (10.23)

the subject of the search for the best design is the minimization of the integral

Ṡgen = ∫
T0

TL

Q̇

T2
dT (10.24)

To determine the optimal distribution of intermediate cooling dQ̇ is the same
as finding the heat-leak distribution function Q̇(T) or the stream-to-stream tem-
perature difference ΔT as a function of T . Worth noting is that ΔT , Q̇, and Ṡgen
all tend to zero as the contact area between the two streams becomes sufficiently
large. The challenge is to minimize the integral (10.24) for a heat exchanger
whose size is fixed. We focus on this constraint next.

The enthalpy increase along one of the two branches of the counterflow is

ṁLcP dT = h ΔT dA (10.25)

where dA is the stream-to-stream contact area contained in the slice of height
dT (Fig. 10.9) and h is the overall heat transfer coefficient based on dA. The
fixed area of the counterflow heat exchanger and eqs. (10.23) and (10.25) place
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an integral constraint on the function Q̇(T):

A = ∫
T0

TL

(ṁLcP)2

hQ̇
dT (10.26)

The variational calculus solution to the problem of minimizing the Ṡgen integral
(10.24) subject to the A constraint (10.26) is [1, 11]

Q̇opt =
(

ṁLcP

hA
ln

T0

TL

)

ṁLcPT (10.27a)

Ṡgen,min =
(

ṁLcP

hA
ln

T0

TL

)2

hA (10.27b)

where both h and cP are assumed constant throughout the temperature interval
T0 − TL. The special physical meaning of the dimensionless constant placed in
brackets of eqs. (10.27a,b) becomes evident if we use the convective heat-leak
expression (10.23):

ṁLcP

hA
ln

T0

TL
=
(ΔT

T

)

opt
(constant) (10.28)

The optimal ratio ΔT∕T decreases as the number of heat transfer units of the
heat exchanger hA∕ṁLCP increases.

In conclusion, the optimal Q̇ and stream-to-stream ΔT must be proportional
to the absolute temperature T . This means that the optimal intermediate cooling
effect must be distributed evenly along the temperature interval spanned by the
counterflow heat exchanger, (dQ̇∕dT)opt = const.

A related problem is to determine the heat exchanger configuration for which
A is minimum while the overall irreversibility of the apparatus is fixed. The
problem consists of minimizing the A integral (10.26) subject to the Ṡgen integral
constraint (10.24). The result is again the constant-ΔT∕T rule:

ΔT
T

=
Ṡgen

ṁLcP ln (TH∕TL)
(constant) (10.29)

where Ṡgen is the fixed entropy generation rate of the heat exchanger.

10.4.2 Bioheat Transfer

An important aspect of this 1979 counterflow heat exchanger analysis [1] is that
good thermal contact in the stream-to-stream direction is equivalent to good
thermal insulation in the end-to-end direction. This aspect was first published



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 480�

� �

�

480 REFRIGERATION

in 1974 [23], and later emphasized in Refs. 1 and 5, where it was shown that
eqs. (10.23) and (10.25) can be combined into

Q̇ =
(ṁLcP)2

hp

dT
dx

(10.30)

In this equation, p is the perimeter of contact between the two streams,
dA = p dx, and x is the position measured along the streams, toward higher
temperatures.

Equation (10.30) shows that the convective heat current carried by the coun-
terflow is proportional to the longitudinal temperature gradient and the flow rate
squared. This longitudinal convective heat transfer effect was also used in 1985
by Weinbaum and Jiji [12] in a model of heat transfer in vascularized tissues
to account for the countercurrent pairs of thermally significant blood vessels.
In their model, eq. (10.30) makes an additional, convective contribution to the
traditional effect of conduction through the living tissue.

More recently, the convective heat leaks along counterflow pairs of blood
vessels were used to estimate the rate of body heat loss through the dendritic
vascularization in the tissue under the skin of an animal [13–15]. The blood
flow structure consists of trees of arterial blood flow mated with trees of colder
venous blood flow. This arrangement is an insulation feature that, like hair and
fur, minimizes the loss of body heat and allows the animal to function by con-
suming less food (exergy). In accord with the constructal law, the analysis based
on eq. (10.30) and constructal blood tree architectures led to the prediction that
the loss of body heat (the metabolic rate) must vary as the animal body mass
raised to the power 3

4
. This is one of a growing list of animal design relations

that are predicted based on the constructal law (Chapter 13).

10.4.3 Distribution of Expanders

If the optimal intermediate cooling effect is to be provided by a separate stream
of cold gas like the ṁe stream of Fig. 10.6 (right), in the present case we have
(dQ̇∕dT)opt = ṁecP and

(
ṁe

ṁL

)

opt

=
ṁLcP

hA
ln

T0

TL
(10.31)

The flow rate ratio that expresses the imbalance between the warm and cold
branches of the three-stream arrangement shown in Fig. 10.10 is the same as the
ΔT∕T constant of the counterflow heat exchanger, eq. (10.29). The ṁe stream
could be produced through the same method as in Fig. 10.6 (right), provided that
the PH∕PL ratio is large enough so that the expander can embrace the entire heat
exchanger, Te = T0 and Tf = TL. The expander flow rate and the counterflow
imbalance decrease as the number of heat transfer units hA∕ṁLcP increases.
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Figure 10.10 Optimal temperature distribution of an ideal gas counterflow heat
exchanger.

When the temperature span of one expander is too narrow relative to T0 − TL,
the tapering of the ΔT versus T distribution can be achieved by installing two
or more expanders along the main heat exchanger. This technique is illustrated
in Fig. 10.11 for a sequence of one, two, and three expanders. There exists an
optimal position for inserting each expander along the T0 − TL scale. One effect
of the string of expanders is that the flow rate handled by the counterflow heat
exchanger decreases in the direction of lower temperatures. In other words, the
cold-end flow rate (ṁL) that removes the refrigeration load is smaller than the
flow rate processed by the room temperature compressor (ṁ0).

The relationship between the distribution of expanders and the overall per-
formance of the cycle is illustrated by the continuous distribution shown in
Fig. 10.12. In each temperature interval dT , the high-pressure stream loses a
fraction of its flow rate, dṁ. This fraction is expanded through a small isother-
mal expander, as shown on the right side of Fig. 10.12. The expander power
output dẆ is less than the output of a reversible and isothermal expander work-
ing between PH and PL; therefore, we model dẆ as

dẆ = 𝜂edẆmax
(reversible and
isothermal)

= 𝜂e(dṁ) RT ln
PH

PL
(10.32)



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 482�

� �

�

482 REFRIGERATION

Figure 10.11 Tapering of the TPH
− TPL

versus TPL
distribution, by using one, two, and

three intermediate expanders.

Figure 10.12 Counterflow heat exchanger with continuously distributed isothermal
expanders.
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where the efficiency 𝜂e is less than 1. The expander producing dẆ can be viewed
as a reversible and isothermal expander working between PH and the intermedi-
ate pressure Pi, followed by a throttle between Pi and PL. The “internal” effect
of the expander is the cooling of the counterflow heat exchanger segment (dT):
Note the white “heat transfer” arrow absorbed by the isothermal expander.

We are interested in the flow rate distribution ṁ(T) and how this affects the
ratio of refrigeration load divided by room temperature compressor power. The
first-law statement for the dT segment is

(𝜂ebT − ΔT) dṁ = ṁ d(ΔT) (10.33)

where
b = R

cP
ln

PH

PL
(10.34)

The product 𝜂eb is a number of order 1, whereas in most designs ΔT∕T is less
than 0.1. Therefore, neglecting the ΔT term on the left side of eq. (10.33),
assuming that 𝜂e is constant and the constant-ΔT∕T rule (10.29) holds, the
first-law statement can be integrated to yield the flow rate distribution:

ṁ
ṁ0

=
(

T
T0

)v

(10.35)

The exponent v is a constant smaller than 1:

v =
ΔT∕T

𝜂eb
(10.36)

The value of this exponent (or of ΔT∕T) can be calculated from the heat
exchanger area constraint (10.25)–(10.26), which in this case reads

A = ∫
T0

TL

ṁcP

h ΔT
dT (10.37)

Keeping in mind that ṁ is a function of temperature, the result of combining
eqs. (10.35)–(10.37) is

Ntu,0 𝜂eb = 1
v2

[

1 −
(

TL

T0

)v]

(10.38)

which for v ≪ 1 means that

v ≅
ln(T0∕TL)
Ntu,0 𝜂eb

≪ 1 (10.39)

The number of heat transfer units Ntu,0 is based on the largest flow rate:

Ntu,0 = hA
ṁ0cP

(10.40)
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Examining eq. (10.35), we see that the flow rate ṁ(T) decreases toward lower
temperatures, the decrease becoming more pronounced as v increases—that is,
as the expanders and the heat exchanger become less efficient. This trend is even
more visible in the construction of the Q̇L∕Ẇc ratio. If we model the room tem-
perature compressor as an isothermal compressor with the efficiency 𝜂0, then

Ẇc =
1
𝜂0

ṁ0RT0 ln
PH

PL
(10.41)

Similarly, if the low-temperature expansion and refrigeration load removal are
effected by means of an isothermal expander of efficiency 𝜂L,

Q̇L = 𝜂LṁLRTL ln
PH

PL
(10.42)

and finally,
Q̇L

Ẇc

≅ 𝜂L𝜂0

(
TL

T0

)1+v

(v ≪ 1) (10.43)

This is the figure of merit, and it decreases as soon as one of the components
of the installation becomes less efficient: Note the monotonic relationships
between Q̇L∕Ẇc and 𝜂L, 𝜂0, or Ntu,0, or 𝜂e.

One final observation concerns the mass flow rate function ṁ(T) [eq. (10.35)].
The flow rate becomes temperature independent as v approaches zero. On the
other hand, the constant-ΔT∕T rule used to derive eq. (10.35) applies when the
flow rate of the balanced counterflow heat exchanger is constant, ṁ = ṁL [eqs.
(10.23)–(10.29)]. These observations suggest that the conclusions drawn based
on the analysis presented above are valid only for vanishingly small v’s. The
more general problem of optimizing the installation of Fig. 10.12 when ΔT∕T
is not necessarily negligible was proposed in the first edition of this book and
is still unsolved. The chief unknown in this new problem is the thermodynami-
cally optimal ΔT∕T function that must replace the simple constant-ΔT∕T rule
invoked until now. One additional source of irreversibility in the more general
problem is the inefficient operation of the continuously distributed isothermal
expanders: that is, the effect of 𝜂e < 1. One step in the direction of solving this
new problem is made in Problem 10.4.

10.4.4 Insulation

The intermediate cooling technique encountered in the optimization of the
counterflow heat exchanger has general applicability in the design of the many
features that constitute thermal insulation [1]. Consider the heat leak along a
one-dimensional mechanical support stretching from T0 to TL (Fig. 10.13a):

Q̇ = kAc
dT
dx

(10.44)
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Figure 10.13 Elements of thermal insulation: (a) mechanical support without interme-
diate cooling; (b) continuous cooling provided by a single stream of cold gas; (c) discrete
cooling concentrated in two cooling stations; (d) continuous cooling provided by boil-off
gas; (e) continuous cooling for two parallel insulations (e.g., two mechanical supports);
(f) discrete cooling of a stack of N − 1 radiation shields; (g) continuous single-stream
cooling of an electrical power cable.



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 486�

� �

�

486 REFRIGERATION

where k(T) is the thermal conductivity of the structural material, and Ac and x
represent the cross-sectional area pierced by Q̇, and the longitudinal coordinate
measured in the direction TL → T0. Note that Q̇ flows toward lower tempera-
tures. The Fourier law (10.44) can be written as an integral constraint on the
heat-leak function Q̇(T):

L
Ac

= ∫
T0

TL

k

Q̇
dT (10.45)

where L is the length of the support (the length of the heat-leak path). The
entropy generation rate contributed by the entire support is given by the same
integral as in eq. (10.24).

The problem of selecting the optimal function Q̇(T) or the optimal interme-
diate cooling effect dQ̇∕dT is the same as the problem that ended with eqs.
(10.27)–(10.29). The optimal design of a mechanical support is represented
by [1, 11]

Q̇opt =
(

Ac

L ∫
T0

TL

k1∕2

T
dT

)

k1∕2 T (10.46)

Ṡgen,min =
Ac

L

(

∫
T0

TL

k1∕2

T
dT

)2

(10.47)

The superiority of this design relative to the simple no-cooling design in
which Q̇ is constant can be illustrated by considering the special case of a
constant-conductivity structural material. Setting k = k0 (constant) in eqs.
(10.46) and (10.47), we obtain

Q̇opt =
(

k0Ac

L
ln

T0

TL

)

T (10.48)

Ṡgen,min =
k0Ac

L

(

ln
T0

TL

)2

(10.49)

The optimal heat-leak function is proportional to the absolute temperature,
which means that the intermediate cooling effect must be distributed evenly
along the support. If the intermediate cooling is provided by a cold stream
of constant-cP gas like the ṁe stream in Fig. 10.13b or on the left side of
Fig. 10.10, the optimal flow rate of this stream can be calculated by writing
ṁecP = dQ̇opt∕dT . The entropy generation reduction due to the use of inter-
mediate cooling is illustrated dividing Ṡgen,min of eq. (10.49) by the entropy
generation rate of the same support in the absence of any intermediate cooling:

Ṡgen,no cooling = k0
Ac

L
(T0 − TL)

(
1
TL

− 1
T0

)

(10.50)
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Figure 10.14 Entropy generation reduction due to the use of optimal intermediate cool-
ing on a constant-conductivity mechanical support. (From Ref. 5.)

The resulting ratio is the entropy generation number NS of Fig. 10.14:

NS =
Ṡgen,min

Sgen, no cooling
=

T0

TL

[
ln (T0∕TL)
T0∕TL − 1

]2

(10.51)

The irreversibility reduction is sizable in cryogenic applications, where T0∕TL
can be on the order of 10 or larger. The entropy generation number NS (or its
inverse) was introduced in the work assembled in Ref. 5 and was adopted in the
engineering and physics literature that followed.

The thermal conductivity of most structural materials varies strongly with
the temperature, particularly at low temperatures. Consequently, the one-stream
intermediate cooling design discussed in the preceding paragraph can approach
approximately the irreversibility minimum listed in eq. (10.47). In such cases,
one still faces the question of determining the optimal coolant flow rate of the
single-stream arrangement. Answers to this question are presented in Ref. 15
for a number of common low-temperature structural materials.

Two reviews [16, 17] showed that a significant amount of work has
been done on the implementation of the intermediate cooling principle in
engineering devices and installations. For example, one aspect of the cooling
of low-temperature mechanical supports is the design and fabrication of the
stream-to-solid heat exchanger that effects the intermediate cooling demanded
by the heat-leak function Q̇opt(T). This is a difficult task, because to bring a
gaseous stream in contact with a solid structural member means to weaken
the solid by machining holes and channels in it. The fabrication of the heat
exchanger is less difficult and more economical if, instead of building a contin-
uous heat exchanger from TL to T0 between the gas stream and the mechanical
support, one builds a sequence of discrete points of thermal contact (discrete
cooling stations) (Fig. 10.13c). The optimal heat-leak function demanded by
eq. (10.46) is approximated in this case by a stepwise-varying function.
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A simpler discrete-cooling problem is to find the optimal location of cool-
ing stations along a mechanical support (or any other insulation element) that is
cooled by a stream of boil-off gas [18]. In many applications, the cold space (TL)
is not cooled steadily by a refrigerator but is cooled by a pool of liquefied refrig-
erant (e.g., liquid helium) (Fig. 10.13d). The pool generates naturally a stream
of vapor (“boil-off”) that is proportional to the total heat leak reaching the cold
space, Q̇L. One must determine only the spatial distribution of discrete-cooling
stations, because the gas flow rate no longer constitutes a degree of freedom
in the design. The geometric layout of the problem can be seen by combining
Figs. 10.13c and d.

The insulation structure of any low-temperature installation contains more
than one heat-leak path. This is shown in Fig. 10.13e by means of two mechan-
ical supports in parallel. Another example of two parallel insulation elements
would be the long counterflow heat exchanger of Fig. 10.9 and the mechanical
support structure that connects the TL zone with the room temperature casing.
The intermediate cooling regime of parallel insulation elements can be opti-
mized similarly [19]. One conclusion is that parallel insulations must be fitted
with optimum continuous distributions of intermediate cooling along both legs
of the insulation.

Another thermal insulation strategy is the use of radiation shields. The
design of a stack of radiation shields follows the same entropy generation
minimization route as the optimization of counterflow heat exchangers and
one-dimensional mechanical supports [1, 5]. If the number of shields is
sufficiently large, the variational results (10.46) and (10.47) continue to apply,
provided we make an appropriate change in notation. Let N − 1 be the number
of parallel radiation shields suspended in the vacuum between T0 and TL
(Fig. 10.13f). The heat transfer rate between two adjacent shields is

Q̇i = 𝜎AcF(T4
i+1 − T4

i ) (10.52)

where 𝜎 is the Stefan–Boltzmann constant, Ac is the shield area (the cross
section pierced by Q̇i), and F is the effective view factor that accounts for the
emissivities of the two surfaces. In the limit N → ∞, the shield-to-shield heat
leak approaches [5]

Q̇i → 4𝜎AcFT3
i

ΔTi

Δi
(10.53)

where ΔTi = Ti+1 − Ti and Δi = (i + 1) − i. In the many-shield limit,
eq. (10.53) plays the same role as the Fourier law (10.44) in the optimization
of mechanical supports. Writing Q̇(T) instead of Q̇i(Ti) and integrating across
the N-thick stack of shields, we obtain the integral constraint:

N
Ac

= ∫
T0

TL

4𝜎FT3

Q̇
dT (10.54)

Comparing this constraint with eq. (10.45), we see that we can apply the
results (10.46) and (10.47) to radiation shielding if we make the transformation
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L → N and k → 4𝜎FT3. As a first approximation, then, the effective thermal
conductivity of a stack of many shields increases with the temperature as T3.
Finally, the optimal heat-leak function derived from eq. (10.46) can be com-
bined with eq. (10.53) to determine the optimal distribution of shield tempera-
tures and the cooling effect that must be provided to each shield.

When the number of shields is small, the variational results used above do
not apply. Instead of the heat-leak integral (10.24), we now have to minimize
the sum of the entropy generation rates associated with the N shield-to-shield
temperature gaps (Fig. 10.13f ):

Ṡgen =
N∑

i=1

𝜎AcF(T4
i+1 − T4

i )
(

1
Ti

− 1
Ti+1

)

(10.55)

Solving the system of N − 1 equations

𝜕Ṡgen

𝜕Ti
= 0 (i = 1, 2,… ,N − 1) (10.56)

is sufficient for determining the optimum set of shield temperatures Ti, while
Ac and N are assumed fixed. Once the optimal Ti’s are known, one can use
eq. (10.52) to calculate the optimal stepwise distribution of heat leak across the
stack. The difference between two adjacent heat-leak values in this stepwise
distribution represents the optimal cooling effect that must be applied to the
shield that separates these two values (Fig. 10.13f ):

Q̇i+1 − Q̇i = cooling rate of the ith shield (10.57)

The thermodynamic optimization of radiation shielding is covered exten-
sively in the literature [16]. A study that combines the optimization of conduct-
ing supports with that of radiation shields was reported by Chato and Khodadadi
[20], who considered a one-dimensional insulation with the effective thermal
conductivity

k = k1 Tm + k2 Tn (10.58)

where m ≅ 1 accounts for the contribution of pure conduction (at low tem-
peratures) and n ≅ 3 accounts for the presence of radiation heat transfer. This
effective thermal conductivity is a good model for thermal insulation structures
consisting of cooled shields and structural material built into the gaps between
shields. Chato and Khodadadi’s problem leads not only to the optimal distri-
bution of shield temperatures but also to the optimal spacing (conduction path)
between two adjacent shields.

As a last example, consider an electrical power cable that crosses the tem-
perature gap T0 − TL. The thermodynamic optimization of this class of systems
[5, 16] leads to the conclusion that an optimal distribution of lateral cooling
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must be provided to the cable if the cable is to perform its task (the transfer
of the electrical current I) with minimum irreversibility. The new feature here
is that the entropy generation is due to two effects, the heat conduction along
the cable and the dissipation of electrical power in the resistance posed by the
cable. An additional function of the lateral cooling effect is to prevent the cable
from overheating and burning up.

The simplest model for illustrating this design methodology is to consider a
cable of length L, cross-sectional area Ac, thermal conductivity k0 (constant),
and electrical resistivity that varies as T:

𝜌e =
L0

k0
T (10.59)

In writing eq. (10.59), we are assuming that the cable material obeys the
Widemann–Franz law [21], in which L0 = 2.45 × 10−8 (W∕A ⋅ K)2. It is not
difficult to show that, based on the present model, the total entropy generation
rate of the cable assumes the form [5, p. 199]

Ṡgen = ∫
T0

TL

Q̇

T2
dT +

L0I2L

k0Ac
(10.60)

where Q̇(T) is the longitudinal heat leak. The key observation is that the sec-
ond term on the right side is a constant and the geometry constraint (10.45)
applies here as well. It means that the conduction heat leak that minimizes
eq. (10.60) is the same as in eq. (10.48): Combining that Q̇opt(T) expression
with the Fourier law (10.44) with k = k0 yields the optimal temperature distri-
bution along the cable,

Topt(x) = TL exp

(
x
L

ln
T0

TL

)

(10.61)

In conclusion, the optimal cable temperature distribution is independent
of the electrical current I. To maintain this distribution (i.e., to apply the
appropriate distribution of intermediate cooling), one must take into account
the electrical power dissipation. The optimal intermediate cooling regime
demanded by eq. (10.61) can be achieved by cooling the cable with a single
stream of cold gas (Fig. 10.13g). The flow rate of this stream is obtained by
combining eq. (10.61) with the first law for a cable slice of thickness dx [22]:

k0Ac
d2T
dx2

− ṁcP
dT
dx

+ 𝜌e
I2

Ac
= 0 (10.62)

The result is
ṁcPL

k0Ac
= ln

T0

TL
+
(

ln
T0

TL

)−1
(

IL1∕2
0 L

k0Ac

)2

(10.63)



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 491�

� �

�

INTERMEDIATE COOLING 491

Figure 10.15 The operating domain of a current cable stretching from 300 to 4.2 K.
(From Ref. 23.)

In conclusion, the optimal flow rate generally increases as I increases. The opti-
mal flow rate–current operating curve (10.63) is shown in the dimensionless
plane of Fig. 10.15, for a liquid-helium temperature application, TL = 4.2 K,
T0 = 300 K [23]. The zero-current point on this operating curve indicates the
optimal flow rate for a one-dimensional conducting support with constant ther-
mal conductivity, as was observed immediately below eq. (10.49). The optimal
operating curve is situated close to the curve of “self-sufficient” operation, when
the coolant flow rate matches the boil-off generated by the cable cold-end heat
leak Q̇L that reaches the liquid-helium space (as in Fig. 10.13d). Figure 10.15
shows the “burn-up” domain in which a steady-state temperature distribution
cannot exist. This feature is due to the thermal runway instability caused by the
fact that the resistivity 𝜌e increases with the temperature [eq. (10.59)].

Recalling the entropy generation minimization (10.49), we see that in the
present case the minimum of eq. (10.60) must be

Ṡgen,min =
k0Ac

L

(

ln
T0

TL

)2

+
L0I2L

k0Ac
(10.64)

This expression shows the competition between heat conduction and electrical
resistance irreversibilities; to see this competition better, imagine varying the
cable cross-sectional area. We reach the interesting conclusion that, in addition
to the optimal intermediate cooling regime (10.63), there exists an optimal cable
size for minimum irreversibility [5, p. 201]:

Ac,opt =
IL1∕2

0 L

k0 ln (T0∕TL)
(10.65)
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This follows from minimizing eq. (10.64) with respect to Ac. The optimal cable
cross-sectional area increases linearly with the current and the cable length.
Said another way, the cable profile Ac∕L is proportional to the current.

10.5 LIQUEFACTION

According to the refrigeration load formula (10.9), successful and efficient
refrigeration requires a combination of two design features: (1) one or more
paths by which the refrigeration load can exit the cold zone [two such paths
account for the two-term expression for (Q̇L∕ṁ)max under eq. (10.9)] and
(2) the minimization of the total heat leak into the cold zone. Starting with
Fig. 10.4 and eq. (10.7), we recognized the top end of the counterflow heat
exchanger as the entrance of the convective heat leak Q̇leak, which is due to the
finite size of the heat exchanger. In Section 10.4.4 we learned that the possible
heat-leak paths are numerous (Fig. 10.13) and they can all be obstructed by
applying the general principle of intermediate cooling. More recently, this
principle of the generation of configuration in refrigeration machines was
shown to be a special case of the constructal law [13].

10.5.1 Liquefiers versus Refrigerators

The feature that distinguishes the liquefier of Fig. 10.16 from the refrigerator
on the right side of Fig. 10.4 is that a fraction (xl) of the cold-end flow rate (ṁ)
is separated as liquid and stored for later use. The steady-state operation of the
liquefier is preserved by replenishing the low-pressure stream with a stream of
room temperature makeup gas (xlṁ) right before entering the compressor.

From the point of view of the operator who supplies the makeup gas (T0, PL)
and collects an equal mass flow rate in liquid form (TL, PL), the stream xlṁ
simply “descends” through the cold zone of the closed-loop refrigerator whose
cold-end flow rate is ṁ. This is illustrated on the right side of Fig. 10.16. What
in the preceding discussion of refrigeration cycles was labeled Q̇L is now used
to deliver the final cooling to the xlṁ sidestream and liquefy it. The connection
between refrigerators and liquefiers is now evident.

The number of expanders that must be used along the main counterflow heat
exchanger depends on the overall ratio T0∕TL and the pressure ratio PH∕PL.
One expander is sufficient in liquid-nitrogen liquefiers, as we shall see in the
numerical example of Fig. 10.18. Helium liquefiers require three expanders
(Fig. 10.17); when liquid nitrogen is readily available at the helium liquefaction
site, the uppermost expander can be replaced by a liquid-nitrogen precooling
stage. Because of the irreversibility of a throttling process, the performance of
refrigerators and liquefiers improves if the Joule–Thomson valve is replaced by
an additional expander. This design change is shown in the lower right section
of Fig. 10.17.
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Figure 10.16 Liquefier with one expander and its relation to a closed-loop refrigerator.

Although we devoted considerable space to the desirability of work-
producing expanders, we can rediscover the same idea in the context of
liquefiers by considering the one-expander installation of Fig. 10.16. If xeṁ is
the flow rate processed by the expander, the total flow rate through the room
temperature compressor is (1 + xl + xe)ṁ. The second-law statement for the
cold zone of the left side of Fig. 10.16 is

Ṡgen = xlṁs9 + (1 + xe)ṁs1 − (1 + xl + xe)ṁs3 ≥ 0 (10.66)

from which we deduce that

xl < (1 + xe)
s1 − s3

s3 − s9
(10.67)

The second law prescribes an upper bound for the liquid fraction (called
the yield) xl. Worth noting is that the denominator (s3 − s9) is fixed by the
high pressure and low temperature of the process, s3(T0,PH) and s9(PL). In



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 494�

� �

�

494 REFRIGERATION

Figure 10.17 Helium liquefier with three expanders (left side) and liquid–nitrogen pre-
cooling (right side).

the limit of negligible top heat exchanger temperature difference (T3 ≅ T1),
the numerator (s3 − s1) approaches the constant R ln (PL∕PH). Therefore,
eq. (10.67) shows that the ceiling value of xl increases as the expander
fraction xe increases. The actual position of the expander on the temperature
scale of the heat exchanger does not affect the ceiling value of xl. However, we
know from the constant-ΔT∕T rule in Section 10.4 that the expander location
will most certainly influence the degree to which the actual xl approaches the
ceiling value listed on the right side of eq. (10.67).

10.5.2 Heylandt Nitrogen Liquefier

Insight into how the design parameters and irreversibilities influence the overall
figure of merit of a liquefier is provided by the numerical example of Fig. 10.18.
They refer to a single-expander Heylandt nitrogen liquefier whose flow circuit
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Figure 10.18 T–s diagram of a Heylandt nitrogen liquefier. See Fig. 10.16 (left side)
with T3 − T1 = 20 K and T7 − T6 = 6 K.

and numbering convention are shown on the left side of Fig. 10.16. The param-
eters that are fixed are

T0 = 300 K PH = 200 atm, ΔPH∕PH = 0 𝜂e = 0.8
TL = 77.4 K, PL = 1 atm, ΔPL∕PL = 0 (10.68)

The pressure ratio is high enough for the expander to embrace most of the coun-
terflow heat exchanger. For this reason, the expander intake is placed at room
temperature (Fig. 10.5, right side), which means that in this example the upper-
most section of the heat exchanger of Fig. 10.16 is absent. To indicate the
absence of the uppermost section, in Fig. 10.16 the top-end states 1 and 3 are
written again at the level of the expander inlet.

In general, the cold zone of this liquefier has four sources of irreversibility:
the finite-size heat exchanger, the throttling from state 8 to state 4, the expan-
sion through the less than perfect expander, and the constant-pressure mixing
between the exhaust from the expander (xeṁ) and the low-pressure stream ṁ.
For simplicity, the irreversibility of mixing the xeṁ and ṁ streams is neglected;
in other words, the states f and 6 are assumed to fall at the same temperature on
the PL isobar. This assumption is shown on the T–s diagram of Fig. 10.18.

The objective is to determine the ratio between the liquefied-stream flow
rate xlṁ and the flow rate through the compressor, so that we could calculate the
compressor power needed to produce one unit (1 kg or 1 L) of liquid nitrogen at
atmospheric pressure. The analysis proceeds by identifying all the states visited
by the working fluid on the T–s diagram. For example, state 6 is determined
easily from the notion that the isentropic efficiency 𝜂e is 80%.
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To pinpoint the heat exchanger state 7, which is positioned vis-à-vis state 6,
we have to make additional assumptions concerning the temperature differences
that exist along the counterflow heat exchanger. For example, Fig. 10.18 was
drawn assuming that ΔTtop = 20 K and ΔTbottom = 6 K, where ΔTtop = T3 − T1
and ΔTbottom = T7 − T6. Assuming these temperature differences is not suffi-
cient, because we have no assurance that the temperature distribution inside the
black box 3–1–6–7 is physically possible. We can use the second law to make
sure that the black box is a source of entropy, not a sink, or we can draw the TPH
versus TPL lines as we learned in Fig. 10.3. The latter course leads to Fig. 10.19,
which shows the temperature distribution inside the counterflow heat exchanger
of Fig. 10.18: the top and bottom ΔT values are 20 and 6 K, respectively.

The chief message of Fig. 10.19 is that the assumed top and bottom ΔT val-
ues are just large enough so that the intersection of the TPH and TPL curves
is avoided (recall that, according to the second law, an intersection is physi-
cally impossible; see p. 467). It follows that the assumption of a ΔTbottom value
smaller than 6 K while holding ΔTtop fixed at 20 K will yield a crossed-over dis-
tribution of TPH and TPL lines, hence an erroneous set of calculations. The same
happens if ΔTtop is assumed smaller than 20 K while holding ΔTbottom = 6 K.
Proceeding in the opposite direction (i.e., away from the origin in Fig. 10.20)
means assuming realistic heat exchangers with progressively smaller Ntu val-
ues. The critical (ΔTtop,ΔTbottom) values for which the TPH and TPL lines are
tangent (pinch) correspond to an infinitely large heat exchanger: Fig. 10.19

Figure 10.19 Temperature distribution inside the imbalanced counterflow heat
exchanger 3–1–6–7 of Fig. 10.18.
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Figure 10.20 Domain of permissible end temperature differences for the design of the
heat exchanger 3–1–6–7 of Fig. 10.18.

shows that the values ΔTtop = 20 K, ΔTbottom = 6 K come close to representing
one such design.

For each finite ΔTbottom there exists a critical ΔTtop below which the heat
exchanger cannot exist. The frontier between allowed and not-allowed (ΔTtop,
ΔTbottom) pairs was drawn roughly in Fig. 10.20 on the basis of four separate
plots like Fig. 10.19. The frontier is also the locus of infinitely large counterflow
heat exchangers, which despite their infinite size and zero pressure drops con-
tinue to contribute a remanent (“imbalance”) irreversibility to the greater system
[5, 16]. The remanent entropy generation is treated in detail in Chapter 11.

Figure 10.20 shows two objectives that are pursued simultaneously by
changing the physical configuration of the flow system. In Fig. 10.20, both
small ΔTtop and small ΔTbottom are desirable. The accessible design region is
occupied by nonequilibrium flow structures [24] that migrate toward the a–d
boundary as the size of the flow system (Ntu) increases. The boundary is the
locus of the equilibrium flow structures. The design domain situated below the
a–d curve is not accessible.

The final phase of these calculations consists of determining the necessary
imbalance between the two streams of the counterflow and all the flow rates
listed in relative terms in brackets around the T–s diagram of Fig. 10.18. This
part of the analysis is based on the first law. Taking as reference the flow rate of
saturated vapor that leaves the two-phase separator, we obtain the results plotted
in Fig. 10.21: the compressor flow rate (1 + xl + xe) and the corresponding yield
(xl) and expander fraction (xe). The letters a–d indicate the four heat exchanger
designs that traced the Ntu → ∞ frontier in Fig. 10.20. The figure-of-merit curve
(Fig. 10.21) is

compressor power

mass flow rate of liquefied gas
=

Ẇc

ṁl
∼

1 + xl + xe

xl
(10.69)
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Figure 10.21 Existence of a minimum compressor flow rate per unit of liquefied
nitrogen.

where ṁl = xlṁ. This curve has a minimum in the vicinity of design b; it means
that investing a large Ntu in the heat exchanger does not represent the end of the
effort of minimizing heat exchanger irreversibility. Moving from design a to
design d, one changes a number of parameters,† including the degree of paral-
lelism (the mean angle) between the TPH and TPL lines of Fig. 10.19. That design
b is the best among the four options a–d is a reflection of the fact that, when
Ntu is fixed, there exists an optimal orientation of the TPH

line relative to the TPL

line. This optimum was the basis for the constant-ΔT∕T rule encountered in
Section 10.4.1. The same rule would have become visible again in Fig. 10.19
had the nitrogen behaved like a constant-cP ideal gas all along the high-pressure
track 3–7.

10.5.3 Efficiency of Liquefiers and Refrigerators

How does the minimum Ẇc∕ṁl ratio (10.69) compare with the ultimate mini-
mum that would characterize a perfectly reversible process? First, we can write
the Ẇc∕ṁl ratio of eq. (10.69) in complete form by modeling the battery of
room temperature compressors and aftercoolers as an isothermal (T0) ideal gas
compressor with the efficiency 𝜂c:

Ẇc = 𝜂−1
c ṁcRT0 ln

PH

PL
(10.70)

†Related changes occur in the irreversibilities due to the throttling process 8 → 4, the intermediate
expansion 3 → 6, and the low-temperature counterflow heat exchanger 7–6–5–8. The last is plagued
by a gaping ΔT, because of the much greater cP value of N2 on the high-pressure side.
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Here ṁc is the compressor flow rate (1 + xl + xe)ṁ; therefore, eq. (10.69)
becomes

Ẇc

ṁl
=

1 + xl + xe

xl
𝜂−1

c RT0 ln
PH

PL
(10.71)

In the case of design b, this ratio equals

(
Ẇc

ṁl

)

b

= 1695
𝜂c

kJ∕kg liquid N2 (10.72)

The price paid for 1 kg of liquefied gas increases if the compressor efficiency
decreases. The lowest value of the Ẇc∕ṁl ratio is the flow exergy of saturated
liquid nitrogen at atmospheric pressure (Problem 10.10):

(
Ẇc

ṁl

)

rev

= ex,f

= bf (PL) − b0(T0,PL)
= 770 kJ∕kg liquid N2 (10.73)

This theoretical value can also be expressed as the minimum mechanical power
required per volumetric flow rate of liquid cryogen,

(
Ẇc

vf ṁl

)

rev

= 173 W ⋅ h∕liter of liquid N2 (10.74)

where vf is the specific volume of saturated liquid nitrogen at atmospheric pres-
sure, 0.001237 m3∕kg. The same limit can be put in dimensionless form by
dividing the minimum power requirement by the refrigeration capacity pro-
vided by the vaporization of the ṁl stream at temperature TL:

Q̇L = ṁlhfg (10.75)

namely, (
Ẇc

Q̇L

)

rev

= 3.87 W∕W (10.76)

Table 10.2 shows the theoretically minimum power required by the liquefaction
of eight cryogenic fluids.

The second-law efficiency or utilization factor of liquefier design b is
obtained by combining eqs. (10.72) and (10.73):

𝜂II =
(Ẇc∕ṁl)rev

(Ẇc∕ṁl)design (b)
= 0.45𝜂c (10.77)
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TABLE 10.2 Minimum Mechanical Power Required by the Liquefaction of Cryogenic
Fluids

Fluid TL (K) (Ẇc∕vf ṁl)rev (W ⋅ h/liter of liquid) (Ẇc∕Q̇L)rev (W/W)

Helium 4.2 236 326
Hydrogen 20.4 278 31.7
Neon 27.1 447 15.5
Nitrogen 77.4 173 3.87
Fluorine 85 238 3.26
Argon 87.3 185 2.95
Oxygen 90.2 195 2.89
Methane 111.5 129 2.15

Source: After Ref. 25.

The product (100ηII) is recognized as the “percent Carnot” of the liquefaction
process. Taking 𝜂c ≅ 0.7 as representative of the efficiency of room temperature
compressors, we find that the highest 𝜂II value among the Ntu → ∞ designs is
𝜂II ≅ 0.3. This conclusion agrees with the efficiency of large-scale liquefiers, as
indicated by Fig. 10.22. In the case of liquefiers, the refrigeration capacity Q̇L
used on the abscissa of Fig. 10.22 is the load removed by the vaporization of
the ṁl stream [eq. (10.75)]. In the case of refrigerators, Q̇L is the load that the
machine removes steadily from TL.

Figure 10.22 Second-law efficiencies of refrigerators and liquefiers. (After Ref. 25.)
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The trend revealed by the data in Fig. 10.22 is that the performance of refrig-
erators and liquefiers deteriorates as they become smaller. This is due to the
greater role played by heat leaks as the machine decreases in size.

Example 10.2. A vessel contains a slowly vanishing amount of temperature TL
liquid cryogen (e.g., liquid helium) boiling at constant pressure under the influence
of the heat leak Q̇L that penetrates the insulation and reaches the pool of liquid. The
boil-off flow rate ṁ escapes through a top vent port into the atmosphere.

(a) Demonstrate that as long as there is liquid inside the vessel the boil-off rate ṁ
is proportional to the heat leak Q̇L and that the proportionality is

Q̇L = ṁ

(

hg −
vg

vfg
uf +

vf

vfg
ug

)

The quantities in the parentheses represent the saturation properties of the
cryogen at atmospheric pressure.

(b) Assuming that the insulation that surrounds the vessel is not cooled at inter-
mediate temperatures between TL and T0 (i.e., that Q̇L originates from room
temperature T0), demonstrate that the boil-off rate ṁ is proportional to the
entropy generation rate of the aggregate system that is colder than T0 (the TL
cryogen and its insulation).

Let Mf and Mg represent the instantaneous inventories of saturated liquid and sat-
urated vapor in the vessel. Since the total volume occupied by Mf and Mg together is
constant, we have

Ṁf vf + Ṁgvg = 0 (a)

where ( ̇ ) = d( )∕dt. The principle of mass conservation requires

Ṁf + Ṁg = −ṁ (b)

Together, eqs. (a) and (b) deliver

Ṁf = −
vg

vfg
ṁ, Ṁg =

vf

vfg
ṁ (c)

The relation between Q̇L and ṁ comes from the first law for the venting vessel as
an unsteady open system,

dU
dt

= Q̇L − ṁhg

Ṁf uf + Ṁgug = Q̇L − ṁhg

which, in view of eqs. (c) above, means that

Q̇L = ṁ

(

hfg −
vg

vfg
uf +

vf

vfg
ug

)

(d)



Trim Size: 6.125in x 9.25in Bejan c10.tex V2 - 08/19/2016 2:22pm Page 502�

� �

�

502 REFRIGERATION

For the entropy generation rate of the open system treated until now we write

Ṡgen =
dS
dt

+ ṁsg −
Q̇L

T0

= Ṁf sf + Ṁgsg + ṁsg −
Q̇L

T0

and, using eqs. (c) and (d),

Ṡgen =
vg

vfg
sfg −

1
T0

(

hfg −
vg

vfg
uf +

vf

vfg
ug

)

(constant)

10.6 REFRIGERATOR MODELS WITH INTERNAL HEAT LEAK

10.6.1 Heat Leak in Parallel with Reversible Compartment

Now we are in a position to shed light on a question about 𝜂II versus Q̇L
(Fig. 10.22). About this figure, Strobridge wrote [25]: “Historically the
contention has been that higher temperature refrigerators (or liquefiers) are
more efficient. The data for refrigeration temperatures between 10 and 30 K
(and 30 to 90 K) refute that notion at least when presented on this common
basis. To be sure, less input power is required to produce the same number
of watts of cooling at higher temperatures, but the losses relative to ideal are
proportionally the same.”

The conclusion regarding the lack of effect of TL on 𝜂II is questionable,
because the effect of TL has been removed intentionally from Fig. 10.22 (note
the wide temperature ranges listed for the actual TL values of the surveyed lique-
fiers and refrigerators). Whether TL has an effect on 𝜂II can be decided by allow-
ing TL to vary while comparing machines of roughly the same size. Lacking
better data, used here are the 𝜂II values that could be read from Fig. 10.22 in the
vertical column of width 102 ≤ Q̇L ≤ 105W. These values were sorted accord-
ing to the temperature ranges 1.8–9 K, 10–30 K, and 30–90 K, and an average 𝜂II
for each range was obtained. The three average values calculated in this manner
are shown as horizontal bars in Fig. 10.23; in each case, the extremities of the
bar indicate the width of the T0∕TL range to which the calculated 𝜂II value refers.
The figure shows a definite trend of higher 𝜂II values toward smaller T0–TLs.
Higher-temperature refrigerators have higher second-law efficiencies indeed.

The challenge is to predict the downward trend of Fig. 10.23 theoretically.
Consider the steady-state refrigeration plant model in Fig. 10.24. The plant
owes its irreversibility solely to the “internal” heat leak Q̇i that flows through
the machine internally: that is, from the ambient temperature level T0 to the
cold-end temperature TL. In an actual refrigeration plant, Q̇i represents the com-
bined effect of heat leaks through components such as the main counterflow
heat exchanger, the supports that tie the cold end (TL) mechanically to the
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Figure 10.23 Empirical data (horizontal bars) showing that 𝜂II decreases as T0–TL
increases and the theoretical curves based on the model of Fig. 10.24.

Figure 10.24 Refrigerator model with heat-leak irreversibility.

room temperature frame of the machine and the thermal insulation system sand-
wiched between TL and T0.

In a machine of fixed size, the simplest model for the combined internal
heat-leak effect Q̇i amounts to writing

Q̇i = Ci(T0 − TL) (10.78)

where the constant Ci is the internal conductance of the refrigeration plant. One
could refine eq. (10.78) by raising the temperature difference T0 − TL to an
exponent if radiation heat leaks and temperature-dependent conductivities are
dominant in the evaluation of Q̇i. It turns out that the simple linear model (10.78)
captures enough of the physics of the refrigeration plant to explain the trend
revealed by Fig. 10.23.
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The model of Fig. 10.24 consists of a Carnot refrigerator (C) in parallel
with the internal conductance discussed previously. Applied only to the Carnot
refrigerator, the second law of thermodynamics states that

Q̇HC

T0
=

Q̇LC

TL
(10.79)

in which Q̇LC is to be distinguished from the refrigeration capacity (load) Q̇L
which is fixed, Q̇LC = Q̇L + Q̇i. Using the second law (10.79) and noting that
the refrigerator power input Ẇ is equal to Q̇HC − Q̇LC, the coefficient of perfor-
mance of the overall plant is

COP =
Q̇L

Ẇ
=

1 − Q̇i∕Q̇LC

T0∕TL − 1
(10.80)

The Carnot limit of this coefficient is (COP)C = (T0∕TL − 1)−1; therefore, the
second-law efficiency of the actual plant modeled in Fig. 10.27 is

𝜂II =
COP

(COP)C
= 1 −

Q̇i

Q̇LC

= [1 + C∗
i (1 − TL∕T0)]−1 (10.81)

In this result, C∗
i is a dimensionless version of the internal conductance intro-

duced in eq. (10.78),

C∗
i = Ci

T0

Q̇L

(10.82)

It is evident from the form of eq. (10.81) that 𝜂II should decrease monoton-
ically as the refrigeration temperature level TL decreases. The same point is
made in Fig. 10.23; we see that a constant-C∗

i curve whose heat-leak number
C∗

i is approximately five passes right through the band of 𝜂II values calculated
based on the data of Fig. 10.22. The second-law efficiency decreases monoton-
ically as C∗

i increases: This trend should be expected, as leakier refrigerated
enclosures make less-efficient refrigeration plants.

One remarkable discovery made possible by this model is that

C∗
i = constant of order 5 (10.83)

recommends itself as an empirical scaling rule of the large population of
built refrigeration plants compiled by Strobridge [25]. This rule states that the
built-in conductance Ci scales with the refrigeration capacity Q̇L and the com-
bined internal leak Q̇i is consistently five times greater than the refrigeration
load Q̇L.
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10.6.2 Time-Dependent Operation

In this section we illustrate the modeling and optimization of a refrigeration
machine with on–off operation. The objective is to determine the optimal
strategy for running the machine or the optimal evolution (pattern) of the pro-
cess in time [16, 26]. The optimization of rhythm is an example of constructal
theory [13].

We are familiar with the frosting and icing on the coils of household refrig-
erators, particularly when these operate in climates of high humidity. A layer
of ice builds up on the visible surface (e.g., bare or finned tubes) of the evap-
orator, which is surrounded by the cold air trapped in the cold space of the
refrigerator. The growth of the ice layer causes an increase in the thermal resis-
tance between the cold space and the even colder evaporator surface. As this
resistance increases, the temperature of the evaporator surface must decrease
to continue to pull the required refrigeration load out of the cold space. At the
same time, the refrigerator compressor uses more electric power to maintain
the cold space at the prescribed temperature level.

Methods of coping with the formation of ice on the evaporator surface consti-
tute a critical technology in the development of modern domestic refrigerators
and freezers. The most common deicing method consists of (1) interrupting the
refrigeration cycle after a certain interval of operation and (2) heating the evap-
orator (electrically, or by convection, or by reverse cycling) to melt the ice layer.
In addition to this on–off operation, some designs call for the use of evaporator
surfaces coated with water-repelling substances which prevent the stagnation
of water droplets on the surface.

The first objective is to prove that there exists an optimal on–off sequence for
which the average power required by the refrigerator is minimum. Figure 10.25
shows the simplest features of a refrigerator that experiences icing on its
evaporator surface (Tmin). The purpose of the refrigerator is to maintain the
temperature of the refrigerated space (cold box) at a low level, TL, despite
the average heat transfer rate q that leaks steadily through the insulation
surrounding the cold space. The heat leak q reaches the cold box TL and is
removed as Q̇ during the interval t1 when the refrigerator is turned on:

Q̇ =
q(t1 + t2)

t1
(10.84)

Each t1 interval is followed by a time interval t2 during which the refrigerator is
turned off and the evaporator surface is being deiced. In this simplest treatment,
we assume that the defrosting time interval t2 is known and fixed and the electric
power used for melting the ice layer is negligible. The time interval in which
the refrigerator must be left running, t1, is the unknown. The refrigerator load
Q̇ is greater than the heat leak q, because the latter is being accumulated in the
thermal inertia of the cold box during the time interval when the refrigeration
cycle is turned off. We are assuming for simplicity that the cold-box thermal
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Figure 10.25 Model of a refrigerator with unsteady operation and frost accumulation
on the evaporator surface. (From Ref. 26.)

inertia is large enough so that the temperature TL is practically constant during
each on–off cycle of total time length t1 + t2.

The refrigeration cycle that operates between the ambient (T0) and the
inner evaporator surface (Tmin) is irreversible, with a second-law efficiency 𝜂II
assumed constant and known. The 𝜂II value accounts for all the irreversibility
features other than the finite temperature difference TL − Tmin; for example,
the compressor isentropic efficiency less than 1, the throttle, the pressure drops
along the ducts, and the finite size of the room temperature condenser. These
features have been discussed earlier in this chapter. Here they are lumped
into a constant 𝜂II value between 0 and 1, because they are peripheral to the
question posed in this problem and, as a good approximation, are insensitive
to the formation of ice on the evaporator surface.

The feature that is affected by the formation of ice is the temperature gap
TL − Tmin, which increases as the ice layer becomes thicker. The refrigeration
load is driven into the evaporator by the temperature difference TL − Tmin,

Q̇ =
( 1

hA
+ 𝛿

kA

)−1

(TL − Tmin) (10.85)

where A, h, 𝛿, and k are the evaporator surface, the convective heat transfer coef-
ficient between the cooled material and the ice surface, the ice thickness, and
the ice thermal conductivity, respectively. We further assume that A and h are
constant and independent of 𝛿. Experiments with household refrigerators reveal
that the ice layer thickness increases proportionally with the time of operation:

𝛿 = at (10.86)
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The rate of ice buildup, a, is assumed known from direct measurements. The
power required by the refrigerator during the “on” interval t1 is

Ẇ = 1
𝜂II

Q̇

(
T0

Tmin
− 1

)

(10.87)

for which Q̇ is furnished by eq. (10.85). The total work required during the
interval t1 is

W = ∫
t1

0
Ẇ dt (10.88)

This work is used for the purpose of removing the corresponding heat leak Q̇t1,
or q(t1 + t2). The figure of merit of the overall on–off sequence of operation
is the ratio W∕q(t1 + t2). We show next that this ratio can be minimized by
choosing an optimal time of refrigerator operation, t1.

By combining eqs. (10.84)–(10.88) it is possible to express the average
power requirement W∕(t1 + t2) in nondimensional form:

𝜂IIW

q(t1 + t2)
=

(T0∕TL)
Bi(1 + 𝜏)

ln
H − 1 − 1∕𝜏

H − 1 − (1∕𝜏) − Bi(1 + 𝜏)
− 1 (10.89)

where Bi is the Biot number [21] based on the ice thickness of size at2, namely,
Bi = hat2∕k, and H is the nondimensional counterpart of the convective heat
transfer coefficient between the evaporator surface and the refrigerated space,
H = hATL∕q. The Biot number may be viewed as a nondimensional rate of ice
accumulation. The nondimensional time 𝜏 is proportional to the time interval
of refrigerator operation:

𝜏 =
t1
t2

(10.90)

Equation (10.89) shows that the ratio work/(heat leak) is a function of four
dimensionless numbers, 𝜏, H, Bi, and T0∕TL. Only 𝜏 represents a degree of
freedom in the operation of the system, while the other three numbers are fixed
as soon as the apparatus is constructed. In Fig. 10.26 we see that there exists
a special time 𝜏 (or t1) for the minimum work/(heat leak) ratio: that is, a best
moment when the refrigeration should be interrupted to deice the evaporator.
The small- and large-time asymptotes of all the curves shown in Fig. 10.26 are
quite steep and stress the importance of knowing the optimal 𝜏 value.

The optimal operating time is reported in Fig. 10.27. This was obtained
numerically by minimizing the expression listed in eq. (10.89). Unlike the right
side of eq. (10.89), which depends on four parameters including T0∕TL, the
optimal time 𝜏opt is a function of only two parameters, Bi and H. The figure
shows that the optimal time of refrigerator operation is almost proportional to
the inverse of Bi. The minimum average power input that corresponds to this
optimal regime of operation can be calculated by substituting into eq. (10.89)
the 𝜏opt(Bi,H) value read off Fig. 10.27.
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Figure 10.26 Minimization of the refrigerator power by selecting the “on” interval of
intermittent operation. (From Ref. 26.)

Figure 10.27 Optimal “on” interval of an intermittent defrosting refrigerator. (From
Ref. 26.)

The effect of the electric power used during the t2 interval to melt the ice
layer was analyzed in Ref. 26. A much more realistic model of a defrosting
refrigerator based on the vapor compression cycle was optimized using the
same approach in Ref. 27. The optimization of the on–off process treated in
this section has analogues in the fields of ice manufacturing [16, 28, 29], the
periodic removal of scale (fouling) from the heat exchangers of power plants
[16 ,26], and animal design (respiration, blood circulation) [30].

Another trade-off occurs between the compressor power savings due to
optimally distributed heat removal and the associated penalty in cooling-water
pumping power [31].The mechanical power required for compressing a
gas is smaller when the gas is colder. This is the basis for the technique of
cooling compressors: The gas temperature is kept as low as possible while
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the pressure is raised. When the cooling is provided by an auxiliary stream of
cold water, more cooling means more water flow and more pumping power.
The design opportunity is to discover at the most fundamental level the
configuration, or the architecture of distributed heat transfer subject to size
constraints, in accordance with the constructal design for optimal distribution
of imperfection [13].

The fundamental work on refrigeration continues. Organ’s book [32] on the
state of the art on the Stirling cycle and pulse tube refrigeration is recommended.
The thermodynamic optimization of vortex tube refrigeration also continues to
be an active field [33].

10.7 MAGNETIC REFRIGERATION

The structure of the preceding coverage of refrigeration concepts and methods
is one that highlights the progress toward lower temperatures. This structure
shows persistence in the face of increasingly greater obstacles posed by the ther-
modynamic irreversibilities as the achieved low temperature decreases: Note
the monotonic relation between 𝜂II and TL in Fig. 10.23. The same structure
can also be appreciated from a historical point of view because, as illustrated
in Fig. 10.28, the refrigeration history of the past century is also a history of
progress toward absolute zero.

The technological breakthrough that is responsible for the modern work
at temperatures below 1 K is Debye and Giauque’s independent invention
of “magnetic refrigeration” or, more specifically, the process of adiabatic
demagnetization [34, 35]. This development is analogous to Claude’s use of an
intermediate-temperature expander to provide to the refrigeration load another
exit out of the cold zone of the machine. In the process of adiabatic demagneti-
zation, the “working substance” that occupies the coldest region of the machine
is allowed to do work on its environment. The work output is of the magnetic
kind, while the working substance is not a fluid but a solid (a paramagnetic salt).

10.7.1 Fundamental Relations

Consider an amount of solid paramagnetic material—that is, a substance (or
body) that in the absence of a magnetic field is not a magnet. If this substance
is subjected to a magnetic field, its permeability does not depart appreciably
from unity. According to the theory of electromagnetism, during a process
of magnetization the microscopic magnetic dipole moments of the material
oppose changes made in their orientation—hence, the infinitesimal magnetic
work transfer interaction:

𝛿W∗ = −ℋ dℳ (10.91)

where ℋ is the intensity of the applied magnetic field and dℳ is the increase in
the magnetization (i.e., total magnetic moment) of the material. The minus sign
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in eq. (10.91) is contrary to the convention used in low-temperature physics;
it is, however, consistent with the heat engine sign convention of engineering
thermodynamics, and it states that to increase the magnetization of our system
(dℳ > 0), work must be done on the system (𝛿W∗ < 0). The work is done by
the entity that creates the magnetic field of intensity ℋ . If that entity is an
electrical coil powered by a battery, then, as our system experiences the mag-
netization increase dℳ, the coil experiences an electromotive force that acts
toward diminishing the work dissipated by Joule heating in the coil, while the
total electrical work done by the battery does not change. A dℳ size portion of
the battery work that would have been dissipated by the coil is now transferred
to the paramagnetic solid system.

The system possesses three modes of reversible energy interactions: heat
transfer (T dS), mechanical work (P dV), and magnetic work (−ℋ dℳ). For
the immediate vicinity of an equilibrium state, we can write

dU∗ = T ds − P dV +ℋ dℳ (10.92)

where U∗ is the internal energy of the paramagnetic solid. The processes
described next occur at atmospheric pressure; they are also accompanied by
negligible changes in the volume of our solid; therefore, we retain the simpler
form

dU∗ = T ds +ℋ dℳ (10.93u)

Recognizing a fundamental relation of type U∗(S,ℳ) behind eq. (10.93u), we
repeat the string of Legendre transforms outlined in Table 4.3 and obtain the cor-
responding differential forms for the magnetic enthalpy, Helmholtz free-energy
functions, and Gibbs free-energy functions:

H∗(S,ℋ ) = U∗ −ℋℳ, dH∗ = T dS −ℳ dℋ (10.93h)

F∗(T ,ℳ) = U∗ − TS, dF∗ = −S dT +ℋ dℳ (10.93f)

G∗(T ,ℋ ) = U∗ − TS −ℋℳ, dG∗ = −S dT −ℳ dℋ (10.93g)

Finally, examining the partial differential coefficients in the differential forms
(10.93u)–(10.93g), we deduce the corresponding “Maxwell relations”:

(
𝜕T
𝜕ℳ

)

S
=
(
𝜕ℋ
𝜕S

)

ℳ

(10.94u)

(
𝜕T
𝜕ℋ

)

S
= −

(
𝜕ℳ
𝜕S

)

ℋ
(10.94h)

−
(
𝜕S
𝜕ℳ

)

T
=
(
𝜕ℋ
𝜕T

)

ℳ

(10.94f)

(
𝜕S
𝜕ℋ

)

T
=
(
𝜕ℳ
T

)

ℋ
(10.94g)
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One purpose of this analytical formulation is to show that during a process
of isentropic demagnetization the system can be expected to experience a drop
in temperature. Two additional measurable quantities are useful at this junc-
ture: the heat capacity at constant magnetization (Cℳ) and the heat capacity at
constant intensity (Cℋ ). The former is defined as the incremental heat transfer
(ΔQ)ℳ responsible for the temperature rise ΔT while ℳ remains fixed [i.e.,
during a zero-work process, eq. (10.93u)]; hence, (ΔQ)ℳ = (ΔU∗)ℳ and the
partial differential definition:

Cℳ =
(
ΔQ
ΔT

)

ℳ

=
(
𝜕U∗

𝜕T

)

ℳ
(10.95)

Alternatively, since (ΔQ)ℳ = T(ΔS)ℳ , the heat capacity at constant magneti-
zation is also defined as

Cℳ = T
(
𝜕S
𝜕T

)

ℳ
(10.96)

The heat capacity at constant intensity Cℋ is defined as the heat trans-
fer increment needed to raise the system’s temperature by an amount
ΔT while ℋ is constant. The heating is accompanied by magnetic work
(ΔQ)ℋ = (ΔU∗)ℋ −ℋ (Δℳ)ℋ = Δ(H∗)ℋ ; therefore,

Cℋ =
(
ΔQ
ΔT

)

ℋ

=
(
𝜕H∗

𝜕T

)

ℋ
(10.97)

More useful is the second definition resulting from (ΔQ)ℋ = T(ΔS)ℋ ,

Cℋ = T
(
𝜕S
𝜕T

)

ℋ
(10.98)

It is now possible to calculate and plot the changes in U∗ and S based on heat
capacity information and the measured magnetization curves at known tem-
peratures, ℳ = ℳ(ℋ , T). For the magnetic internal energy U∗, eq. (10.93u)
yields directly (

𝜕U∗

𝜕ℋ

)

T
= T

(
𝜕S
𝜕ℋ

)

T
+ℋ

(
𝜕ℳ
𝜕ℋ

)

T
(10.99)

And, using the fourth of Maxwell’s relations, eq. (10.94g), we obtain

U∗(ℋ , T) − U∗(0, T) = ∫
ℋ

0

[

T
(
𝜕ℳ
𝜕T

)

ℋ
+ℋ

(
𝜕ℳ
𝜕ℋ

)

T

]

dℋ (10.100)

As a generalization of the heat transfer expressions mentioned in the derivation
of eqs. (10.95) and (10.97), the heat transfer during an infinitesimal change of
state is

𝛿Q = Cℋ dT + T
(
𝜕ℳ
𝜕T

)

ℋ
dℋ (10.101)
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Figure 10.29 Constant ℋ lines on the T–S plane of a paramagnetic salt and the process
of adiabatic demagnetization.

By writing 𝛿Q = T dS, the corresponding formula for the entropy change is

dS = Cℋ
dT
T

+
(
𝜕ℳ
𝜕T

)

ℋ
dℋ (10.102)

An alternative dS formula is obtained by considering S as a function of T and
ℳ:

dS = Cℳ
dT
T

−
(
𝜕ℋ
𝜕T

)

ℳ

dℳ (10.103)

Figure 10.29 shows the shape of the calculated S(T ,ℋ ) curves for a
paramagnetic salt such as gadolinium sulfate or gadolinium gallium garnet at
temperatures below 1 K. An extensive comparison of the various properties of
paramagnetic materials contemplated for magnetic refrigeration systems has
been provided by Barclay and Steyert [36].

10.7.2 Adiabatic Demagnetization

We are interested in the behavior of the system’s temperature during an isen-
tropic deintensification of the imposed field: that is, when dS = 0 and dℋ < 0.
For such a process, eq. (10.102) recommends

dT = T
Cℋ

(

−𝜕ℳ
𝜕T

)

ℋ
dℋ (10.104)

It is found experimentally that the magnetization decreases as T increases at
constant ℋ : (

𝜕ℳ
𝜕T

)

ℋ
< 0 (10.105)
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Therefore, the message of eq. (10.104) is that the sign of dT is always the same
as the sign of dℋ . When ℋ drops rapidly enough so that the system does
not experience significant heat transfer, the temperature T drops also. Thinking
again of the Claude expander analogy referred to at the start of this section, it is
worth noting that during a process with dS = 0 and dℋ < 0 the system delivers
work to its environment.

A refrigeration system with a low-temperature magnetic work-producing
stage functions according to the process 0 → 1 → 2 shown in Fig. 10.29. Dur-
ing the first part of the process, the system is magnetized isothermally, as the
intensity ℋ increases from zero to ℋ1. The system releases heat,

Q0−1 = T1∫
ℋ1

0

(
𝜕ℳ
𝜕T

)

ℋ
dℋ < 0 (10.106)

which is removed by contact with the cold extremity of a conventional refrig-
erator residing above T1. Between states 1 and 2, the magnetic field is switched
off and the temperature decreases isentropically to the new value

T2 = T1 − ∫
1

2

T
Cℋ

(

−𝜕ℳ
𝜕T

)

ℋ
dℋ (i.e.,T2 < T1) (10.107)

Beyond state 2, the mass of paramagnetic salt can be used as heat sink in a vari-
ety of applications that require refrigeration at temperatures below 1 K, espe-
cially in physics experiments concerning the properties of matter at extremely
low temperatures. Even when not used, the system acts as heat sink for the heat
leak that eventually reaches down to T2.

10.7.3 Paramagnetic Thermometry

An interesting question concerns the temperature of the newly established
state 2. Indeed, the original mission of the adiabatic demagnetization scheme
was to extend our reach toward absolute zero in a low-temperature domain that
had not been accessible to those using liquid-helium refrigeration alone. Prior
to Giauque and MacDougall’s first demagnetization experiments in Berkeley
[37, 38], the lowest temperatures that could be reached with normal liquid
helium (helium 4) were on the order of 1 K. The standard technique for achiev-
ing such temperatures is to pump out the vapor from the space above a pool of
liquid helium: in other words, to lower the vapor pressure and, with it, the satu-
ration temperature. Nowadays, it is possible to obtain even lower temperatures
(∼ 0.3 K) by lowering the vapor pressure of the light-helium isotope helium 3.
Compared at the same pressure, the boiling point of helium 3 is substantially
lower than that of helium 4 (Fig. 10.30): For example, at a vapor pressure
of 1 torr, these temperatures are T(He4) = 1.27 K and T(He3) = 0.668 K.
Figure 10.30 makes the additional point that under certain conditions
(Problem 6.2) the relation between ln Psat and 1∕T is practically linear.

If the T1 temperature in Fig. 10.29 is a boiling liquid-helium temperature
of order 1 K, the experimentalist faces the challenge of deducing the absolute
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Figure 10.30 Saturation pressure of liquid helium 3 and helium 4.

temperature T2 that is being reached at the end of the adiabatic demagnetiza-
tion. This temperature measurement is made possible by a special property of
paramagnetic substances, a property that makes them thermometric materials at
low temperatures in the same sense as the ideal gas behavior makes helium gas
a thermometric fluid at higher temperatures. An ideal paramagnetic substance
is one whose properties obey the equation of state:

ℳ = f

(
ℋ
T

)

(10.108)

For a number of paramagnetic salts at temperatures not much different than
1 K, this equation takes an even simpler form known as Curie’s law:

ℳ = CC
ℋ
T

(10.109)

where CC is Curie’s constant. Curie’s law states that the susceptibility of the
material (ℳ∕ℋ ) varies as the inverse of the absolute temperature.

With reference to the final state 2 of Fig. 10.29, it is clear that if the
unknown T2 is sufficiently high so that Curie’s law still applies, we can invoke
eq. (10.109) and calculate the final temperature:

T2 =
CC

(ℳ∕ℋ )2
(if Curie’s law applies) (10.110)
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In general, Curie’s law breaks down as we progress toward lower temperatures.
Even though in such cases we cannot use it to calculate T2 directly, we can still
use it to define an intermediate quantity (T∗) called magnetic temperature; in
this case,

T∗
2 =

CC

(ℳ∕ℋ )2
(if Curie’s law does not apply) (10.111)

As far as the actual thermodynamic properties of state 2 are concerned, we note
that we can calculate its entropy by using eq. (10.106):

S2 = S1 = S0 − ∫
ℋ1

0

(

−𝜕ℳ
𝜕T

)

ℋ
dℋ (10.112)

We can also evaluate its energy relative to that of state 0 by using calorimetry
and the first-law statement for the zero-work process 2 → 0 along the ℋ = 0
curve of Fig. 10.29:

U∗
2 = U∗

0 − Q2−0 (10.113)

Summing up, for state 2 we can calculate T∗
2 , S2, and U∗

2 . By repeating the
adiabatic demagnetization experiment for different values of maximum field
intensity ℋ1, it is possible to travel up and down the ℋ = 0 curve and calculate
(T∗, S, U∗) for each state of type 2. Based on this information, at a state of
type 2, we can also calculate the slopes 𝜕U∗∕𝜕T∗ and 𝜕S∕𝜕T∗. Finally, we recall
eq. (10.93u) and note that the true absolute temperature is

T = 𝜕U∗

𝜕S
(ℋ = 0) (10.114)

Therefore, from the information supplied by experiment, we obtain

T =
𝜕U∗∕𝜕T∗

𝜕S∕𝜕T∗ (ℋ = 0) (10.115)

The method outlined between eqs. (10.111) and (10.115) produces a rela-
tion between the provisional temperature T∗, which is easier to calculate, and
the desired absolute temperature T . This relation is not unique, because the
susceptibility (ℳ∕ℋ )2 of eq. (10.111) depends on the geometric shape of
the paramagnetic salt sample. A unique relation does exist between T and the
T∗ values of a spherical sample of a certain (fixed type of) paramagnetic salt.
The T∗ values calculated using spherical “paramagnetic thermometers” are also
labeled as T⊛. When the paramagnetic thermometer employs an ellipsoidal salt
sample, the calculated T⊛ value can readily be converted into a corresponding
T∗ value that would have been measured using a perfectly spherical sample [39].

Giauque and MacDougall’s first adiabatic demagnetization experiments
[37, 38] produced temperatures of roughly 0.2 K. The work in this area
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sprung simultaneously in Holland [40] and Great Britain [41]. It has evolved
considerably en route to record low temperatures of about 5 × 10−8 K [42, 43].
These milestones are also listed in Fig. 10.28.

10.7.4 The Third Law of Thermodynamics

The geometry of the two constant-ℋ lines shown in Fig. 10.29 is an excellent
opportunity for reviewing the physical evidence that supports the third law of
thermodynamics. One question that arises after the study of the magnetic refrig-
eration scheme 0 → 1 → 2 is whether such processes can be used to reach abso-
lute zero. We can theorize that processes of type 0 → 1 → 2 can be repeated in
the direction of lower temperatures, as shown by the steps nested between the
ℋ = 0 and ℋ = ℋ1 lines in Fig. 10.31. The assumption made here is that dur-
ing each subsequent isothermal magnetization process (e.g., 2 → 1′) the heat
rejected by the “working” paramagnetic salt is absorbed by a sufficiently large
thermal mass of temperature T2—the latter being the result of the first magnetic
refrigeration stage 0 → 1 → 2.

The answer from the construction of Fig. 10.31 is that the temperature
T = 0 cannot be reached through a finite sequence of operations. This answer
is geometric because it stems from the fact that the constant-ℋ lines intersect
at T = 0. The same geometric feature can be expressed as

lim
T→0

(ΔS)T = 0 (10.116)

where (ΔS)T is shorthand for the magnitude of the isothermal entropy change
experienced by the substance: for example,

(ΔS)T = |S0 − S1| (10.117)

Figure 10.31 Unattainability of absolute zero by means of a finite sequence of isother-
mal magnetization and adiabatic demagnetization processes of the type shown in
Fig. 10.29.
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The statement that summarizes the observation made above is the following
[44]:

It is impossible by any procedure, no matter how idealized, to reduce any system to
the absolute zero in a finite number of operations.

This statement is largely based on the work of Simon [44, 45], who did much to
clarify the limitations of the 1906 theoretical development known as Nernst’s
theorem [46] (see also Planck [47]). With direct reference to processes of type
1 → 2 in Fig. 10.31, the principle of the unattainability of absolute zero can also
be stated as follows [48]:

No reversible adiabatic process starting at nonzero temperature can possibly bring a
system to zero temperature.

An analytical third-law alternative is to begin with eq. (10.116) and the
intersection of the constant-ℋ lines at absolute zero in Fig. 10.31 and
recognize the uniqueness of the entropy value at the point of intersection on the
T = 0 isotherm. Since Planck [47], the entropy at absolute zero temperature
was assigned the value zero; therefore, an alternative third-law statement is

S = 0 at T = 0 (10.118)

It means that for any system at equilibrium the T = 0 isotherm coincides with
the S = 0 adiabat. Related to Planck’s statement (10.118) is Callen’s postulate
IV in his axiomatic construction of equilibrium thermodynamics [48, p. 30];
in the case of the paramagnetic system of Figs. 10.29 and 10.31, postulate IV
states that

S = 0 when
(
𝜕U∗

𝜕S

)

ℳ
= 0 (10.119)

in other words, when T = 0. Relative to the class of simple systems analyzed
in Chapter 4, this postulate becomes (Fig. 2.7)

S = 0 when
(
𝜕U
𝜕S

)

V ,N1,… ,Nn

= 0 (10.120)

where N1, … ,Nn represent the numbers of moles in the system.
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PROBLEMS

10.1 The refrigerant of Fig. 10.2 is to be compressed from (T0, PL) to
(T0, PH) in n stages, that is, with n compressors alternating with n
aftercoolers. The right side of Fig. 10.2 shows the special case n = 4.
The refrigerant can be modeled as an ideal gas (k, R). Each aftercooler
performs well enough so that the temperature of the inlet to each
compressor is approximately equal to T0. The isentropic efficiency
of each compressor is 𝜂c. Also known are the low and high pressures of
the cycle, PL and PH , respectively.

There are n − 1 degrees of freedom in the design of this multistage
compressor, namely, the pressures of the first n − 1 aftercoolers. Let
these unknowns be P1,P2,… ,Pn−1, so that Pi∕Pi−1 is the pressure
ratio seen by the ith compressor. Show that the total compressor power
required by the n compressors is minimized when the n − 1 aftercooler
pressures are chosen such that the pressure ratio Pi∕Pi−1 does not
vary from one compression stage to the next. Determine this optimum
per-stage pressure ratio. Show that the minimum total compressor
power is

Ẇc =
h
𝜂c

ṁcPT0

[(
PH

PL

)(k−1)∕(nk)

− 1

]

and that in the limit (n → ∞, 𝜂c → 1) this power matches the minimum
claimed in eq. (10.10).

10.2 Consider the refrigeration cycle of Fig. 10.2 in the limit of infinite coun-
terflow heat exchanger area. Modeling the refrigerant as an ideal gas
at room temperature, show that the Q̇L∕Ẇc,min ratio increases with the
pressure ratio as (𝜋 − 1)∕ ln 𝜋, where 𝜋 = PH∕PL.
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10.3 A cold region is maintained at the temperature TL below the environ-
ment temperature T0 by the steady operation of an irreversible refriger-
ation machine. The refrigeration load Q̇L is attributed to the leakage of
heat from T0 to TL. Prove that the total mechanical power demanded by
this machine (Ẇ) is equal to T0 times the total rate of entropy genera-
tion (Ṡgen), where (Ṡgen) equals the entropy generated by the irreversible
refrigerator and by the leakage of Q̇L from T0 to TL.

10.4 Consider the counterflow heat exchanger with continuously distributed
isothermal expanders shown in Fig. 10.12. Assume that the working
fluid is an ideal gas with constant specific heat and the expander effi-
ciency is a function of temperature, 𝜂e(T). Verify that the first law of
thermodynamics is represented by eq. (10.33). Assuming that ΔT is
an unspecified function of T and ΔT ≪ T , show that the total entropy
generated by the apparatus (heat exchanger + expanders) is

Ṡgen = ∫
T0

TL

ṁcP

[(
1
𝜂e

− 1

)
d𝜏
dT

+ 𝜏

𝜂eT

]

dT

where 𝜏 = ΔT∕T is, in general, a function of temperature.

10.5 Consider the one-dimensional insulation shown in Fig. 10.13a. The
thermal conductivity is constant. Assume that the insulation is cooled
at only one intermediate point (location x, temperature Tm). Determine
the optimum x and Tm so that the entropy generation rate of the entire
insulation is minimum.

10.6 Consider the case of a single shield separating T0 and TL in Fig. 10.13f:
that is, the case N = 2. Determine the optimum shield temperature Ts so
that the entropy generated in the space between T0 and TL is minimum.
In this analysis, model the radiation heat transfer in accordance to eq.
(10.52) and assume that F is constant.

10.7 The ṁl stream drawn vertically on the right side of Fig. 10.16 enters the
cold zone at atmospheric temperature and pressure (T0, PL). Assume
that the gas flows through a thermodynamically reversible installation
and exits as saturated liquid of pressure PL. The installation uses the
ambient (T0) as its only heat reservoir. Invoking the first and the second
laws for an irreversibility-free open system with one inlet (T0, PL)
and one outlet (saturated liquid, PL), determine the mechanical power
required by the liquefaction process. Compare your result with the
general conclusions reached in Chapter 3.

10.8 A stack of parallel radiation shields suspended in vacuum is approx-
imated by a layer of insulation of thickness L, cross-sectional area
A, and thermal conductivity k = aT3, where a is a known constant
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TL

TH

Q dQ
dT

k(T ), A

L

Figure P10.8

(Fig. P10.8). As shown in the text, the heat-leak function Q̇(T) must
satisfy the size constraint

L
A

= ∫
TH

TL

k(T)
Q̇(T)

dT

The shields are cooled such that the heat leak decreases toward lower
temperatures according to a power law, Q̇ = bTn, where b is a constant
that can be determined from the size constraint. The total entropy gen-
eration rate of the stack is

Ṡgen = ∫
TH

TL

Q̇

T2
dT

Express Ṡgen as a function of n and determine the optimal exponent
n such that Ṡgen is minimum.

10.9 A low-temperature installation must use a counterflow heat exchanger
with the capacity rate ṁcp on both sides of the heat transfer surface
𝜋DiL. The inlet temperatures of the two streams (TL, TH) are lower
than the ambient temperature T0 and the range covered by the counter-
flow on the temperature scale is considerably smaller than T0—in other
words, TH − TL << T0. The heat exchanger consists of two concen-
tric tubes with the diameters Di and D0 and negligible wall thicknesses
(Fig. P10.9). The pressure drops of the two streams are negligible.
(a) Assume that the outer surface πD0L is perfectly insulated. Deter-

mine the entropy generation rate of the counterflow heat exchanger
as a function of ṁcP , TH, TL, the heat transfer area 𝜋DiL, and the
heat transfer coefficient based on that area, Ui, which is assumed
known. Treat the heat exchanger as a column with adiabatic sides
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Figure P10.9

and end-to-end convective heat leak Q̇c = ṁcPΔT , where ΔT <<
(TH ,TL ) is the stream-to-stream temperature difference defined by
ṁcPdT = (𝜋Didx)UiΔT and x is measured along the counterflow.
Show that to decrease the entropy generation rate means to increase
the length L.

(b) Assume that the outer insulation is not perfect. As L increases, the
outer area of the heat exchanger increases and so does the heat leak
from T0 to the heat exchanger. Assume that the overall heat trans-
fer coefficient based on the outer surface 𝜋D0L and its insulation
is known, U0. Furthermore, in view of the TH − TL << T0 assump-
tion, treat the outer surface of the heat exchanger as isothermal at
an average temperature T , which is comparable with the average of
TH and TL. Model the heat leak as proportional to the ambient-heat
exchanger temperature difference, Q̇0 = 𝜋D0LU0(T0 − T). Deter-
mine the entropy generation rate due to the heat leak and show that
it increases as L increases.

(c) Consider the total rate of entropy generation (counterflow +
heat leak) and minimize it by selecting the optimal counterflow
length L.

10.10 Consider the cooling of a space filled with heat-generating electric
components such as electronic packages or superconducting windings
[49]. In the arrangement shown in Fig. P10.10 the space operates at
the temperature Te below the ambient T0 and generates Joule heat at the
rate Q̇. The coolant is a stream of single-phase fluid of flow rate ṁ and
specific heat cP. The contact area between the heat-releasing surfaces
and the coolant is fixed, A. Assume that the overall heat transfer
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coefficient U is proportional to ṁ and the coolant is well mixed at the
temperature Tout inside the electric device. The coolant inlet tempera-
ture is controlled by a reversible steady-state refrigerator that receives
the stream from room temperature and that rejects heat to room
temperature, Q̇0. Minimize the refrigerator power Ẇ required to assist
the electric function of the cold space (Te, Q̇) and report the optimal
coolant flow rate.

10.11 The main external features of a heat-driven refrigerator are shown
on the left side of Fig. P10.11a [50, 51]. The working fluid executes
cycles while removing the refrigeration load QL from the refrigerated
space TL and rejecting the heat transfer Q0 to the ambient T0. The
cycle is driven by the heat transfer QH received from the source
temperature TH . There is no work transfer between the refrigerator
and its environment. The refrigerator operates irreversibly because
of several entropy-generating mechanisms that are present: heat
transfer, throttling, and mixing. In the model shown on the right side of
Fig. P10.11a, we have divided the refrigerator into four compartments:
the three heat exchangers (QH ,Q0,QL) and the rest. The heat exchang-
ers account for the irreversibility of the machine, and the remaining
components [labeled (C)] are modeled as irreversibility free.
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Assume that in each heat exchanger the heat transfer rate
is proportional to the respective temperature difference: QH =
(UA)H(TH − THC), Q0 = (UA)0(T0C − T0), and QL = (UA)L (TL − TLC).
The thermal conductances are related by the total conductance con-
straint (UA)H + (UA)0 + (UA)L = UA, constant. Find the optimal way
to divide UA between the three heat exchangers such that QL is maxi-
mized. To obtain this result with maximum generality and minimum
computational work (i.e., mainly analytically), it is instructive to use
the path suggested by Fig. P10.11b, which shows that the refrigerator
is equivalent to a power plant (P) that drives a refrigerator (R). Use
the fact [16] that the optimal allocation of thermal conductance in
(P) and (R) is ruled by equipartition: namely, (UA)P0 = (UA)H and
(UA)R0 = (UA)L.

10.12 The optimal regime of operation of the defrosting refrigerator of
Section 10.6.2 was determined based on the assumption that the elec-
tric power used for melting the ice is negligible. Consider now the more
general case in which the electrical power used for resistively melting
the ice is not negligible [26]. The power level (Joule heating rate)
is the known constant qJ . Note that a new, additional term qJt2
will appear on the right side of eqs. (10.84) and (10.88). Derive an
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expression for the dimensionless average power requirement
𝜂IIW∕q(t1 + t2) and find the optimal ratio 𝜏 = t1∕t2 such that the
average power is maximal. Comment on how the dimensionless Joule
heating rate qJ∕q influences the 𝜏opt value.

10.13 Starting with 𝛿Q = dU∗ −ℋ dℳ, prove that the infinitesimal heat
transfer into a paramagnetic solid is given by

𝛿Q = Cℋ dT + T
(
𝜕ℳ
𝜕T

)

ℋ
dℋ

Derive the dS formula (10.121) in order to show that an alternate
expression for the heat transfer is

𝛿Q = Cℳ dT − T

(
𝜕ℋ
𝜕T

)

ℳ

dℳ

10.14 Consider an infinitesimal process of adiabatic demagnetization (dS =
0, dℋ < 0) and show that the magnetic work 𝛿W∗ is positive. Note
that in addition to eq. (10.117) experiments show that the isothermal
magnetic susceptibility 𝜒m is positive:

𝜒m =
(
𝜕ℳ
𝜕ℋ

)

T
> 0
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10.15 An ideal paramagnetic substance is defined by the equation of state
(10.122). Prove that the properties of such a substance also obey the
relations

(
𝜕U∗

𝜕ℋ

)

T
= 0

dS = −ℋ
T

dℳ (at T = constant)

10.16 Invoke the third-law statement (10.134) to prove that the following
quantities of a closed system must approach zero in the limit T → 0:
(a) The coefficient of thermal expansion 𝛽
(b) The specific heats cv and cP

(c) The dP∕dT derivative of the P(T) curve for an equilibrium mixture
of liquid and solid of the same pure substance

10.17 It is contemplated to solve simultaneously the heating requirements of
an office building and the refrigeration requirements of an ice stor-
age facility by installing the refrigerator/heat pump system shown in
Fig. P10.17. The temperature of the ice storage facility (T1) and the
temperature of the office building interior (T2) are fixed by design.
The steady-state heat leak from the ambient to the ice storage facility
(Q̇1) and the heat leak from the building interior to the ambient (Q2) are
both proportional to the respective temperature differences that drive
the leak,

Q̇1 = C1(T0 − T1) and Q̇2 = C2(T2 − T0)

where T0 is the ambient temperature and heat conductances C1 and
C2 are known constants. The refrigerator/heat pump system is in ther-
mal contact with the ambient and experiences the heat transfer input Q̇0
(note the positive direction of the energy interaction arrows and the ver-
tical alignment of temperatures on the figure). Finally, it is assumed that
the refrigerator/heat pump system operates cyclically and reversibly.
(a) Determine the mechanical power requirement Ẇ as a function of

T0, T1, T2, C1, and C2.
(b) The ambient temperature T0 can vary daily or seasonally while T1

and T2 remain fixed. Determine the ambient temperature T0,opt that
would minimize the power requirement Ẇ.

(c) Show that the optimum condition described in part (b) corresponds
to the special case where the refrigerator/heat pump system does
not exchange heat with the ambient (Q̇0 = 0).

(d) What is the entropy generation rate Ṡgen of the aggregate system
that includes the refrigerator/heat pump apparatus, the ice storage
facility, and the office building?
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Figure P10.17
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Figure P10.18

(e) Show that, regardless of weather conditions (T0), the power
requirement Ẇ is directly proportional to Ṡgen.

10.18 The stream of nitrogen gas ṁ enters a liquefaction plant at atmospheric
conditions (T0, P0) and leaves as saturated liquid at P0 and Tf = 77.4 K.
The installation operates reversibly and in steady state. It is driven by
the heat input Q̇C provided by a solar collector at the temperature Tc.
Derive the expression for the required Q̇C. If the installation operates
irreversibly, will the Q̇C requirement be larger or smaller than in the
reversible case?

10.19 A domestic refrigerator operating as a closed system in steady state
extracts the heat current Q̇L = 100 W from a cold space at the tempera-
ture TL = 2∘C. The room temperature is TH = 20∘C. The coefficient of
performance of this refrigerator is 5. What is the minimum power that
a refrigerator would require in order to extract Q̇L? What is the actual
power required by this refrigerator?
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Q̇0

T0, P0 Tc, P0

T0

ṁ ṁ 

Ẇ

Figure P10.20

10.20 The refrigeration installation shown in Fig. P10.20 operates in steady
state and cools the stream ṁ from room temperature (T0) to the tem-
perature Tc. The pressure is atmospheric all along the stream. The fluid
behaves as an ideal gas. What is the smallest power requirement Ẇ
required for cooling the stream? Does this power requirement increase
or decrease as Tc decreases?
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Entropy Generation
Minimization

The design philosophy displayed in the treatment of power and refrigeration
systems (Chapters 8–10) can also be employed at the system component level.
The objective of this chapter is to outline the method of entropy generation mini-
mization (EGM) [1–3], or thermodynamic optimization, which in this book was
introduced in Section 3.6. The emphasis first is placed on EGM at the system
component level and later is extended to power plants, fluid flow systems, and
electrical machines. The EGM method has seen tremendous development and
use during the two decades since the first edition of this book. This growing
literature was reviewed in Refs. 2–5 and is not reviewed again in this chapter.

11.1 COMPETING IRREVERSIBILITIES

The basic idea in this chapter is to determine the thermodynamically optimal
size or operating regime of an engineering system, where by optimal we mean
the condition in which the system destroys the least exergy while still per-
forming its fundamental engineering function. In many systems, the various
mechanisms and design features that account for irreversibility compete with
one another. For this reason, the thermodynamic optimum is the condition of the
most advantageous trade-off between two or more competing irreversibilities.

11.1.1 Internal Flow and Heat Transfer

Consider a heat exchanger passage that is a duct of arbitrary cross section A
and arbitrary wetted perimeter p. The engineering function of the passage is
specified in terms of the heat transfer rate per unit length q′ that is to be trans-
mitted to the stream ṁ. In the steady state, the heat current q′ flows across the
temperature gap ΔT formed between the wall temperature (T + ΔT) and the
bulk temperature of the stream (T), which flows with friction in the x direction:
hence, the pressure gradient −dP∕dx > 0.

531
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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Taking as a thermodynamic system a passage of length dx, the first and sec-
ond laws state that

ṁ dh = q′ dx (11.1)

Ṡ′
gen = ṁ

ds
dx

−
q′

T + ΔT
≥ 0 (11.2)

where Ṡ′
gen is the entropy generation rate per unit length. Combining these state-

ments with dh = T ds + v dP, the quantity Ṡ′
gen becomes [6]

Ṡ′
gen =

q′ΔT

T2(1 + ΔT∕T)
+ ṁ
𝜌T

(

−dP
dx

)

≅
q′ ΔT

T2
+ ṁ
𝜌T

(

−dP
dx

) ≥ 0

(11.3)

Note the use of density (𝜌) instead of the inverse of specific volume (1∕v); in
addition, the denominator of the first term on the right side has been simplified
by assuming that the local temperature difference ΔT is negligible compared
with the local absolute temperature T .

The heat exchanger passage is a site for flow with friction and heat transfer
across a finite ΔT; this is why the Ṡ′

gen expression (11.3) has two terms, each
term accounting for one irreversibility mechanism:

Ṡ′
gen = Ṡ′

gen,ΔT + Ṡ′
gen,ΔP (11.4)

The first term on the right side of eq. (11.3) represents the entropy generation
contributed by heat transfer. The relative importance of the two irreversibility
mechanisms is described by the irreversibility distribution ratio 𝜙 [1], which is
defined as

𝜙 =
fluid flow irreversibility

heat transfer irreversibility
(11.5)

Equation (11.4) can then be rewritten as

Ṡ′
gen = (1 + 𝜙)Ṡ′

gen,ΔT (11.4′)

More recently, the alternative irreversibility distribution fraction

Be =
Ṡ′

gen,ΔT

Ṡ′
gen,ΔT + Ṡ′

gen,ΔP

= 1
1 + 𝜙

(11.6)

was introduced by Paoletti et al. [7] and Benedetti and Sciubba [8], who named
it the Bejan number (Be). Accordingly, Be = 1 is the limit at which the heat
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transfer irreversibility dominates, Be = 0 is the opposite limit at which the
irreversibility is dominated by fluid friction effects, and Be = 1

2
is the case (for

example, one point in the flow field) in which the heat transfer and fluid friction
entropy generation rates are equal.

The Be definition (11.6) should not be confused with the dimension-
less group used in convection, Be = ΔP L2∕𝜇𝛼, which Bhattacharjee and
Grosshandler [9] also named the Bejan number. The convection Be is the
nondimensionalized pressure difference (ΔP) maintained across a system of
flow length L, where the fluid viscosity is 𝜇 and thermal diffusivity is 𝛼. The
convection Be plays in forced-convection configurations the same role that
the Rayleigh number (Ra) plays in natural convection [10], where Ra is the
nondimensionalized temperature difference maintained across the flow system.

A remarkable feature of the Ṡ′
gen expression (11.3), and of many like it for

other simple devices, is that a proposed design change (e.g., making the flow
passage narrower) induces changes of opposite signs in the two terms of the
expression. There exists then a trade-off between the two irreversibility contri-
butions, a design for which the overall measure of exergy destruction (Ṡ′

gen) is
minimum, while the system continues to serve its specified function (q′, ṁ).

The trade-off between heat transfer and fluid flow irreversibilities becomes
clearer if we convert eq. (11.3) into the terminology employed in the field of
heat transfer. Recall the definitions of friction factor ( f ), Stanton number (St),
mass velocity (G), Reynolds number (Re), and hydraulic diameter (Dh):

f =
𝜌Dh

2G2

(

−dP
dx

)

(11.7)

St =
q′∕p ΔT

cPG
(11.8)

G = ṁ
A

(11.9)

Re =
GDh

𝜇
(11.10)

Dh = 4A
p

(11.11)

where q′∕pΔT of eq. (11.8) is the average heat transfer coefficient, whose sym-
bol h should not be confused with that of specific enthalpy (h). The entropy
generation rate formula (11.3) becomes

Ṡ′
gen =

(q′)2Dh

4T2ṁcPSt
+

2ṁ3f

𝜌2TDhA2
(11.12)
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Because q′ and ṁ are fixed, the design of the heat exchanger passage has two
degrees of freedom, the wetted perimeter p and the cross-sectional area A, or
any other pair of independent parameters, such as (Re,Dh) or (G,Dh).

The competition between heat transfer and fluid flow irreversibilities is
hinted at by the positions occupied by St and f on the right side of eq. (11.12).
The Reynolds and Colburn analogies regarding turbulent momentum and heat
transfer teach that St and f usually increase simultaneously [11] as one seeks
to improve the thermal contact between wall and fluid. Consequently, what
is good for reducing the heat transfer irreversibility is bad for the fluid flow
irreversibility, and vice versa.

The trade-off between the two irreversibilities is illustrated by assuming a
special case of passage geometry: the straight tube with circular cross section.
In this case, p and A are related through the pipe inner diameter D, which is
the only degree of freedom left in the selection of the flow configuration. When
we write

Dh = D, A = 𝜋D2∕4, and p = 𝜋D (11.13)

eq. (11.12) becomes

Ṡ′
gen =

(q′)2

𝜋T2k ⋅ Nu
+

32ṁ3f

𝜋2𝜌2TD5
(11.14)

where Re = 4ṁ∕𝜋𝜇D. The Nusselt number definition and the relation between
Nu, St, and the Prandtl number (Pr = 𝜈∕𝛼) are

Nu =
hDh

k
= St ⋅ Re ⋅ Pr (11.15)

Invoking two correlations for fully developed turbulent pipe flow [11],

Nu ≅ 0.023Re0.8 Pr0.4 (0.7 < Pr < 160;Re > 104) (11.16)

f ≅ 0.046Re−0.2 (104 < Re < 106) (11.17)

and combining them with eq. (11.14) yield an expression for Ṡ′
gen that depends

only on Re. Solving dṠ′
gen∕d(Re) = 0, we find that the entropy generation

rate is minimum when the Reynolds number (or the pipe diameter) reaches the
value [1]

Reopt = 2.023Pr−0.07B0.36
0 (11.18)

This compact formula allows us to select the tube size for minimum irreversibil-
ity. The dimensionless parameter B0 is fixed as soon as q′, ṁ, and the working
fluid are specified:

B0 = ṁq′
𝜌

𝜇5∕2(kT)1∕2
(11.19)
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The effect of Re on Ṡ′
gen can be expressed in relative terms as

NS =
Ṡ′

gen

Ṡ′
gen,min

= 0.856

(
Re

Reopt

)−0.8

+ 0.144

(
Re

Reopt

)4.8

(11.20)

where Ṡgen,min = Ṡ′
gen(Reopt) and NS is the entropy generation number (NS ≥ 1).

Figure 11.1 shows that the entropy generation rate of the tube increases
sharply on either side of the trade-off. The irreversibility distribution ratio varies
along the V-shaped curve, increasing in the direction of small D’s (large Re’s,
because ṁ = const) in which the overall entropy generation rate is dominated
by fluid friction effects. At the trade-off, the irreversibility distribution ratio
assumes the value 𝜙opt = 0.17. This means that the optimal trade-off between
Ṡgen,ΔT and Ṡ′

gen,ΔP does not coincide with the design where the two irreversibil-
ity mechanisms are in perfect balance, even though setting 𝜙 = 1 is an approx-
imate way of locating the optimum.

An important conclusion that follows from Fig. 11.1 is that the dependence
between irreversibility and the design parameters that vary can be nonmono-
tonic. For this reason it is difficult to predict in advance (say, on the basis of
a “rule of thumb”) the change induced in the overall irreversibility figure by a
certain design modification. Examples of how rules of thumb can fail and why

Figure 11.1 Entropy generation number NS, or relative entropy generation rate through
a smooth tube. (From Ref. 6.)
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the calculation of the entropy generation rate is essential are given in Refs. 1
and 2 and the first edition of this book.

11.1.2 Heat Transfer Augmentation

Another example of the competition between irreversibility mechanisms occurs
in the field of heat transfer augmentation, in which the main objective is to
devise techniques, flow configurations, that increase the wall–fluid heat trans-
fer coefficient relative to the coefficient of the unaugmented (i.e., untouched)
surface. A parallel objective, however, is to register this improvement without
causing a damaging increase in the pumping power demanded by the forced-
convection arrangement. These two objectives reveal the conflict that accom-
panies the application of any augmentation technique: A design modification
that improves the thermal contact (for example, roughening the heat transfer
surface) is likely to increase the mechanical pumping power requirement.

The true effect of a proposed augmentation technique can be evaluated by
comparing the irreversibility of the heat exchange apparatus before and after
implementation of the augmentation technique [1, 12]. Consider again the gen-
eral heat exchanger passage referred to in eqs. (11.1)–(11.3) and let Ṡ′

gen,0 rep-
resent the irreversibility in the reference (unaugmented, untouched) passage.
Writing Ṡ′

gen,a for the heat-transfer-augmented version of the same device, we
can evaluate the augmentation entropy generation number:

NS,a =
Ṡ′

gen,a

Ṡ′
gen,0

(11.21)

Augmentation techniques whose NS,a values are less than 1 are thermodynam-
ically advantageous.

If the function of the heat exchanger passage is fixed (i.e., if ṁ and q′ are
given), the augmentation entropy generation number can be written as

NS,a = 1
1 + 𝜙0

NS,ΔT +
𝜙0

1 + 𝜙0
NS,ΔP (11.22)

In this form, 𝜙0 is the irreversibility distribution ratio of the reference design,
whereas NS,ΔT and NS,ΔP represent the values of NS,a in the limits of pure heat
transfer irreversibility and pure fluid flow irreversibility:

NS,ΔT =
St0Dh,a

StaDh,0
(11.23)

NS,ΔP =
faDh,0A2

0

f0Dh,aA2
a

(11.24)
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The geometric parameters (A,Dh) before and after augmentation are linked
through the ṁ = const constraint, which reads

Rea
Aa

Dh,a
= Re0

A0

Dh,0
(11.25)

Equations (11.22)–(11.25) show that NS,a is a function of both the heat trans-
fer coefficient ratio Sta∕St0 and the friction factor ratio fa∕f0. The relative impor-
tance of the friction factor ratio is dictated by the numerical value of 𝜙0; this
value is known because the reference design is known. Note that 𝜙0 describes
the thermodynamic regime of operation of the heat exchanger passage (ΔT
losses versusΔP losses), much in the way that Re0 indicates the fluid mechanics
regime (laminar versus turbulent).

The NS,a calculation outlined above was used to evaluate a large number
of heat transfer augmentation techniques, ranging from surface roughen-
ing to the use of inserts that promote swirl flow [1–3]. As an illustration,
consider the effect of sand grain roughness on the irreversibility of forced-
convection heat transfer through a straight pipe. Since this technique does
not change the hydraulic diameter and the cross-sectional area appreciably
(Dh,a ≅ Dh,0,Aa ≅ A0), the augmentation entropy generation number assumes
the particularly simple form

NS,a = 1
1 + 𝜙0

St0
Sta

+
𝜙0

1 + 𝜙0

fa
f0

(11.26)

This relation is presented in Fig. 11.2. For a fixed Reynolds number Re0 and
relative roughness height e/D, there exists a critical irreversibility distribution
ratio where NS,a = 1 (i.e., where the augmentation technique has no effect on

Figure 11.2 Augmentation entropy generation number associated with the application
of sand grain roughness to a pipe. (From Ref. 12.)
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Figure 11.3 Critical irreversibility distribution ratio for the use of sand grain roughness
in a pipe; the actual 𝜙0 must be smaller than the critical 𝜙0 if Ns,a is to be less than 1.
(From Ref. 12.)

irreversibility). Figure 11.3 shows this critical value of 𝜙0 as a function of Re0
and e/D. If in a certain design the actual 𝜙0 exceeds the critical 𝜙0 value of
Fig. 11.3, the use of sand grain roughening will not reduce the rate of entropy
generation in the tube.

11.1.3 External Flow and Heat Transfer

The competition between flow and heat transfer irreversibilities is also present
when the flow engulfs the solid body with which it exchanges heat. To deter-
mine the overall entropy generation rate associated with an external convection
configuration, consider the heat transfer generalization of the flow irreversibil-
ity analysis given in Section 3.5.2. We ride on the flow and select as a closed
system the entire fluid reservoir through which the solid body is being dragged.
The speed of the body relative to the fluid reservoir is U∞, and the total drag
force that an external mechanism must apply on the body is FD. The instan-
taneous heat transfer rate between the body and the fluid reservoir is Q̇B. The
temperature of the system boundary crossed by Q̇B is the solid-wall temper-
ature TB (recall the definition of the system). Except for the interface that it
shares with the solid body, the system is surrounded by an adiabatic and rigid
(zero-work) boundary.

The first and second laws for the closed system defined above are

Q̇B + FDU∞ = dU∕dt (11.27)

Ṡgen = dS
dt

−
Q̇B

TB
≥ 0 (11.28)
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where U and S are the instantaneous internal energy and entropy inventories
of the fluid reservoir (U should not be confused with the relative speed U∞).
If T∞ is the temperature of the fluid reservoir, the constant-volume version of
eq. (3.66),

dU = T∞ dS (11.29)

allows us to combine eqs. (11.27) and (11.28) into [13]

Ṡgen =
Q̇B(TB − T∞)

T∞TB
+

FDU∞

T∞
(11.30)

This simple formula proves again that inadequate thermal contact (the first
term) and fluid friction (the second term) contribute hand in hand to degrad-
ing the thermodynamic performance of the external convection arrangement. A
lengthier derivation of eq. (11.30), in which the role of the system is played by
the stream tube that sweeps the body, is given in Chapter 5 of Ref. 1.

One area in which eq. (11.30) has found application is the problem of select-
ing the size and number (density) of fins for the design of extended surfaces
[1–3, 13]. As an example, consider a cylindrical pin fin whose geometry is
described by only two dimensions, the length L and the diameter D. The rela-
tion between the overall heat transfer rate Q̇B and the base–fluid temperature
difference TB − T∞ is a classical result in conduction heat transfer [11]:

Q̇B

TB − T∞
= 𝜋

4
kD2m tanh(mL), m =

(
4h
kD

)1∕2

(11.31)

where k is the thermal conductivity of the fin material and h is the fin–stream
heat transfer coefficient (assumed constant). Eliminating TB − T∞ between eqs.
(11.30) and (11.31) and assuming a sufficiently small base–stream temperature
difference, TB − T∞ ≪ T∞, the entropy generation rate (11.30) assumes the
dimensionless form

NS =
2(k∕𝜆 Nu)1∕2

𝜋ReD tanh[2(𝜆 Nu∕k)1∕2 ReL∕ReD]
+ 1

2
B1 CDReLReD (11.32)

where

NS = Ṡgen
k𝜈T2

∞

Q̇2
BU∞

(entropy generation number)

ReL = L
U∞

𝜈
(dimensionless fin length)

ReD = D
U∞

𝜈
(dimensionless fin diameter)
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B1 =
𝜌𝜈3kT∞

Q̇2
B

(duty parameter)

Nu = hD
𝜆

(average Nusslet number)

CD =
FD∕LD
1
2
𝜌U2

∞
(drag coefficient)

The problem consists of finding the fin size for minimum entropy generation,
which is the (ReL,ReD) solution to the system:

𝜕NS

𝜕ReL
= 0 and

𝜕NS

𝜕ReD
= 0 (11.33)

For this we must use heat transfer and drag coefficient correlations. For
example, if the fin is sufficiently slender, we can use the correlations developed
for a single cylinder in cross-flow in the range 40 < ReD < 103,

Nu ≅ 0.68Re0.47
D Pr0.33 (11.34)

CD ≅ 5.48Re−0.25
D (11.35)

From eqs. (11.32), (11.34), and (11.35), the entropy generation number emerges
as a function of five dimensionless groups, NS = NS(ReL,ReD, Pr, k∕𝜆,B1), the
first two governing the fin geometry and the last three accounting for the choice
of fin material, working fluid, and operating conditions such as Q̇B and U∞.
Solving the first of eqs. (11.33) yields

ReL,opt =
1
2

ReD

( k
𝜆 Nu

)1∕2

sinh−1
⎡
⎢
⎢
⎣

(

8

𝜋Re3
DCDB1

)1∕2⎤
⎥
⎥
⎦

(11.36)

which means that the optimal pin length can be calculated if the other dimension
(D) is known. In addition, there exists an optimal D that is obtained numerically
by combining eqs. (11.32) and (11.36) and solving the second of eqs. (11.33).
Figure 11.4 shows a sample of (ReL,ReD)opt results obtained for M = 100,
where M is shorthand for (k∕𝜆)1∕2 Pr−1∕6. The optimal fin length and diameter
increase as the heat transfer duty Q̇B increases (i.e., as B1 decreases). The opti-
mal slenderness ratio L/D is on the order of 10 throughout the B1 range depicted
in Fig. 11.4; this result validates the slenderness assumption made before
using the single-cylinder correlations (11.34) and (11.35). Other examples of



Trim Size: 6.125in x 9.25in Bejan c11.tex V2 - 08/19/2016 3:48pm Page 541�

� �

�

COMPETING IRREVERSIBILITIES 541

Figure 11.4 Optimal pin fin length and diameter for minimum entropy generation.
(From Ref. 13.)

thermodynamic sizing procedures for fins, plates, cylinders, and spheres in
external flow can be found in Refs. 1–3 and 14.

11.1.4 Convective Heat Transfer in General

What all the preceding examples have in common is a two-term expression
for the entropy generation rate, or two distinct mechanisms of thermodynamic
irreversibility: heat transfer and flow with friction. These two mechanisms are
present at any point in a convective field, as can be seen from the point size
control volume formulation of the mass conservation principle, the first law
with u in place of e and the second law (see Chapter 1 in Ref. 15):

𝜕𝜌

𝜕t
= −𝜌∇ ⋅ v (11.37)

𝜌
𝜕u
𝜕t

= −∇ ⋅ q − P∇ ⋅ v − w′′′ (11.38)

s′′′gen = 𝜌
𝜕s
𝜕t

+ ∇ ⋅
(q

T

) ≥ 0 (11.39)

The vectors v and q represent the velocity and the heat flux, respectively,
at the point surrounded by the infinitesimally small control volume. Recall
that −w′′′ represents the work done by the system per unit time and per unit
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volume. Eliminating u and s between these laws and the per-unit-time version of
du = T ds − P dv,

𝜕u
𝜕t

= T
𝜕s
𝜕t

+ P
𝜌2

𝜕𝜌

𝜕t
(11.40)

yields the general two-term expression for the volumetric rate of entropy gen-
eration:

s′′′gen = − 1
T2

q ⋅ ∇T − w′′′

T
≥ 0 (11.41)

For incompressible flow, the place of−w′′′ in the first law (11.38) is occupied
by 𝜇Φ, where Φ is the viscous dissipation function [15]. Furthermore, the heat
flux vector and the local temperature gradient are related through the Fourier
law of thermal diffusion, q = −k∇T , which means that on the right side of eq.
(11.41) both terms are positive:

s′′′gen = k
T2

(∇T)2 + 𝜇

T
Φ ≥ 0 (11.42)

This aspect becomes even more evident if we write the two-dimensional ver-
sion of eq. (11.42) for a flow field (x, y) in which the local velocity components
are (vx, vy)

s′′′gen = k
T2

[
(
𝜕T
𝜕x

)2

+
(
𝜕T
𝜕y

)2
]

+ 𝜇

T

{

2

[(
𝜕vx

𝜕x

)2

+
(
𝜕vy

𝜕y

)2
]

+
(
𝜕vx

𝜕y
+
𝜕vy

𝜕x

)2
}

(11.43)
The first term on the right side is the contribution due to finite heat transfer
down finite temperature gradients, whereas the second term represents the
irreversibility due to friction. This is why the finite-control-volume analyses
that were highlighted in the preceding subsections led to similar two-term
expressions for the entropy generation rate. The entropy generation rate of
the finite-size control volume is the volume integral of the volumetric entropy
generation rate S′′′

gen.
How a convective flow field generates entropy at any point in the flow is

illustrated in Fig. 11.5. In the horizontal plane, we see a laminar boundary
layer forming in the x direction. The free-stream velocity of the flow, vx,∞, was
used to nondimensionalize the (x, y) coordinates. Measured on a linear scale
(any scale) in the vertical direction is the size of S′′′

gen, which is due to both
heat transfer and near-wall friction [16]. The entropy generation phenomenon
is concentrated near the wall; the entropy generation rate blows up as 1/x at the
tip of the boundary layer. Entropy generation maps for many other convective
heat transfer flow fields have been constructed and can be found in the literature
reviewed in Refs. 2 and 3.
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Figure 11.5 Volumetric distribution of entropy generation rate in a laminar boundary
layer flow on a flat wall with heat transfer. (From Ref. 16.)

11.2 BALANCED COUNTERFLOW HEAT EXCHANGERS

In this section we increase the complexity of the flow component and address
the irreversibility of heat exchangers. The classical approach to heat exchanger
design suffers from a bias toward first-law analysis and against second-law
consideration of any kind. The very name heat exchanger suggests that the
function of the apparatus is to transfer a certain amount of heat between two
or more entities (streams, most often) at different temperatures. This is ques-
tionable. For example, in power and refrigeration cycles, the function of the heat
exchange equipment is to allow various components of the cycle to exchange
fluid with one another in the least irreversible way possible. To see this, review
the mission of the counterflow heat exchangers of the refrigeration systems of
Chapter 10.
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Figure 11.6 Brayton cycle heat engine with counterflow heat exchanger. (From
Ref. 17.)

Consider the Brayton cycle heat engine with a regenerative heat exchanger,
which is shown in Fig. 11.6. The high-temperature end of the cycle
(heater+expander) must communicate with the low-temperature end
(cooler+compressor) to exchange low-pressure fluid for high-pressure
fluid. The most efficient communication is established under the following
conditions:

1. There is no pressure drop in the regenerative heat exchanger.
2. The stream flowing into the heater is already as hot as possible (i.e., as

hot as the expander outlet).
3. The inlet to the cooler is as cold as the compressor outlet.

This limiting regime of operation corresponds to a completely reversible
regenerator, one with zero pressure drops and zero stream-to-stream temper-
ature difference. The effective stream-to-stream heat exchange is only a part
of the function of the regenerative heat exchanger; its true function is to con-
nect the hot and cold ends of the heat engine in the least irreversible manner.
Its function is to enable the whole heat engine to function less irreversibly.
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11.2.1 The Ideal Limit

The trade-off between heat transfer and fluid flow irreversibilities becomes vis-
ible if we consider balanced counterflow heat exchangers in the ideal limit of
small ΔP’s and ΔT . “Balance” means that the capacity flow rates are the same
on the two sides of the heat transfer surface:

(ṁcP)1 = (ṁcP)2 = ṁcP (11.44)

The two sides are indicated by the subscripts 1 and 2. With reference to
Fig. 11.6, we write T1 and T2 for the fixed inlet temperatures of the two streams
and P1 and P2 for the respective inlet pressures. The entropy generation rate of
the entire heat exchanger is

Ṡgen = (ṁcP)1 ln
T1,out

T1
+ (ṁcP)2 ln

T2,out

T2

− (ṁR)1 ln
P1,out

P1
− (ṁR)2 ln

P2,out

P2

(11.45)

where the working fluid has been modeled as an ideal gas with constant spe-
cific heat. The outlet temperatures T1,out and T2,out can be eliminated by using
the concept of heat exchanger effectiveness: In the present example, (ṁcP)1 =
(ṁcP)2. Therefore, the effectiveness formula is simple:

𝜀 =
T1 − T1,out

T1 − T2
=

T2,out − T2

T1 − T2
(11.46)

If we assume that 1 − 𝜀 ≪ 1 and the pressure drops along each stream are suf-
ficiently small relative to the absolute pressure levels, the entropy generation
rate may be nondimensionalized as [17]

NS = (1 − 𝜀)
(T2 − T1)2

T1T2
+ R

cP

[(ΔP
P

)

1
+
(ΔP

P

)

2

]

(11.47)

where NS is the entropy generation number:

NS = 1
ṁcP

Ṡgen (11.48)

Equation (11.47) shows that the overall entropy generation rate NS receives
contributions from three sources of irreversibility: the stream-to-stream heat
transfer (regardless of the sign of T2 − T1); the pressure drop along the first
stream, ΔP1; and the pressure drop along the second stream, ΔP2. The heat
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transfer irreversibility term can be split into two terms, each describing the
contribution made by one side of the heat transfer surface. The stream-to-stream
ΔT is due to the heat transfer across the two convective thermal resistances that
sandwich the solid wall separating the two streams: We assume that the thermal
resistance of the wall itself is negligible and write

1

hA1

= 1

h1A1

+ 1

h2A2

(11.49)

where A1 and A2 are the heat transfer surface areas swept by each stream and
h1 and h2 the side heat transfer coefficients based on these respective areas. On
the left side of eq. (11.49), we see h, which is the overall heat transfer coefficient
based on A1. The thermal resistance summation (11.49) means that

1
Ntu

= 1
Ntu,1

+ 1
Ntu,2

(11.50)

where each Ntu is a number of heat transfer units:

Ntu =
hA1

ṁcP
, Ntu,1 =

h1A1

ṁcP
, Ntu,2 =

h2A2

ṁcP
(11.51)

For a balanced counterflow heat exchanger, the 𝜀(Ntu) relation is [11]

𝜀 =
Ntu

1 + Ntu
(11.52)

and even simpler in the limit of vanishingly small stream-to-stream ΔT ,

1 − 𝜀 = 1∕Ntu (𝜀→ 1) (11.53)

Combining eqs. (11.47), (11.50), and (11.53), we find that in the ideal heat
exchanger limit (small ΔT and ΔP’s) the entropy generation number NS splits
into four distinct terms:

NS = 𝜏2

Ntu,1
+ R

cP

(ΔP
P

)

1
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

NS,1

+ 𝜏2

Ntu,2
+ R

cP

(ΔP
P

)

2
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

NS,2

(11.54)

The contribution of this ideal limit analysis is that it separates NS into all
the pieces that contribute to the irreversibility of the apparatus. The first pair of
terms on the right side of eq. (11.54) represents the irreversibility contributed
solely by side 1 of the heat transfer surface, NS,1. The first term in this first pair
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is the entropy generation number due to heat transfer irreversibility on side 1,
where 𝜏2 is a parameter fixed by T1 and T2:

𝜏2 =
(T2 − T1)2

T1T2
(11.55)

The one-side entropy generation numbers NS,1 and NS,2 have the same analytical
form; therefore, we can concentrate on the minimization of only one of them
(say, NS,1) and keep in mind that the analysis can be repeated identically for the
other (NS,2).

The heat transfer and fluid friction contributions NS,1 are coupled through
the geometric parameters of the heat exchanger passage that resides on side 1
of the heat exchanger surface. This coupling is brought to light by rewriting
NS,1 in terms of the passage slenderness ratio (4L∕Dh)1:

NS,1 = 𝜏2

St1

(
Dh

4L

)

1

+ R
cP

g2
1f1

(
4L
Dh

)

1

(11.56)

where f1 and St1 are defined according to eqs. (11.7) and (11.8):

f1(Re1) =
𝜌Dh,1

2G2
1

(
ΔP1

L1

)

, St1(Re1,Pr) =
h1

cPG1
(11.57)

In the step from the NS,1 form (11.54) to eq. (11.56) we used the Ntu−St relation:

Ntu,1 =
(

4L
Dh

)

1

St1 (11.58)

which follows from definitions (11.8), (11.11), and (11.51) in combination with
A1 = L1p1, where p1 is the wetted perimeter of passage 1. Finally, g1 is the
dimensionless mass velocity,

g1 =
G1

(2𝜌P1)1∕2
(11.59)

Equation (11.56) shows that the slenderness ratio (4L∕Dh)1 has opposite
effects on the two terms of NS,1. When the mass velocity and Reynolds number
are fixed, there is an optimal slenderness ratio for minimum entropy generation:

(
4L
Dh

)

1,opt

= 𝜏

g1

(
R
cP

f1St1
)1∕2

(11.60)

NS,1,min = 2𝜏

(
R
cP

)1∕2

g1

(
f2

St1

)1∕2

(11.61)
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Figure 11.7 Entropy generation number for one side of the heat exchanger surface as
a function of (4L∕Dh)1, g1, and Re1. (From Ref. 17.)

The main features of this configuration are shown qualitatively in Fig. 11.7. The
minimum entropy generation rate is proportional to g1. Furthermore, in the case
of the most common heat exchanger surfaces, the group ( f1∕St1)1∕2 is only a
weak function of Re1 [Ref. 11, p. 490]. This means that eq. (11.61) is a rough
proportionality between mass velocity and minimum rate of entropy generation
on one side of the heat exchanger surface.

11.2.2 Area Constraint

As summary to the ideal limit analyzed in the preceding section, we note that
the one-side irreversibility depends on two types of parameters:

𝜏 R∕cP Pr

(4L∕Dh)1 Re1 g1

The upper row contains the parameters fixed by the selection of working fluid
and inlet conditions. The bottom row lists the three parameters that depend on
the size and geometry of the heat exchanger passage. How many of the three
parameters are degrees of freedom depends on the number of design constraints.
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One constraint is the heat transfer area A1. The minimization of irreversibil-
ity subject to constant area is important in cases where the cost and weight of
the heat exchanger surface are major components in the overall cost formula
for the heat exchanger. In dimensionless form, the constant-area condition can
be expressed as [1]

a1 =
A1

ṁ
(2𝜌P1)1∕2 (constant) (11.62)

where a1 is the dimensionless area of side 1 of the surface. It is easy to show
that

a1g1 =
(

4L
Dh

)

1

(11.63)

and that only two degrees of freedom remain for the minimization of NS,1:

NS,1(g1,Re1) =
𝜏2

a1g1St1
+ R

cP
a1 f1g3

1 (11.64)

Minimizing the entropy generation number subject to fixed Reynolds number
yields the mass velocity:

g1,opt =

[

𝜏2

(3R∕cP)a2
1f1St1

]1∕4

(11.65)

NS,1,min =

[
256𝜏6(R∕cP)f1

27a2
1St31

]1∕4

(11.66)

The minimum entropy generation number varies as a−1∕2
1 ; therefore, the ther-

modynamic goodness of the heat exchanger is enhanced by investing more area
in the design of each side.

The problem above can be stated in the reverse direction to find the minimum
area subject to fixed NS,1 and Re1: that is, to find the least expensive design that
guarantees a certain (hopefully, low) level of irreversibility. The answer to the
reverse problem turns out the same as in eq. (11.65), in which a1 is replaced by
a1,min, and NS,1,min is replaced by NS,1 (fixed):

a1,min = 1

N2
S,1

[
256𝜏6(R∕cP)f1

27 St31

]1∕2

(11.67)

In conclusion, the minimum area varies as (1/NS,1)2.
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11.2.3 Volume Constraint

The constant-volume constraint is important in applications where “space” is an
expensive commodity (e.g., power plants for naval and airborne applications).
The dimensionless constant-volume constraint can be written as

v1 = V1
8P1

𝜈 ṁ
(constant) (11.68)

where V1 is the volume of the flow passage on side 1. Noting that V1 equals L1
times the cross-sectional flow area A1, we have

v1g2
1 =

(
4L
Dh

)

1

Re1 (11.69)

This allows us to express NS,1 in terms of only g1 and Re1 as degrees of freedom
(note that Re1 also governs the variation of St1 and f1):

NS,1 =
𝜏2Re1

v1g2
1 St1

+ R
cP

v1 f1g4
1

Re1
(11.70)

Regarding Re1 as given, the mass flow rate and corresponding minimum irre-
versibility are [1]

g1,opt =

[
𝜏2Re2

1

2(R∕cP)v2
1f1 St1

]1∕6

(11.71)

NS,1,min =

[
27𝜏4(R∕cP)Re1f1

4v1 St21

]1∕3

(11.72)

The minimum irreversibility decreases as v−1∕3
1 (i.e., as the size of the flow

passage increases) and as the stream spends a longer time in residence in the
passage. The reverse design problem of finding the minimum volume subject
to the constraint of fixed entropy generation rate has an answer that can be read
off eq. (11.72) by replacing v1 with v1,min and NS,1,min with NS,1 (fixed):

v1,min = 1

N3
S,1

27𝜏4(R∕cP)Re1 f1
4 St21

(11.73)

In other words, the minimum volume varies as (1∕NS,1)3.
It is instructive to examine side by side the two conclusions that ended these

last two subsections, rewriting them as

Minimum area ∼ l2

Minimum volume ∼ l3 (11.74)
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where l is another notation for 1∕NS,1 (which was considered given). These
two conclusions suggest that l plays the role of the dimensionless linear dimen-
sion of side 1 of the heat exchanger surface. Therefore, to build efficient heat
exchangers (low NS values on both sides of the surface), one must contem-
plate using large units. We return to this idea in Section 11.6.2, where we show
that “large” is not the answer: A component in a complex flow system has a
characteristic, finite size.

11.2.4 Combined Area and Volume Constraint

When the area A1 and the volume V1 of the heat exchanger passage are con-
strained simultaneously, there is only one degree of freedom left for the ther-
modynamic optimization procedure. This problem was formulated originally
as an exercise [1, 18]. Combining the area and volume constraints (11.62) and
(11.68) with the NS,1 form collected from the right side of eq. (11.54), we obtain

NS,1 =
𝜏2v1

a2
1 St1Re1

+ R
cP

a4
1 f1Re3

1

v3
1

(11.75)

Here the only variable is Re1, which affects NS,1 both directly and through
St1 and f1. In some designs, St1 and f1 are relatively insensitive to changes in
Re1 (e.g., in rough-wall pipes, at sufficiently high Reynolds numbers); in such
cases the thermodynamic optimum corresponds to

Re1,opt =
v1

a3∕2
1

[
𝜏2

3(R∕cP)St1 f1

]1∕4

(11.76)

It can be shown that the irreversibility distribution ratio 𝜙 at this optimum [i.e.,
the second term of eq. (11.74) divided by the first] is equal to 1

3
. Other con-

straints in the thermodynamic optimization of heat exchangers are presented
in Ref. 2.

11.2.5 Negligible Pressure Drop Irreversibility

In the case of a general two-stream heat exchanger (finite ΔT and ΔP, unspeci-
fied flow arrangement), the entropy generation rate Ṡgen is given by eq. (11.45),
where the first two terms on the right side account together for the heat transfer
irreversibility, Ṡgen,ΔT . When we write

NS =
Ṡgen

(ṁcP)2
, NS,ΔT =

Ṡgen,ΔT

(ṁcP)2
(11.77)
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eq. (11.45) assumes the dimensionless form

NS = NS,ΔT +
[

−𝜔
(

R
cP

)

1

ln

(

1 −
ΔP1

P1

)]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
NS,ΔP1

+
[

−
(

R
cP

)

2

ln

(

1 −
ΔP2

P2

)]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
NS,ΔP2

(11.78)
where NS,ΔP1

and NS,ΔP2
are the pressure drop irreversibilities contributed by the

two sides of the heat exchanger surface. The heat transfer entropy generation
number N

S ,ΔT
is in general a function of 𝜀 (or Ntu), 𝜔, and flow arrangement.

The imbalance is measured as

𝜔 =
(ṁcP)1
(ṁcP)2

> 1 (11.79)

The special form taken by NS,ΔT in the case of balanced counterflow heat
exchangers in the ideal limit (small ΔT and ΔP) is listed as the first term
on the right side of eq. (11.47), or as the sum of the first and third terms in
eq. (11.54).

The study of balanced counterflow heat exchangers led to the conclusion that
the overall irreversibility decreases to zero in the ideal limit of infinite overall
Ntu and zero ΔP on both sides of the surface. The focus of this section is on the
“perfect” design:

Ntu = ∞, ΔP1 = ΔP2 = 0 (11.80)

while its objective is to show that in this limit the heat exchanger configura-
tions that are not “balanced counterflow” are characterized by an unavoidable
irreversibility that is due solely to the flow arrangement. For historical reasons
[17] and lack of a better name, we shall refer to this irreversibility as the irre-
versibility due to flow imbalance or remanent irreversibility.

Consider first an imbalanced counterflow heat exchanger, ω = 1, where
the perfect design (11.80) means P1, out = P1, P2, out = P2, and 𝜀 = 1. For
imbalanced counterflow heat exchangers, the effectiveness–Ntu relation is [11]

Ntu =
hA1

(ṁcP)2
, 𝜀 = 𝜔

T1 − T1,out

T1 − T2
=

T2,out − T2

T1 − T2
(11.81)

𝜀 =
1 − exp[−Ntu(1 − 𝜔−1)]

1 − 𝜔−1 exp[−Ntu(1 − 𝜔−1)]
(11.82)

where (ṁcP)2 is the smaller of the two capacity flow rates. In this case, the
overall entropy generation rate (11.45) has a finite value:

NS,imbalance =
Ṡgen

(ṁcP)2
= ln

{[

1 − 1
𝜔

(

1 −
T2

T1

)]𝜔T1

T2

}

(11.83)
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The imbalance irreversibility decreases to zero in the balanced counterflow limit
treated earlier; as 𝜔 → 1 while 𝜔 > 1, we obtain

NS,imbalance → (𝜔 − 1)
(

T1

T2
− 1 − ln

T1

T2

)

(11.84)

The imbalance irreversibility of a two-stream heat exchanger with phase
change on one side is a special case of eq. (11.83): namely, the limit 𝜔→ ∞,
where the stream that bathes side 1 does not experience a temperature variation
from inlet to outlet, T1,out = T1. For this class of heat exchangers, eq. (11.83)
reduces to

NS,imbalance =
T2

T1
− 1 − ln

T2

T1
(𝜔 = ∞) (11.85)

The quantity listed above increases if the ratio T2∕T1 (or T1∕T2) moves away
from the value 1; this behavior is illustrated in Fig. 3.12, which was drawn based
on an analytically identical expression, eq. (3.35).

The imbalance irreversibility of two-stream parallel-flow heat exchangers is
obtained similarly, by combining eq. (11.45) with the perfect-design conditions
(11.80) and the 𝜀(𝜔,Ntu) relation for parallel flow [11]:

𝜀 =
1 − exp[−Ntu(1 + 𝜔−1)]

1 + 𝜔−1
(11.86)

The resulting expression is

NS,imbalance =
Ṡgen

(ṁcP)2
= ln

{(
T2

T1

)𝜔[

1 +
(

T1

T2
− 1

)
𝜔

1 + 𝜔

]1+𝜔
}

(11.87)

In the limit of extreme imbalance (𝜔 → ∞), this expression becomes the same
as eq. (11.85). In this limit the side 1 stream is so large that its temperature
remains equal to T1 from inlet to outlet: It behaves like a stream that condenses
or evaporates isobarically.

When the two streams and their inlet conditions are given, the imbalance
irreversibility of the parallel-flow arrangement, eq. (11.87), is consistently
greater than the imbalance irreversibility of the counterflow scheme, eq.
(11.83). Figure 11.8 shows the behavior of the respective entropy generation
numbers and how they both approach the value indicated by eq. (11.85) as the
flow imbalance ratio 𝜔 increases. Taking the 𝜔 = 1 limit of eq. (11.87), we see
that the remanent irreversibility of the parallel-flow arrangement is finite even
in the balanced-flow case (see also 𝜔 = 1 in Fig. 11.8).

11.2.6 The Structure of Heat Exchanger Irreversibility

There is structure in the heat exchanger irreversibility presented in this chapter.
First, there is the competition between heat transfer and fluid flow (pressure
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Figure 11.8 The remanent (flow imbalance) irreversibility in parallel flow is greater
than in counterflow.

drop) irreversibilities, whose various trade-offs were illustrated by considering
the analytically simple limit of nearly ideal balanced counterflow heat exchang-
ers. Second, there are the remanent or flow imbalance irreversibilities: that is,
irreversibilities that persist even in the limit of perfect heat exchangers.

This structure is summarized in Fig. 11.9, which was the cover design of the
first edition of this book. The remanent irreversibility deserves to be calculated
first in the thermodynamic optimization of any heat exchanger, because it estab-
lishes the level (order of magnitude) below which the joint minimization of heat
transfer (finite ΔT , or Ntu) and fluid flow (finite ΔP) irreversibilities falls in the
realm of diminishing returns. In other words, it would no longer make sense
to invest heat exchanger size into minimizing the sum NS,ΔT + NS,ΔP when this
sum is already negligible compared with the remanent irreversibility NS,imbalance.
In this discussion, NS,ΔP is shorthand for the combined effect of pressure drop
irreversibilities [e.g., the sum of the last two terms in eq. (11.7)].

Only in very special cases does the entropy generation rate of a heat
exchanger break up into a sum of three terms such that each term accounts for
one of the irreversibilities reviewed above:

NS = NS,imbalance + NS,ΔT + NS,ΔP (11.88)

One such case is the balanced counterflow heat exchanger in the nearly bal-
anced and nearly ideal limit (𝜔 → 1,ΔT → 0,ΔP′s → 0), which is discussed
in detail in Ref. 17. In general, these three irreversibilities contribute in a more
complicated way to the eventual size of the overall NS. Deep down, the behav-
ior of the three is the same as in the simple limits that were singled out for
discussion until now. This behavior is illustrated qualitatively in Fig. 11.9. The
analysis of other classes of heat exchangers reveals the basic structure outlined
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Figure 11.9 Structure of entropy generation in a heat exchanger.

in Fig. 11.9. These developments are reviewed in Ref. 2. The thermoeconomics
of thermal design and optimization is treated in Ref. 19.

11.3 STORAGE SYSTEMS

11.3.1 Sensible-Heat Storage

The growing emphasis on sustainability has renewed the interest in thermal
energy storage systems, that is, systems whose job it is to store temporarily
the energy received during a heat interaction. The storage system is capable of
providing at a later time a heat interaction of its own.

The traditional view in this design area is that a storage unit is efficient when
the energy increase during the storage phase approaches the maximum energy
increase of which the unit is capable. For example, a batch of incompressible
liquid of mass m, constant specific heat c, and initial temperature T0 can expe-
rience a maximum energy increase equal to mc(T∞ − T0) if the temperature of
the heat source that heats the batch is T∞. The performance of this process is
measured in terms of a first-law efficiency ratio:

𝜂I =
actual energy increase

maximum energy increase
=

mc(T − T0)
mc(T∞ − T0)

(11.89)

where T is the temperature of the batch at the end of the storage process.



Trim Size: 6.125in x 9.25in Bejan c11.tex V2 - 08/19/2016 3:48pm Page 556�

� �

�

556 ENTROPY GENERATION MINIMIZATION

The first-law efficiency 𝜂I can have values greater than 0 and less than 1. The
desirable limit of 𝜂I → 1 is approached through a number of design decisions,
for example, by increasing the size of the heat exchanger placed between the
liquid batch and the heat source and by increasing the time of thermal commu-
nication between heat source and storage material.

The traditional view was challenged on thermodynamics grounds in 1978
[20], when it was shown that the real purpose of using storage systems in power
systems is to reduce irreversibility. The mission of the storage device is to tem-
porarily store exergy, not energy. This new point of view has developed into
a distinct subfield in thermal design, as exemplified by the voluminous work
reviewed in Refs. 2 and 19.

11.3.2 Storage Time Interval

Consider the first phase (the storage phase) in the operation of the system in
Fig. 11.10. The storage system (the left side of the figure) contains the amount
of incompressible liquid (m, c) mentioned earlier. The liquid is held in an insu-
lated vessel. The hot-gas stream ṁ enters the system through one port and is
gradually cooled as it flows through a heat exchanger immersed in the liquid
bath. The spent gas is discharged into the atmosphere. As time passes, the bath
temperature T and the gas outlet temperature Tout approach the hot-gas inlet
temperature, T∞.

If we model the hot gas (steam, products of combustion) as an ideal gas
with constant specific heat cP, the temperature history of the storage system is
expressed in closed form by the equations

T(t) − T0

T∞ − T0
= 1 − exp(−y𝜃) (11.90)

Tout(t) − T0

T∞ − T0
= 1 − y exp(−y𝜃) (11.91)

Figure 11.10 Two sources of irreversibility during the heating phase of a sensible-heat
exergy storage process. (From Ref. 20.)
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where y and the dimensionless time 𝜃 are defined as

y = 1 − exp(−Ntu), Ntu =
hb Ab

ṁcP
, 𝜃 =

ṁcP

ṁc
t (11.92)

In these equations, Ab is the total heat exchanger surface separating the stream
from the liquid bath and hb is the overall heat transfer coefficient based on Ab.
Built into the model is the assumption that the liquid bath is well mixed [i.e., that
the liquid temperature (T) is a function of the time (t) only]. As expected, both
T and Tout approach T∞ asymptotically—the higher the Ntu value, the faster.
The first-law efficiency 𝜂I is the same as the ratio calculated with eq. (11.90);
it shows that the ability to store energy increases with increasing charging time
(𝜃) and heat exchanger size (Ntu).

In Fig. 11.10 the irreversibility is divided between two distinct parts of the
apparatus. First, there is the finite-ΔT irreversibility associated with the heat
transfer between the hot stream and the cold-liquid bath. Second, the stream
discharged into the atmosphere is eventually cooled down to T0, again by heat
transfer across a finite ΔT . Neglected in the present model is the irreversibility
due to the pressure drop across the heat exchanger traveled by the stream ṁ.
This effect is considered in Section 11.3.3.

The combined effect of the competing irreversibilities noted in Fig. 11.10 is a
characteristic of all sensible-heat storage systems. Because of it, only a fraction
of the exergy content of the hot stream can ever be stored in the liquid bath.
To see this, consider the instantaneous rate of entropy generation in the overall
system delineated in Fig. 11.10:

Ṡgen = ṁcP ln
T0

T∞
+

Q̇0

T0
+ d

dt
(mc ln T) (11.93)

where Q̇0 = ṁcP(Tout − T0). The entropy generated during the entire charging
time interval 0 − t is obtained using eqs. (11.90)–(11.93):

1
mc∫

t

0
Ṡgen dt = 𝜃

(

ln
T0

T∞
+ 𝜏

)

+ ln(1 + 𝜏𝜂I) − 𝜏𝜂I (11.94)

where 𝜂I is shorthand for the right side of eq. (11.90) [see also eq. (11.89)] and

𝜏 =
T∞ − T0

T0
(11.95)

Multiplied by T , the entropy generation integral ∫
t

0
Ṡgen dt calculated above

represents the bite taken by irreversibilities out of the total exergy supply
brought into the system by the hot stream:

Ex = tĖx = tṁcP ln

(

T∞ − T0 − T0 ln
T∞

T0

)

(11.96)
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On this basis, we define the entropy generation number NS as the ratio of the
lost exergy divided by the total exergy invested during the time interval 0 − t:

NS(𝜃, 𝜏,Ntu) =
T0

Ex ∫
t

0
Ṡgen dt = 1 −

𝜏𝜂I − ln(1 + 𝜏𝜂I)
𝜃[𝜏 − ln(1 + 𝜏)]

(11.97)

where NS takes values in the range 0–1, the NS = 0 limit representing the elusive
case of reversible operation. Worth noting is the relation NS = 1 − 𝜂II, where 𝜂II
is the second-law efficiency of the installation during the charging process.

Charts of the NS(𝜃, 𝜏,Ntu) surface show [1, 20] that NS decreases steadily
as the heat exchanger size (Ntu) increases. This effect is expected: In fact,
it matches the Ntu-related conclusion drawn based on first-law arguments,
eq. (11.89). Less expected is the fact that NS goes through a minimum as the
dimensionless time 𝜃 increases. For example, the optimal time for minimum NS
can be calculated analytically in the limit 𝜏 = 1, where eq. (11.97) reduces to

NS = 1 − 1
𝜃
[1 − exp(−y𝜃)]2 (11.98)

The solution of the equation 𝜕NS∕𝜕𝜃 = 0 is

𝜃opt = 1.256[1 − exp(−Ntu)]−1 (11.99)

In other words, for the common range of Ntu values (1–10), the optimal
dimensionless charging time is consistently a number of order 1. The practical
meaning of θ ∼ 1 is that ṁtcP ∼ mc, which means that in this design the heat
capacity of the hot fluid used matches the heat capacity of the storage material.
This conclusion continues to hold as 𝜏 takes values greater than 1 (Fig. 11.11).

In the two extremes (i.e., when 𝜃 → 0 or 𝜃 → ∞) the entropy generation
number NS approaches unity. In the short-time limit (𝜃 ≪ 𝜃opt), the entire exergy
content of the hot stream is destroyed by heat transfer to the liquid bath, which
was initially at atmospheric temperature T0. In the long-time limit (𝜃 ≪ 𝜃opt),
the external irreversibility takes over: In this limit, the used stream exits the heat
exchanger as hot as it enters (Tout = T∞), and because of this, its exergy content
is destroyed entirely by the heat transfer (or mixing) with the T0 atmosphere.
The first-law rule of thumb of increasing the time of communication between
heat source and storage material [eqs. (11.89) and (11.90)] is counterproductive
from the point of view of avoiding the destruction of exergy.

11.3.3 Heat Exchanger Size

Next, we consider the effect of heat exchanger Ntu on the overall irreversibility
of the energy storage phase. Figure 11.12 shows that the minimum entropy
generation number corresponding to the charging time shown in Fig. 11.11
decreases steadily as Ntu increases. This trend is due to the fact that all the irre-
versibilities accounted for in the constitution of NS are ΔT-type irreversibilities.



Trim Size: 6.125in x 9.25in Bejan c11.tex V2 - 08/19/2016 3:48pm Page 559�

� �

�

STORAGE SYSTEMS 559

Figure 11.11 Optimal charging time for minimum entropy generation during the
sensible-heat storage process. (From Ref. 20.)

Figure 11.12 Minimum entropy generation corresponding to the optimal charging time
of Fig. 11.11. (From Ref. 20.)

In the study of heat exchanger irreversibilities (Sections 11.1 and 11.2), we
learned to expect a trade-off with respect to Ntu as a result of the competition
between heat transfer and fluid flow irreversibilities. The same trade-off appears
in the design of the heat exchanger of Fig. 11.10 as soon as we take into account
the pressure drop (ΔP) between the stream inlet and outlet. It was shown
[20] that when the pressure drop entropy generation is not neglected, the NS
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expression (11.104) contains an additional term, now labeled NS,ΔP:

NS =
(R∕cP)f g2Ntu

[𝜏 − ln(1 + 𝜏)] St
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

NS,ΔP

+ 1 −
𝜏𝜂I − ln(1 + 𝜏𝜂I)
𝜃[𝜏 − ln(1 + 𝜏)]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
NS,ΔT or NS of

eq.(11.97)

(11.100)

In this additional term, f represents the friction factor and St is the Stanton
number on the gas side of the heat exchanger. It is being assumed that the overall
Ntu, which was defined in eq. (11.92), is practically equal to the number of heat
transfer units for the gas side of the heat exchanger. Finally, the dimensionless
mass velocity g is defined according to eq. (11.59).

Recalling that the result of minimizing the NS,ΔT part with respect to 𝜃 is
shown in Fig. 11.12, it is clear that Ntu has competing effects on the fluid
flow and heat transfer irreversibilities of the energy storage process. In the case
where the NS,ΔT part has already been minimized with respect to 𝜃, the optimal
Ntu that minimizes the entire NS expression (11.107) is

Ntu,opt = ln
𝜏2𝜂I(1 − 𝜂I)

1 + 𝜏𝜂I
− ln

Rg2f

cP St
(11.101)

In the optimal charging time regime (Fig. 11.11) the first term on the right
side depends only on 𝜏. Therefore, the optimal number of heat transfer units
depends only on 𝜏 and the group Rg2f∕cP St, as illustrated in Fig. 11.13. Since

Figure 11.13 Optimal size of the heat exchanger for the sensible-heat storage system
of Fig. 11.12. (From Ref. 20.)
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for most heat exchanger surface types the ratio f∕St is only a weak function of
the Reynolds number [11], the optimal Ntu depends primarily on 𝜏 and g.

11.3.4 Storage Followed by Removal of Exergy

The two optima analyzed until now rule the design of more complex processes
executed by energy storage systems. An important step in the direction of
completing the thermodynamic treatment of such systems was to consider the
cyclical operation of the device [21]. Figure 11.14 shows the evolution of the
liquid-bath temperature during the storage phase and during the exergy removal
phase that follows immediately. The liquid temperature varies periodically
without ever reaching the limiting temperature levels T0 and T∞.

Insight into the irreversibility composition of the storage and removal cycle
is provided by Fig. 11.15. The only parameter that varies in this example is the
duration of the storage part of the cycle, 𝜃. The storage part is accompanied by
the irreversibilities that were discussed already: namely, the contributions due
to heat exchanger ΔT , heat exchanger ΔP, and the dumping of the used stream
into the atmosphere. The exergy removal part of the cycle is plagued by irre-
versibilities due only to heat exchanger ΔT and ΔP. The gas stream ṁr heated
by the liquid pool during the removal phase—the fruit of the entire scheme—is
delivered to a power cycle that can use its exergy content. In Fig. 11.15 the two
pressure drop effects (during storage and removal) are shown added under the
same curve.

Figure 11.14 Evolution of the temperature of the storage material during a complete
storage and removal cycle. (After Ref. 21.)
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Figure 11.15 Effect of the charging time on the entropy generated during the storage
and removal cycle. (After Ref. 21.)

Figure 11.15 shows the importance of fine tuning the timing of the storage
and removal phases to minimize the cycle-integrated destruction of the orig-
inal exergy content of the hot stream (ṁ, T∞). The optimization of the entire
cycle and the gas–liquid heat exchanger can be accomplished numerically by
minimizing the total NS with respect to the charging interval (𝜃) and the heat
exchanger size (Ntu). For the design case illustrated in Fig. 11.15, Krane [21]
obtained

𝜃opt = 0.863, optimal charging (storage) interval

Ntu,opt = 5.53, optimal number of heat transfer units

NS,min = 0.734,minimum entropy generation number (i.e., 𝜂II = 0.266;
under the same conditions, 𝜂I = 0.577)

The inlet temperature of the stream of cold gas ṁr was assumed to be the same
as T0. The dimensionless time interval of the exergy removal part of this cycle,
𝜃r, was found to be equal to 1.83. Other parameters that were held fixed during
this optimization example are

ṁr∕ṁ = 1, g = 0.0354, Ti∕T0 = 1.1, Pr = 0.71, R∕cP = 0.286
(11.102)
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The dimensionless pressure drop ratios (ΔP∕P) during the storage and removal
phases were 0.021 and 0.01, respectively.

The conclusions reached during the study of the storage phase alone
(Sections 11.3.2 and 11.3.3) are reinforced by Krane’s study of the complete
storage and removal cycle. The optimal storage time interval, for example,
is such that in dimensionless terms it emerges as a number of order 1. There
exists again an optimal number of heat transfer units for the gas–liquid heat
exchanger. The minimum NS values revealed by Krane [21] are generally
greater than what we see in Fig. 11.12. This effect is due to the irreversibilities
contributed by the exergy removal phase of the cycle.

Figure 11.15 makes the point that the task of perfecting the thermodynamic
performance of a storage system hinges on the ability to minimize the heat
transfer across three temperature gaps: the ΔT between gas and liquid during
both storage and removal and the ΔT between the stream exhausted at the end
of the storage phase. The ΔT values can be reduced by bringing the inlet tem-
perature of the stream closer to the temperature of the liquid bath and keeping
the exhaust temperature Tout as close to T0 as possible. This proposal can be
executed in strikingly simple fashion by using a large number of storage units
positioned in series [1]. During the storage phase, the stream exhausted by the
ith unit becomes the exergy source stream of the (i + 1)th unit, and so on. In
other words, the stream exhausted by the ith unit does not reject heat to T0 but
to a higher temperature, the temperature of the unit (i + 1).

In the series arrangement described above, the temperature of the storage
units decreases monotonically in the direction of flow. During the exergy
recovery phase, the cold stream is led in the opposite direction (i.e., the
direction of increasing temperature) or in counterflow relative to the stream
used during the storage phase. The ΔT values between the stream and the
storage material and the exhaust stream and the ambient are considerably
smaller in this arrangement. This proposal was investigated in great detail by
Taylor [22] based on a solid “distributed-storage-element” model in which
the storage material temperature varied continuously along the stream. Taylor
shows that the longitudinal conduction of heat through the storage material
during the periodic operation of the heat exchanger can have a major impact on
the overall irreversibility of the installation. The overall irreversibility figure
NS is again a strong function of the time interval required by the storage part
of the cycle; the identification of the optimal storage time interval is critical.
The overall NS is affected by the geometric aspect ratio of the storage material.
The numerical examples reveal NS values that cover the range 0.2–0.8. This
range compares favorably with the range 0.7–0.9 covered by the NS results
obtained for a single sensible-heat element during complete storage and
removal cycles [21].

The EGM literature on sensible-heat storage applications is extensive and is
reviewed in Refs. 2–4.
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11.3.5 Heating and Cooling Subject to Time Constraint

Related to the lumped-system model in Fig. 11.10 are the basic metallurgical
problem of heating an object to a prescribed temperature level [23] and the
“cooldown” problem of cryogenics, where large-scale superconducting wind-
ings must first be cooled to liquid-helium temperature before they can be oper-
ational [24]. Here we consider the cooldown process by which the lumped
system (m, c) is cooled from an original temperature Ti to a temperature Tf by a
single-phase stream (ṁcP) whose temperature TL is lower than Tf . The expen-
sive commodity in this operation is the total amount of cold gas used to do
the job:

m0−tc
= ∫

tc

0
ṁ(t) dt (11.103)

where tc is the fixed duration of the cooldown process: that is, the time con-
straint. The total mass m0−tc

is an expensive commodity because it is propor-
tional to its exergy content and to the actual refrigerator power required to
produce it (Section 10.5).

When the cooldown time is fixed by economic considerations, there exists an
optimum cold-gas flow rate history ṁ(t) that minimizes the overall expenditure
of cryogen, m0−tc

. The details of the analysis that leads to this result are given
in Refs. 1 and 2. In short, the instantaneous heat transfer between the object
(m, c,T) and the cold stream (ṁ, cP) can be modeled by writing

hbAb(T − Tout) = ṁcP(Tout − TL) (11.104)

mc
dT
dt

= −hbAb(T − Tout) (11.105)

The heat transfer between the object and the cold stream occurs across the tem-
perature difference T − Tout where Tout is the time-dependent temperature of
the stream at the point where it leaves the object. The assumption is that at any
point in time the lumped mass m is permeated by a well-mixed cold stream at
temperature Tout (despite the fact that the inlet temperature of the stream is fixed
at the low temperature TL).

An expression for the function ṁ(t) is obtained by eliminating Tout between
eqs. (11.104) and (11.105):

ṁ =
mc∕cP

TL − T − mc
hbAb

dT
dt

dT
dt

(11.106)

Using this expression as integrand in eq. (11.103) yields the temperature
integral [1, 2]:

m0−tc
= ∫

Tf

Ti

(mc∕cP)dT

TL − T − mc
hbAb

dT
dt

(11.107)
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where Ti = T(t = 0) and Tf = T(t = tc). The optimal flow rate history ṁ(t) is
found indirectly by first determining the temperature history T(t) that minimizes
the integral (11.107) (see the section on variational calculus in the Appendix):

dTopt

dt
=

hbAb

mc

TL − Topt(t)

1 + (C∗hb Ab∕cP)1∕2
(11.108)

The C∗ constant depends on the constrained cooldown time tc: its value is found
by integrating eq. (11.106) from t = 0 to t = tc while regarding hb as a known
function of temperature. Finally, the optimal flow rate history is obtained by
combining eqs. (11.106) and (11.108):

ṁopt =

[
hb(T)Ab

C∗cP(T)

]1∕2

(11.109)

In conclusion, the optimal flow rate is time independent only in those cases
where hb and cP do not vary as the temperature of the ensemble decreases. In
general, however, the overall heat transfer coefficient varies with temperature:
From the optimal cooldown regime (11.109), we learn that during periods of
poor heat transfer (low hb) the coolant flow rate must be decreased. If during
the same cooldown run the specific heat of the cold gas (cP) increases as T
decreases (as in N2 gas at constant P, for example), the coolant flow rate must
again decrease. The optimal flow rate ṁopt(t) depends on T indirectly, via hb(T)
and cP(T).

The savings in coolant mass m0−tc
associated with employing the optimal

flow rate regime (11.109) can be evaluated by calculating the mass ratio [24]:

Nm =
(m0−tc

)optimal−ṁ

(m0−tc
)constant−ṁ

=
total mass used under regime (11.116)

total mass used when ṁ is kept constant
(11.110)

which is equivalent to the entropy generation number defined in eqs. (3.88) and
(10.51). The numerator and denominator in this ratio refer to the same (fixed)
cooldown time tc. A more revealing Nm expression is [24]

Nm =
Ntu(TL) + (I2∕I1)2

Ntu(TL) + I3∕I1
(11.111)

where

Ntu(TL) =
hb(TL)Ab

ṁconst. cP

(cold-end number of heat transfer units,
ṁconst. is the constan flow rate referred
to in the denominator of Nm)

(11.112)
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hb(T) = hb(TL)
(

T
TL

)q

(heat transfer coefficient model) (11.113)

c(T) = c(TL)
(

T
TL

)p (model for the specific heat of the
object being cooled (11.114)

I1 = ∫
𝜏i

𝜏f

𝜏p

𝜏 − 1
d𝜏, I2 = ∫

𝜏i

𝜏f

𝜏p−q∕2

𝜏 − 1
d𝜏, I3 = ∫

𝜏i

𝜏f

𝜏p−q

𝜏 − 1
d𝜏 (11.115)

where 𝜏 = T∕TL. Figure 11.16 shows that significant savings can be made
using the ṁopt(t) cooldown technique when q is greater than 1. The curves were
drawn for a numerical example concerning the cooldown of a large super-
conducting structure precooled to liquid-nitrogen temperature (TL = 4.2 K,
Tf = 4.5 K, Ti = 80 K). The average number of heat transfer units held
constant in this figure, N tu = 1, is defined as

N tu = 1
𝜏i − 𝜏f ∫

𝜏i

𝜏f

Ntu(𝜏) d𝜏 (11.116)

where Ntu(𝜏), or Ntu(T), is the general version of definition (11.112). The spe-
cific heat data for Al, Fe, and Cu below 80 K suggest that p ≅ 2.85 is a repre-
sentative value for the exponent in the specific-heat model (11.114). Additional
numerical examples can be examined in Ref. 24.

Figure 11.16 Total coolant mass ratio Nm versus the heat transfer coefficient expo-
nent q, showing the effect of the specific-heat exponent p. (From Ref. 24.)



Trim Size: 6.125in x 9.25in Bejan c11.tex V2 - 08/19/2016 3:48pm Page 567�

� �

�

STORAGE SYSTEMS 567

11.3.6 Latent-Heat Storage

A simple way to perform the thermodynamic optimization of the latent-heat
storage process was proposed by Lim et al. [25] and is shown in Fig. 11.17. The
hot stream of initial temperature T∞ comes in contact with a phase change mate-
rial through a finite thermal conductance UA, assumed known, where A is the
heat transfer area between the melting material and the stream and U the overall
heat transfer coefficient based on A. The phase change material (solid or liquid)
is at the melting point Tm. The stream is well mixed at the temperature Tout,
which is also the temperature of the stream discharged into the atmosphere (T0).

The steady operation of the installation described in Fig. 11.17 accounts for
the cyclic operation in which every short storage (melting) period is followed by
a short energy retrieval (solidification) period. During the solidification period
the flow ṁ is stopped, and the recently melted phase change material is solidified
to its original state by the cooling effect provided by the heat engine positioned
between Tm and T0. In this way, the steady-state model of Fig. 11.17 represents
the complete cycle: that is, storage followed by retrieval.

The cooling effect of the power plant can be expressed in two ways:

Q̇m = UA(Tout − Tm), Q̇m = ṁcP(T∞ − Tout) (11.117)

By eliminating Tout between these two equations, we obtain

Q̇m = ṁcP
Ntu

1 + Ntu
(T∞ − Tm) (11.118)

m, T` Tout

UA

Tout

Tm

T0

Qm

W (1)

T0

Figure 11.17 Steady production of power using a one-phase-change material and one
mixed stream. (From Ref. 25.)
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in which Ntu is the number of heat transfer units of the heat exchanger surface,

Ntu = UA
ṁcP

(11.119)

Of interest is the maximum rate of exergy, or useful work (Ẇ in Fig. 11.17),
that can be extracted from the phase change material. We model as reversible
the cycle executed by the working fluid between Tm and T0,

Ẇ = Q̇m

(

1 −
T0

Tm

)

(11.120)

and, after combining with eq. (11.118), we obtain

Ẇ = ṁcP
Ntu

1 + Ntu
(T∞ − Tm)

(

1 −
T0

Tm

)

(11.121)

By maximizing Ẇ with respect to Tm (i.e., with respect to the type of phase
change material), we obtain the optimal melting and solidification temperature:

Tm,opt = (T∞T0)1∕2 (11.122)

The maximum power output that corresponds to this optimal choice of phase
change material is

Ẇmax = ṁcPT∞
Ntu

1 + Ntu

[

1 −
(

T0

T∞

)1∕2
]2

(11.123)

The same results, eqs. (11.122) and (11.123), could have been obtained by min-
imizing the total rate of entropy generation, as done in the preceding sections
for sensible-heat storage. Equation (11.122) was first reported by Bjurstrom and
Carlsson [26] and Adebiyi and Russell [27], who analyzed the heating (melting)
portion of the process based a lumped model and the entropy generation mini-
mization approach used in Ref. 20 for sensible-heat storage. The details of the
real melting and solidification process were taken into account in subsequent
models by De Lucia and Bejan [28, 29]. This work was reviewed in Ref. 2.

One way to improve the power output of the single-element installation of
Fig. 11.17 is by placing the exhaust in contact with a second phase change
element of a lower temperature [25]. This method is illustrated in Fig. 11.18,
where, individually, each phase change element has the features of the ele-
ment described in Fig. 11.17. In general, these two elements contain differ-
ent phase change materials (Tm,1,Tm,2), and their heat exchanger surfaces are
not identical [(UA)1, (UA)2]. The well-mixed gas temperatures above each heat
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m, T
` T1

(UA)1

Tm,1

T1

T0

W (2)

T2

T2 T0

(UA)2

Tm,2 Qm,2

Qm,1

T0

Figure 11.18 Power production based on melting and solidification in two materials
placed in series. (From Ref. 25.)

exchanger surface are T1 and T2. The total power output from the arrangement
of Fig. 11.18 is

Ẇ (2) = Q̇m,1

(

1 −
T0

Tm,1

)

+ Q̇m,2

(

1 −
T0

Tm,2

)

= ṁcP(T∞ − T1)
(

1 −
T0

Tm,1

)

+ ṁcP(T1 − T2)
(

1 −
T0

Tm,2

) (11.124)

An analysis equivalent to that contained between eqs. (11.117)–(11.119) yields

T1 =
T∞ + Ntu,1Tm,1

1 + Ntu,1
, T2 =

T1 + Ntu,2Tm,2

1 + Ntu,2
(11.125)

where the numbers of heat transfer units of the two elements are

Ntu,1 =
(UA)1
ṁcP

, Ntu,2 =
(UA)2
ṁcP

(11.126)

For a meaningful comparison of the performance of the two-element system
(Ntu,1,Ntu,2) relative to the reference single-element system (Ntu), it is reason-
able to adopt the overall heat exchanger size constraint

Ntu,1 + Ntu,2 = Ntu (11.127)

This constraint can be rewritten in terms of a thermal conductance allocation
ratio x:

Ntu,1 = xNtu, Ntu,2 = (1 − x)Ntu (11.128)
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Beyond this point, we can skip the algebra [2, 25] and comment on the
resulting expression for the total power output Ẇ (2). We present this in relative
terms (dimensionless) by dividing Ẇ (2) by the single-element power maximum
derived in eq. (11.123):

W̃ = Ẇ (2)

Ẇ (1)
max

(11.129)

where the superscript (1) indicates the use of a one-phase-change material. The
resulting expression is a function of five parameters, W̃ = W̃(Ntu, x, y, 𝜏1, 𝜏2),
where

𝜏1 =
Tm,1

(T∞T0)1∕2
, 𝜏2 =

Tm,2

(T∞T0)1∕2
, y =

(
T0

T∞

)1∕2

(11.130)

Lim et al. [25] maximized W̃ with respect to x, 𝜏1, and 𝜏2 simultaneously.
They carried out this work numerically while searching for xopt, 𝜏1,opt, and 𝜏2,opt
as functions of Ntu and y. In the domain represented by 0.5 ≤ Ntu ≤ 10 and
0.5 ≤ y ≤ 0.9, they found that the optimal value of x is practically equal to 0.5.
For minimum entropy generation, then, the total heat exchanger inventory Ntu
must be divided equally between the two phase change elements.

Lim et al. [25] also found that 𝜏1,opt > 1 and 𝜏2,opt < 1, which means that the
optimal melting temperature of the upstream element must be higher than the
value recommended by eq. (11.120) and the optimal temperature of the down-
stream element must be lower than (T∞T0)1∕2. The departure of both 𝜏1,opt and
𝜏2,opt from 1 [i.e., from eq. (11.122)] becomes more accentuated as Ntu increases
and y decreases. This means that as the total size (A) and the inlet temperature
(T∞) increase, the optimization of the two-element system gains in importance
relative to simply using eq. (11.122) for the selection of both materials.

In view of the improvement in thermodynamic performance registered in
going from the single-element scheme (Fig. 11.17) to the two-element scheme
(Fig. 11.18), it is reasonable to think of the limit in which we employ not two
but an infinite number of elements (materials) in series. The melting points of
these elements vary infinitesimally from one element to the next, so that the
longitudinal distribution of melting points is represented by the function Tm(x),
where x indicates the position of each element along the stream ṁ. The perfor-
mance of this theoretical arrangement was analyzed in Ref. 25. The results can
also be found in Ref. 2.

11.4 POWER MAXIMIZATION OR ENTROPY GENERATION
MINIMIZATION

The optimization of power plant models with heat transfer irreversibilities can
be pursued either as a power maximization (PM) problem (e.g., Ref. 30) or as
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an EGM problem (e.g., Section 9.5.1 and Refs. 28 and 29). The equivalence of
PM and EGM for power plant models with irreversibilities was first noted in
Problem 2.2 in Ref. 1. These two approaches are equivalent when only one of
the heat interactions is in abundance (i.e., free to vary): That interaction is the
heat rejected to the ambient. In other words, as noted in Section 3.1, PM and
EGM are equivalent when only one of the temperature reservoirs touched by
the power plant is truly a limitless “reservoir.” The single reservoir is a feature
in most power plant designs, although exceptions exist (e.g., Problem 8.25 and
Sections 11.4.4 and 11.4.5).

To clarify the relation between PM and EGM, in this section we take a closer
look at the oldest and simplest power plant models, especially since a segment
of the literature reviewed in Refs. 2 and 3 regards PM and EGM as two different
regimes of operation. The relation between the PM and EGM approaches is
discussed further in Refs. 31 and 32.

11.4.1 Heat Transfer Irreversible Power Plant Models

In power plant models with heat transfer irreversibilities, maximum power out-
put is achieved when the energy conversion efficiency is [33–37]

𝜂 = 1 −
(

TL

TH

)1∕2

(11.131)

Figure 11.19 is a summary of the irreversible power plant models that have the
efficiency (11.131) at maximum power. The Curzon and Ahlborn [37] model
(Fig. 11.19c) is best known in the physics literature, where it was published
by Penfield [36] earlier. It consists of a reversible compartment sandwiched by
two finite thermal conductances [(UA)H and (UA)L] that bridge the temperature
gaps TH − THC and TLC − TL and make Q̇H and Q̇L possible.

Known for a longer time in engineering textbooks are the models of Cham-
badal [33] (Fig. 11.19a) and Novikov [34, 35] (Fig. 11.19b). In Chambadal’s
model the heat input Q̇H comes from a stream of hot ideal gas that has the
specified inlet temperature TH . The stream is exhausted at the temperature THC,
which is also the temperature of the hot end of the power-producing compart-
ment (assumed reversible). Chambadal did not draw Fig. 11.19a: I drew it to
show how it relates to Figs. 11.19b and c and to show that Chambadal’s power
maximization analysis corresponds to assuming an infinite thermal conductance
(UA)H between the hot gas and the THC working fluid of the power cycle. The
same model and analysis were reported independently on pages 382–386 of the
first edition of this book.

Novikov’s [34, 35] model accounted for the hot-end temperature difference
(TH − THC) and the irreversibility of the expansion process executed by the



Trim Size: 6.125in x 9.25in Bejan c11.tex V2 - 08/19/2016 3:48pm Page 572�

� �

�

572 ENTROPY GENERATION MINIMIZATION

m, TH

THC
QH

TL

W

THC

(UA)H

Reversible
compartment

W

TH

THC
QH

TL

(UA)H

W

TH

THC
QH

TL

TLC

(UA)H

(UA)L

(c)(b)(a)

Reversible
compartment

Reversible
compartment

Figure 11.19 Models of power plants with heat transfer irreversibilities. (From
Ref. 31.)

working fluid (Problem 8.21). In the limit where the expansion is reversible,
Novikov’s maximum power formula is exactly the same as eq. (11.131).
This limiting case is illustrated in Fig. 11.19b: It shows that when the cold-end
temperature gap vanishes [i.e., (UA)L → ∞], Curzon and Ahlborn’s model is
identical to Novikov’s.

The fact that the three models of Fig. 11.19 have the same maximum-power
efficiency [eq. (11.131)] is not a coincidence. The three models are equivalent
in every respect except one, which is discussed in Section 11.4.2. In each model
the heat input to the power-producing compartment (Q̇H) varies freely during
the optimization process. When the sizes of the thermal conductances are fixed
and the extreme parameters (TL, TH , ṁ) are specified, each model has only one
degree of freedom: THC in Figs. 11.19a and b and THC∕TLC in Fig. 11.19c.
Finally, in each model the heat input to the reversible compartment happens to
be proportional to the hot-end temperature difference:

Q̇H = K(TH − THC) (11.132)

The constant factor K is (UA)H in Novikov’s and Curzon and Ahlborn’s mod-
els and ṁcP in Chambadal’s model (where cP is the constant specific heat at
constant pressure of the hot gas that serves as energy source). I said that Q̇H
“happens to be” proportional to TH − THC in all three models because only in
Figs. 11.19b and c did the modelers assume that the heat transfer rate is propor-
tional to the temperature difference (a special heat transfer model). Chambadal
(Fig. 11.19a) did not have to make any assumption regarding the behavior of
the heat transfer process.

The analytical maximization of the power output Ẇ is also the same in
each of the three models. For better illustration and without jeopardizing the
argument presented in Section 11.4.2, assume that in Fig. 11.19c the cold-end
thermal conductance is sufficiently large such that TLC = TL. In this limit the
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power output of each of the three models is described by eq. (11.130) and

Ẇ = Q̇H

(

1 −
TL

THC

)

(11.133)

In each model, eliminating THC between eqs. (11.132) and (11.133) along with
solving 𝜕Ẇ∕𝜕THC = 0 while holding TH and TL fixed leads to

THC,opt = (THTL)1∕2 (11.134)

and, finally, to the maximum-power efficiency [eq. (11.131)].
As summary, note that to maximize the power output in the models of

Figs. 11.19a–c, we did not invoke the second law for the power plant as a
system. The original authors [33–37] did not invoke the second law either. The
second law was used only in the analysis of the reversible compartment, in the
derivation of eq. (11.133), which is a step that we skipped.

11.4.2 Minimum Entropy Generation Rate

There is an important difference between the model of Fig. 11.19a and those
of Figs. 11.19b and c. This difference is brought to light by the second law,
or the question of how much entropy is being generated by the power plant
as a whole. The Curzon and Ahlborn model (specifically, the steady-state ver-
sion, Fig. 11.19c) was subjected to entropy generation minimization analysis by
Salamon et al. [38]. Their conclusion is summarized by the following statement:
“In an irreversible heat engine model that has the maximum-power efficiency
1 − (TL∕TH)1∕2, maximum power and minimum entropy generation rate are two
different operating conditions.”

To see why this statement deserves scrutiny and get an idea of where to
look, we propose the power plant model shown in Fig. 11.20. The space inside

Figure 11.20 Reversible power-producing device driven by hot and cold streams.
(From Ref. 31.)
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the rectangular adiabatic frame is a reversible compartment (Ṡgen = 0, always),
operates in the steady state, produces power (Ẇ), and is transversed by two
streams with the same flow rate (ṁ) and the same fluid (ideal gas). The pressure
is uniform (atmospheric) along both streams. The hot stream has the specified
inlet temperature TH and serves as a source of energy for the power plant. The
cold stream serves as heat sink, and its inlet temperature is also fixed, TL. The
working fluid of the power cycle is heated reversibly by the hot stream and
cooled reversibly by the cold stream and is not shown. The relative position of
the two streams is arbitrary: The streams are drawn in counterflow in Fig. 11.20
only because this choice will make Fig. 11.22 easier to draw.

The power maximization analysis consists of writing the first and second
laws for the rectangular frame of Fig. 11.20 as a system:

Ẇ = ṁcP(TH − TH,out) − ṁcP(TL,out − TL) (11.135)

Ṡgen = ṁcP ln
TH,out

TH
+ ṁcP ln

TL,out

TL
= 0 (11.136)

Eliminating TL,out between eqs. (11.135) and (11.136), we show that the power
plant has only one degree of freedom (TH,out):

Ẇ = ṁcP

(

TH − TH,out −
THTL

TH,out
+ TL

)

(11.137)

The power output is zero when TH,out is equal to TL or TH and it is maximum
when

TH,out,opt = (THTL)1∕2, Ẇmax = ṁcP(T
1∕2
H − T1∕2

L )2 (11.138)

Under these conditions, TL,out,opt is also equal to (THTL)1∕2, the heat input
provided by the hot stream is Q̇H,opt = ṁcP[TH − (THTL)1∕2], and the energy
conversion efficiency is

𝜂 =
Ẇmax

Q̇H,opt

= 1 −
(

TL

TH

)1∕2

(11.139)

In conclusion, in Fig. 11.20 and eqs. (11.135)–(11.139) we have an example
of a model that has the efficiency 1 − (TL∕TH)1∕2, produces maximum power,
and at the same time generates minimum entropy (zero). This example does
not fall in line behind the Ref. 38 statement quoted in the first paragraph of this
subsection. This is not the first time that a model of this kind has been reported.
Leff [39] has shown that the best-known reversible heat engine cycles (Otto,
Joule–Brayton, Diesel, Atkinson) have an efficiency exactly or approximately
equal to 1 − (TL∕TH)1∕2 when they are optimized for maximum work per cycle,
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where TH and TL represent the maximum and minimum cycle temperatures. In
particular, the steady-flow equivalent of Leff’s [39] optimized Joule–Brayton
cycle can be fitted perfectly between the two streams of the model of Fig. 11.20
[optimized; cf. eqs. (11.138), (11.139)]. The perfect fit is achieved when the
capacity rate (ṁcP) of the working fluid (ideal gas) in Leff’s cycle matches the
capacity rate of the streams of Fig. 11.20. In addition, the two heat exchang-
ers between Leff’s working fluid and the two streams must be infinite, and the
pressure ratio must be just right, so that the respective temperature differences
are zero. The result is shown in Fig. 11.21.

Leff had assumed that the working fluid (the dashed line) is heated reversibly
from TH,out,opt to TH and cooled reversibly from TL,out,opt to TL: Fig. 11.21 shows
one practical arrangement in which this reversible heating and cooling can be
made to happen, while the power plant is sandwiched between two temperature
reservoirs (TH ,TL), from which the source and sink streams originate. The effi-
ciency for the power plant model of Fig. 11.21, 1 − (TL∕TH)1∕2, or eq. (11.139),
is smaller than the Carnot efficiency associated with TH and TL. This means
that there must be some irreversibility in the operation of the power plant of
Fig. 11.21 (or Fig. 11.20) between TH and TL and the locus of that irreversibility
can only be outside the assumed reversible compartment.

Figure 11.21 Leff’s [39] optimized Joule–Brayton cycle as an illustration of a power-
producing compartment for the general arrangement shown in Fig. 11.20. (From
Ref. 31.)
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We have arrived at a key observation with regard to all the power plant mod-
els discussed until now. Each model has one degree of freedom. This degree
of freedom—the physical ability to “turn the knob” and vary Q̇H as he or she
wishes—is an essential part of the physics of the power plant. There is only one
knob, and it resides inside the reversible compartment; for example, one may
adjust the pressure at which the working fluid boils while absorbing Q̇H . Actual
components (pieces of hardware) must be provided to ensure the variability of
Q̇H . These components are an integral part of the physical system called the
power plant, heat engine, or machine. In Fig. 11.19a the component that allows
Q̇H (or THC) to vary is the specified source of heat (hot stream) that is later dis-
charged into the ambient. In Figs. 11.19b and c the engineering component that
guarantees the variability of Q̇H is not shown. In this sense, Figs. 11.19b and c
are incomplete models of power plants.

Similarly, in Fig. 11.20 the design feature that gives the reversible compart-
ment the needed degree of freedom is the unconstrained discharging of the used
streams. The exit temperatures (TH,out,TL,out) are whatever the designer of the
reversible compartment wants them to be. The designer’s freedom means that
there are no other applications (devices) downstream, in which the TH,out and
TL,out streams may be needed. Discharged freely, the used streams (already at
atmospheric pressure) come to thermal equilibrium with the atmosphere (TL)
while experiencing the external heat transfer rates shown in Fig. 11.22:

Q̇e,H = ṁcP(TH,out − TL) (11.140)

Q̇ = ṁcP(TL,out − TL) (11.141)

If we calculate the rate of entropy generation in the entire region affected by the
operation of the power plant, we must consider as the system the region situated
inside the dashed line in Fig. 11.22. We obtain

Ṡgen =
Q̇e,H + Q̇e,L

TL
+
[

ṁ(sout − sin)hot
stream

+ ṁ(sout − sin)cold
stream

]

(11.142)

with the observation that the quantity inside the br ackets is a constant. Note fur-
ther that for the hot stream the entropies sout and sin are evaluated at TL and TH ,
respectively. For the cold stream, sout and sin are both evaluated at TL. Elim-
inating Q̇e,H , Q̇e,L, and TL,out between eqs. (11.135), (11.136), and (11.140)–
(11.142), we arrive at an expression that reconfirms that the power plant has
one degree of freedom (TH,out):

Ṡgen = ṁcP

(
TH,out

TL
+

TH

TH,out
− 2

)

+ [constant] (11.143)

Minimizing this Ṡgen expression with respect to TH,out, we arrive again at
eq. (11.138) and, later, eq. (11.139).

In summary, by analyzing the power plant model proposed in Fig. 11.20,
we learned that the regime of operation at maximum power is identical to the
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Figure 11.22 Entire region affected by the operation of the device proposed in
Fig. 11.20. (From Ref. 31.)

regime characterized by minimum rate of entropy generation. In this summa-
rizing statement, however, the entropy generation rate refers to the entire region
affected by the operation of the power plant.

11.4.3 Fluid Flow Systems

In this section we extend to the field of fluid power conversion the thermody-
namic optimization principles developed for thermal power conversion [40].
Consider the piston and cylinder apparatus shown in Fig. 11.23. The piston
moves with friction under the influence of the pressure difference P1C − P2C
maintained across its two faces. The instantaneous power delivered by the pis-
ton to an external system (not shown) is

Ẇ = (P1C − P2C)AV − Af
𝜇

𝛿
V (11.144)

where A, Af , and V are the piston frontal area, the lateral (friction) area, and the
instantaneous speed, respectively. The ratio 𝜇∕𝛿 accounts for Couette flow in
the relative motion gap of thickness 𝛿, where 𝜇 is the viscosity of the lubricant.
The piston inertia is assumed negligible.

The working fluid experiences a pressure drop (P1 − P1C) as it is admitted
from the reservoir P1 to the chamber on the driven side of the piston. Simi-
larly, the fluid ejected from the chamber positioned on the driving side of the
piston experiences another pressure drop (P2C − P2). Assume that the pressure
differences are proportional to the respective flow rates, which in turn are pro-
portional to V:

P1 − P1C = R1V , P2C − P2 = R2V (11.145)

In these expressions, R1 and R2 are the two instantaneous fluid resistances.
The fluid is assumed to be incompressible on both sides of the piston. The
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linear model (11.145) is appropriate for laminar flow such as in capillary ducts
for micromechanical energy converters. A model for higher Reynolds number
flows is presented in Refs. 2 and 40.

The reservoir pressures P1 and P2 are fixed; however, P1C and P2C depend
on the piston speed, which is the only degree of freedom in the operation of
the mechanical energy conversion device shown in Fig. 11.23. The optimal
speed for maximum instantaneous power delivery can be obtained by eliminat-
ing P1C and V between eqs. (11.158), substituting into eq. (11.157), and solving
𝜕Ẇ∕𝜕P2C = 0. The result for the optimal downstream pressure is

P2C,opt =
P1 + (1 + 2R1∕R2)P2 − ΔPf

2(1 + R1∕R2)
(11.146)

where ΔPf = Af𝜇∕(A𝛿) is the pressure drop due solely to the piston cylinder
friction. The remaining parts of the maximum-power solution are obtained by
substituting eq. (11.146) back into eqs. (11.142), (11.143):

P1C,opt =
P2 + (1 + 2R2∕R1)P1 + ΔPf

2(1 + R2∕R1)
(11.147)

Vopt =
P1 − P2 − ΔPf

2(R1 + R2)
(11.148)

Ẇmax =
A(P1 − P2 − ΔPf )2

4(R1 + R2)
(11.149)

Next, we calculate the pressure difference across the piston and compare it
with the overall pressure difference:

(P1C − P2C)opt =
1
2
(P1 − P2 + ΔPf ) (11.150)

Af

P2C

P1C

A

V

P1 P2

Figure 11.23 Extraction of mechanical power from the flow of a fluid between two
pressure reservoirs. (From Ref. 40.)
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T2
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T2

T1

T1C
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Figure 11.24 Analogy between maximum power from fluid flow and maximum power
from heat flow. (From Ref. 40.)

We learn that in the limit of negligible piston friction the pressure difference
across the piston must be exactly half of the reservoir-to-reservoir pressure
difference. There is symmetry between this result and the corresponding result
for a power plant sandwiched between two thermal resistances (Fig. 11.24);
pressure differences play the role of absolute temperature ratios. Furthermore,
1
2

appears as a factor in eq. (11.150) and as an exponent in the case of a thermal
power plant.

Another way is to compare the optimal instantaneous speed (Vopt) with the
piston speed in the limit of zero power delivery (V0). The latter is obtained by
combining Ẇ = 0 with eqs. (11.144), (11.145),

V0 =
P1 − P2 − ΔPf

R1 + R2
(11.151)
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Equations (11.148) and (11.151) show that the piston speed at maximum power
is exactly half of the piston speed at zero power, Vopt = V0∕2, regardless of
whether piston friction is negligible.

The mechanical power received from the P1 reservoir is P1AV . This quantity
is analogous to the heat transfer rate Q̇1 of the corresponding heat engine model
(Fig. 11.24). In the reversible limit (ΔPf = 0,R1 = 0,R2 = 0), the mechanical
power drawn from P1AV and delivered by the moving piston is only Ẇrev =
(P1 − P2)AV , because the portion P2AV is being absorbed by the P2 reservoir.
The power conversion efficiency in the reversible limit is

𝜂rev =
Ẇrev

P1AV
= 1 −

P2

P1
(11.152)

The symmetry between 𝜂rev and the Carnot efficiency of a heat engine
(1 − T2∕T1) is evident.

The conversion efficiency of the device of Fig. 11.23 under conditions of
maximum power delivery is

𝜂max =
Ẇmax

P1AVopt
(11.153)

or, after using eqs. (11.148) and (11.149),

𝜂max = 1
2

(

1 −
P2

P1
−

ΔPf

P1

)

(11.154)

The maximum-power efficiency is exactly half of the reversible-limit efficiency
when piston friction is negligible. This case is compared in Fig. 11.24 with the
maximum-power efficiency of a power plant, 1 − (T2∕T1)1∕2. Again, as in the
first line of the table, the 1

2
factor of the formula for fluid power conversion

becomes an exponent in the formula for thermal power conversion. In general,
the effect of increasing piston friction is to shift the maximum-power design
toward lower 𝜂max, Ẇmax, and Vopt values.

Another physical feature that relates the two columns of Fig. 11.24 con-
cerns the overall size constraint that must be faced by the actual device. On
the heat engine side of the figure and in constructal theory, this issue has been
studied extensively [1–4, 41, 42] for the purpose of determining the optimal
allocation of a finite heat transfer area (or thermal conductance) between the
two heat exchangers. In the case of the general fluid power converter shown in
Fig. 11.23, the impact of the overall size constraint depends on the shape (lay-
out) of the system. Examples of optimization subject to size constraint can be
found in Ref. 40.
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11.4.4 Electrical Machines

The modeling and optimization method of this section has been extended
to electromechanical power converters such as electrical motors and power
generators [43]. Electromechanical devices transform one form of work into
another (conversion of energy from electrical into mechanical or vice versa).
Two energy transformations are involved: between the electrical circuit and the
magnetic field and between the magnetic field and the mechanical system. The
conversion is partial because of the intrinsic thermodynamic irreversibility of
the electrical circuits that are built into the machine. The lone heat interaction
occurs between the machine (e.g., armature windings and ferromagnetic core)
and the ambient. The machine system rejects to the atmosphere the portion
of the input power that is destroyed through the irreversible operation of
the machine.

A simple way to illustrate the analogy between the maximum-power con-
ditions of electromechanical converters and thermomechanical converters (heat
engines) is by analyzing the electrical circuit shown on the left side of Fig. 11.25.
The power source delivers the current I at the voltage V1. A reversible electrical
motor receives power at the voltage V2 through a constant electrical resistance R,
separated from the conservative part of the machine. The ground voltage is V0.
The question is how to maximize the power output of the motor, namely,

Ẇ = V1I − RI2 − V0I (11.155)

The terms on the right side represent, in order, the power drawn from the V1
source, the power destroyed by Joule heating in the line resistance, and the
electrical power that enters the ground node. The core losses and mechanical
friction losses are neglected. Equation (11.155) shows that the power output
Ẇ is zero in two extremes, at zero current (I = 0) and at zero voltage difference
[V2 = V0, I = (V1 − V0)∕R]. The maximum power,

Ẇmax =
(V1 − V0)2

4R
(11.156)

occurs at the intermediate current

Iopt =
V1 − V0

2R
(11.157)

Under the same conditions the voltage difference across the motor equals half
of the voltage difference between source and ground,

(V2 − V0)opt =
1
2
(V1 − V0) (11.158)
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Figure 11.25 Analogy between maximum-power operation in electromechanical and
thermomechanical power converters. (From Ref. 43.)

The efficiency of converting the power drawn from the source into maximum
mechanical power output, 𝜂 = Ẇmax∕(V1Iopt), is

𝜂 = 1
2

(

1 −
V0

V1

)

(11.159)

The maximum-power conditions (11.156)–(11.159) hold for dc and ac cir-
cuits as well. The heat engine analog of the electrical system optimized above
is shown on the right side of Fig. 11.25. A reversible heat engine receives heat
from the temperature T1 through a heat exchanger of area A and overall heat
transfer coefficient U. The cold end of the heat engine is in equilibrium with the
ambient T0. The maximum-power conditions of the heat engine with thermal
resistance are listed in Fig. 11.25: the conversion efficiency 𝜂 = 1 − (T0∕T1)1∕2

and the ratio of the temperatures that sandwich the heat engine. By compar-
ing the two sides of Fig. 11.25, we see the analogy between maximum power
output in electromechanical and thermomechanical converters. It can be shown
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that the efficiency listed in eq. (11.159) does not change if an electrical resis-
tance is added between the motor and the ground; this finding is analogous to
the maximum-power-efficiency formula of heat engines with hot- and cold-end
thermal resistances (Fig. 11.24, right side).

The maximum-power conditions for several classes of the most common
electrical machines that are in use today are presented in Ref. 43. An unexpected
payoff from the analogy constructed in Fig. 11.25 is the observation that the heat
engine model (Fig. 11.25, right side) is incomplete because it does not show the
hardware that delivers the freely varying heat input Q̇. One may argue that on
the left side of Fig. 11.25 the current I can be varied during the maximization
of Ẇ because it is drawn from an electric power network assumed infinite in its
capacity of serving as a current supply. There is no such network (infinite high-
temperature “heat” supply) to which we might connect the top end of the power
plant. A proper heat engine model must take into account the finite resources
(e.g., fuel) [44] that are responsible for the assumed variable heat input.

11.5 FROM ENTROPY GENERATION MINIMIZATION
TO CONSTRUCTAL LAW

11.5.1 The Generation-of-Configuration Phenomenon

The method taught in this chapter and Chapter 3 has its origins in my 1974
doctoral thesis at MIT [45]—in the series of 1970s papers that led to my first
Wiley book in 1982 [1]. I practiced and taught this method under the titles of
entropy generation minimization and thermodynamic optimization. I was not
alone, even though in the beginning the method was received much in the way
that I was received: with opposition. I had to search for almost four years for
my first faculty position in a university.

The progress made by this method has been surprising. It is now firmly estab-
lished, so firmly that it serves as trunk for new branches that continue to shoot in
new directions. My own view of the growth of this method is presented chrono-
logically in the first three editions of this book and in my 1996 book on entropy
generation minimization [2].

The newest direction is the result of a vision that I had about 20 years ago.
I saw that by optimizing globally a flow system, I was minimizing thermal
and fluid flow resistances together. I was balancing them so that their sum is
minimum. I was not minimizing them individually, and I was certainly not elim-
inating them. The flow system was destined to remain imperfect. I was like an
artist, attempting to paint a less imperfect fresco.

In the mid-1990s I came to the realization that all this effort meant that I was
generating and evolving flow organization: that is, configuration for black-box
flow systems (nonequilibrium systems in thermodynamics) that previously were
not recognized as having configuration and evolution of flow configuration. The
generation of organization is a universally present phenomenon which prior to
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my work did not have a universal underlying principle, a law of physics of its
own. The phenomenon of generation of flow configuration is responsible for
the morphology of natural-flow systems (animate, inanimate, and man-made
systems). The engineered are just a special class of animate natural systems:
I see us as a “human and machine species.”

I also came to the realization that one does not need the word entropy to state
the principle of discovering the evolving flow organization in time. The prin-
ciple that underpins this phenomenon is a self-standing law of physics—the
constructal law [46–49]—which is treated in depth in Chapter 13. Configu-
ration is the footprint—the fossil, the evidence of a tendency in time: Given
freedom, all flow systems exhibit the tendency (the urge) to seek and find con-
figurations that provide progressively greater access to their currents. Existing
flow configurations are replaced by easier flowing configurations, gradually or
stepwise, in animal design, river basin design, automobile design, or geopolit-
ical design. The time arrow of the constructal law [50] is not to be confused
with the time arrow of the second law. The second law is the physics law of
irreversibility (entropy generation) whereas the constructal law is the physics
law of configuration generation and evolution.

Constructal law is the most basic and general physics that I started to write
as an MIT student [1, 45]. My earliest work contained all the features that today
are seen in new offshoots of the method, under new names such as finite-time,
finite-size, finite-resources endoreversible, and control thermodynamics. The
features are these: Physical systems (with irreversibilities) can be represented
simply by pencil-and-paper models that are combinations of compartments with
irreversibilities (e.g., heat and fluid flow resistances) and compartments that are
declared to be free of irreversibilities. Constraints (finite size, finite time) are
intrinsic features of the physics captured by the models.

The configuration and performance of such models can be improved, and in
this resides the value of the method: The opportunity to improve classes on top
of classes of real systems is made visible from the start, with pencil on paper and
with chalk on blackboard. Of course, the optimized simple model is not the best
way to build a real, physical machine. It is something immensely more valuable:
It is the way to build a simple and clear understanding of where better machine
and animal designs come from and the direction in which they are going. It is to
put in the hand of each new student a little golden key. The value of the simplest
possible model and the physics principle (constructal law) cannot be overstated.

So, I only have space to mention that some modeling errors have been made
in the literature and that they have been reviewed in my 1996 book [2] and in
the second edition of this book [48]. I do not repeat their discussion here; for
more recent comments, see Ref. 51. Instead, I draw attention to some of the
post-2000 literature to illustrate the explosive growth that the field continues to
exhibit. The most recent reviews of the field illustrate this growth. They cover
applications to mechanical and civil engineering [4], some under new names
such as finite-time thermodynamics, endoreversible thermodynamics, and con-
trol thermodynamics.
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The oneness of entropy generation minimization, thermodynamic optimiza-
tion, and finite-time thermodynamics was reaffirmed by Chen et al. [52] and
Awad [53]. New names, however, do not mean new physics. Much worse is
when the new name is camouflage for physics that does not exist. At bottom, it
has become a lot easier to take an existing idea, change some of the keywords
and drawings, and publish the old idea as new. This is a common phenomenon
in the current science “industry,” which is sustained by massive electronic pub-
lishing and faceless “regional” editors and reviewers.

Even worse, to salvage their questionable publications, some authors deni-
grate the method that inspired them in the first place. They do so to bolster their
claim to originality. See, for example, Refs. 54 and 55: I exposed this practice
in a recent peer-reviewed publication [56].

Fundamental studies of the generation of entropy continue. They focus on the
local distribution of entropy generation (i.e., the maps proposed in Ref. 1) and
on classical heat and fluid flow configurations in which the picture of entropy
generation was not drawn before. Heat exchangers are more complex flow sys-
tems that combine heat and fluid flow irreversibilities with the design objective
of global improvement of performance when internal size and external size are
fixed or with the equivalent objective of increasing compactness [49] and svelte-
ness [57] when the external size and the performance level are fixed.

The stepwise change in compactness is what the tree-shaped architectures
of constructal theory are now offering, as we will see in detail in Chapter 13.
Dendritic heat exchangers were first proposed for crossflow at small scales and
counterflow at large scales [58] and for counterflows between disk-shaped trees
that connect the center with the disk periphery [59]. They have triggered a race
not only in heat exchangers but also in electronics cooling, fuel cell architecture
conceptualization and fluid distribution, and collection in general [60].

The basic reason for the breakthrough is the freedom-based generation and
evolution of configuration. Freedom to morph is essential for design perfor-
mance [49]. Every compartment of the available flow volume is used to the
maximum, and in this race of installing maximum heat transfer activity in the
given space the flow structure (our “animal”) morphs into a complex configura-
tion with multiple scales that are distributed nonuniformly through the flow vol-
ume. We thought that we discovered these features in the design of multiscale
parallel plates in a stack with forced convection [61], where the shorter plates
are placed closer to the entrance plane of the stack, like foot soldiers on the front
line. In reality the discovery occurred earlier, in 1996 [46, 47]: Every constructal
tree is a multiscale, modular flow structure whose length scales are distributed
nonuniformly. There is a special place for the canopy (the small scales), as there
is one for the trunk. All the scales are needed for the best whole, the large and the
small, the foot soldiers and the generals, each placed in the optimized position.

Hierarchy and specialization are characteristics of the constructal (multi-
scale, nonuniform) architecture that follows from the constructal law. Hierarchy
is natural, and it is deduced. Complexity is another characteristic of the deduced
architecture, and because of this complexity too is a result (i.e., a deduced
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feature). Nowhere in nature is the maximization of complexity happening. If
that were true, natural forms would be fuzzy and hazy beyond rationalization,
and the geometry of nature would be fractal. None of this is physics.

11.5.2 Organ Size

A significant conceptual development is the size that a flow component should
have in a greater and more complex flow system [62, 63]. This development
came at the end of a sustained program of applying the method of entropy
generation minimization to the design of environmental control systems and
components of aircraft [64–67]. It is a consequence of the constructal theory of
animal and machine flight.

As shown under eq. (13.88), the total exergy (fuel, food) that the flying sys-
tem must consume in order to travel a specified distance is proportional to the
mass of the flying body. Next comes the need to use a flow component such
as a heat exchanger or lung on the aircraft or animal that flies. The size of this
component is the big unknown. The natural tendency of the animal and human
(aircraft) is to fly the required distance while using the least fuel or food (i.e., by
destroying the least exergy). The needed component destroys less exergy when
it is larger. We saw that ducts with larger cross sections require less pumping
power (exergy destroyed by fluid friction) and heat exchangers with larger heat
transfer surfaces destroy less exergy as well.

The first thought, then, is that bigger is better. This idea is indicated by the
downward curve shown into Fig. 11.26. This thought comes in conflict with
the constructal theory of flight (Section 13.7.2) according to which the aircraft
or animal must destroy an amount of exergy (fuel, food) that is proportional
to the mass of the component. The cost of carrying the component on board is
proportional to the mass of the component. This second idea is represented by
the rising line in Fig. 11.26.

Important is the total fuel and food consumption, and based on the minimum
revealed by Fig. 11.26 we discover that a flow component has an optimal size.
The best heat exchanger for the aircraft is not the best that is recommended
by the thermodynamics of the component alone: That would be infinitely large
[cf. eq. (11.74)]. The best lung for the bird is not the one that has very wide
air passages. The best lung is compact, svelte [57], and imperfect: It destroys
exergy by fluid friction. I know this gives some of my colleagues the urge to say
that “nature makes mistakes,” but to think this way is to miss the big picture.
The seemingly imperfect component makes the entire flying system be the best
(the least imperfect) that it can be.

A simple way to illustrate the existence of an optimal size for a component
of a flying system is to consider the exergy destruction associated with the heat
transfer configuration shown in Fig. 11.27. The heat transfer area of size A and
temperature TA has the function of transferring the heat current q to a fluid flow
of temperature Tf . The heat transfer coefficient based on A is h; therefore,

q = hA(TA − Tf ) (11.160)
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Figure 11.26 Origin of the optimal size of the flow component (organ) of a larger flow
system (animal) that moves.

Figure 11.27 Wall surface with specified heat transfer rate.

There are at least two mechanisms of exergy destruction in this configuration.
One is the irreversibility of the heat flow from TA to Tf , which is accompanied
by the generation of entropy at the rate

Ṡgen =
q

Tf
−

q

TA
(11.161)

Combining eqs. (11.160) and (11.161) and assuming that TA − Tf << (TA,Tf ),
we obtain

Ṡgen =
q2

T2hA
(11.162)
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where T stands for the thermodynamic temperature level represented by
TA and Tf . We may convert eq. (11.162) into a rate of exergy destruction Ẇ1

by invoking the Gouy–Stodola theorem, Ẇ1 = TṠgen, where it is assumed that
the temperature level T also represents the environment:

Ẇ1 =
q2

ThA
(11.163)

The second exergy destruction mechanism is the mechanical power
destroyed in order to carry the heat transfer surface A on the larger system
that uses A. On an aircraft the exergy needed to fly an incremental mass (m) is
proportional to m:

Ẇ2 = 2mgV (11.164)

Here V is the constructal theory flying speed of the aircraft, which is propor-
tional to M1∕6, where M is the total mass of the aircraft. We treat V as a known
parameter, which is dictated by the optimization of flight in a global sense, by
treating the total aircraft mass M as fixed. In other words, the mass of the heat
transfer device A is negligible relative to the mass of the aircraft.

In the simplest model, the mass m is equal to 𝜌wtA, where 𝜌w and t are the
density and thickness of the wall of heat transfer area A. Adding eqs. (11.163)
and (11.164), we obtain the total rate of exergy destruction associated with A,

Ẇ1 + Ẇ2 ≅
q2

ThA
+ 2gV𝜌wtA (11.165)

The area size for which the total rate of exergy destruction is minimum is

Aopt =
q

(2gV𝜌wtTh)1∕2
(11.166)

The area size is proportional to the heat transfer duty q and inversely propor-
tional to other parameters, such as V1∕2 and h1∕2. In other words, there is an
optimal heat flux, q∕Aopt, which increases in proportion with (V𝜌wth)1∕2.

This demonstration of the optimal area was based on the simplest model
[62, 63]. More complex heat transfer surfaces, such as the surfaces employed in
heat exchangers, can be optimized based on the same argument: the trade-off
between reduced heat transfer irreversibility and reduced mass. In a heat
exchanger, the irreversibility is due not only to heat transfer but also to fluid
friction, which is why in the next example (Fig. 11.28) we consider the same
irreversibility–mass trade-off for a duct with fluid flow irreversibility and
prescribed mass flow rate ṁ. Assume that the duct is a straight tube of inner
diameter D. The objective is to determine the optimal D value such that the
total rate of exergy destruction associated with the functioning of the duct
during flight is a minimum. There are two exergy destruction mechanisms, the
flow with friction through the duct and the exergy destroyed for the purpose of
carrying the duct mass during flight.
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Figure 11.28 Round tube with specified mass flow rate.

If the flow regime is laminar and fully developed, the pressure loss per unit
of duct length is

ΔP
L

= 32𝜇

D2
U (11.167)

where U is the mean fluid velocity, ṁ∕(𝜌𝜋D2∕4). The rate of exergy destruction
is the pumping power required to force ṁ to flow through the tube,

Ẇ3

L
= ṁ ΔP
𝜂p𝜌L

(11.168)

where 𝜂p is the pump isentropic efficiency and 𝜌 is the density of the single-
phase fluid. The exergy destruction due to the duct mass during flight is gov-
erned by a relation similar to eq. (11.164), expressed per unit of duct length:

Ẇ4

L
≅ 2

m
L

gV (11.169)

where m/L is the duct mass per unit length. Assume that the competing designs
have duct cross sections that are geometrically similar; that is, the thickness of
the duct wall is a fraction of the duct diameter, tw = 𝜀D, where 𝜀 << 1, constant.
In this case the duct mass per unit length is m∕L = 𝜌w𝜋𝜀D2. The total rate of
exergy destruction is the sum of eqs. (11.168) and (11.169),

Ẇ3 + Ẇ4

L
≅

c1

D4
+ c2D2 (11.170)

where c1 = 128𝜇ṁ2∕𝜋𝜂p𝜌
2 and c2 = 2𝜋𝜀𝜌wgV . We see the competition

between the two exergy destruction mechanisms: A large D is attractive
from the point of view of avoiding large flow friction irreversibility, but it is
detrimental because of the large duct mass. The optimal tube diameter is

Dopt =
(

2
c1

c2

)1∕6

=
(

128𝜇ṁ2

𝜋2𝜂p𝜀𝜌
2

wgV

)1∕6

(11.171)
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The optimal diameter increases with the flow duty of the tube as ṁ1∕3 and
decreases weakly as the flying speed increases.

The selection of tube diameters in complex flow networks in engineering
and nature is based routinely on two statements [41, 48]: (1) the minimization
of flow resistance and (2) the constrained (fixed) tube volume. Although 1 can
be rationalized as an invocation of the constructal law principle, constraint 2
lacked a theoretical basis. That basis is made clear now by eq. (11.170). The
flow resistance (1) is represented by c1∕D4 and the tube volume (2) by c2D2.
To minimize 1 subject to fixed 2 is to minimize the sum formed on the right
side of eq. (11.170). In other words, all the flow network optimization efforts
seen in physiology can be justified theoretically on the basis of the constructal
law: the holistic increase in global movement subject to constraint in flow
systems with changing, morphing architectures. Thermodynamic imperfection
(flow resistances) cannot be eliminated, because of size and time constraints.
Resistances (imperfections, nonidealities) must be reduced together. They
must be balanced, arranged, distributed through the available space. Optimal
distribution of imperfection is the principle: the mechanism for the generation
of macroscopic flow geometry.

The simple analyses developed in this section are just the beginning of what
can be done in the direction of optimizing the size of every flow component in
a larger installation. For example, the size of the round tube can be optimized
similarly for operation in the turbulent-flow regime and for geometries where
the tube wall thickness is not necessarily a fraction of the tube diameter. Fittings,
junctions, bends, and all the other geometric features that impede flow and add
mass to aircraft can have their sizes optimized in the same manner.

The flow passages of heat exchangers are next in line, although in their case
the exergy destruction process is due to three mechanisms: heat transfer, flow
friction, and the airlifting of the heat exchanger mass. The competition between
the first two mechanisms was recognized in the first part of this chapter and
served as the basis for the selection of shapes: the length/diameter ratio of flow
passages. The competing effect of the heat exchanger mass is new, because it
identifies the optimal size of every component of this type.

In sum, the method illustrated in this chapter promises the identification of
optimal shapes and sizes for heat exchangers, as “organs” optimized for the
benefit of the greater system (aircraft, vehicle, animal). If, for example, the
elemental tube in Fig. 11.28 represents a large blood vessel in a flying bird, the
tube mass per unit length is m∕L = 𝜌B𝜋D2∕4, where 𝜌B is the blood density.
The optimal tube diameter continues to be given by eq. (11.171), where c2 =
(𝜋∕4)𝜌BgV .

The conclusion is that the sizes of components can be optimized such that
the aggregate flow system performs at the highest level possible. The trade-off
illustrated in Fig. 11.26 is fundamental: We can expect it in every flow system,
in every vehicle and living system, no matter how complex.
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Example 11.1. The telescope installed on a space station circling Earth is served
by a low-temperature refrigerator that requires the power Ẇ (watts). The competition
for space onboard and the cost of the launch call for the use of smaller refrigera-
tors, because the one-shot work (joules) spent on launching the refrigerator mass
M is Wlaunch = C2M. The size effect on the refrigerator power requirement Ẇ is
represented by Ẇ = C1M−𝛼 , where 𝛼 ≤ 1, which indicates that larger refrigerators
require less power use for the same refrigeration load. The conflict between the two
tendencies is resolved by considering the total work (joules) spent on operating the
refrigerator in space, Ẇt plusWlaunch, where t is the fixed lifetime of operation in orbit.
Determine the refrigerator size M for which the total work requirement is minimum.

The solution proceeds as follows: The actual and minimum (reversible) refrigera-
tor power requirements are indicated by

COP =
Q̇L

Ẇ
(a)

COPrev =
Q̇L

Ẇrev

(b)

where Q̇L is the fixed refrigeration load. The ratio of these two expressions is the
second-law efficiency,

𝜂II =
COP

COPrev
=
Ẇrev

Ẇ
< 1 (c)

which must be a concave function of the machine size M,

𝜂II = C1 M𝛼, 𝛼 ≤ 1 (d)

The total work (useful energy, joules) destroyed by the operation of the refrigera-
tor is

Wtotal = Ẇt +Wlaunch (e)

where
Wlaunch = C2M (f)

and t is the lifetime of refrigerator operation in orbit. Equation (e) becomes

Ẇtotal =
1

C ′
1 M𝛼

+ C2M (g)

where C ′
1 = C1∕(Ẇrevt). The total work spent is minimal when the two terms ofWtotal

are of the same order of magnitude. At the intersection of these two asymptotes
(cf. Fig. P13.21) we find the optimal refrigerator size,

Mopt ∼
(

1
C ′

1 C2

) 1∕(1+𝛼)

(h)

Wtotal,min ∼ C
𝛼

1+𝛼
2 (C ′

1)
−1

1+𝛼 (i)
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PROBLEMS

11.1 Consider the classical Hagen–Poiseuille solution for fully developed
laminar flow and heat transfer through a parallel-plate channel [11].
The plate-to-plate spacing D and the wall heat flux q′′ are given. The
wall heat flux is uniform; therefore, the longitudinal temperature gra-
dient dT∕dx is constant and fixed by design. Derive an expression for
the volumetric rate of entropy generation S′′′

gen and plot the profile of
entropy generation distribution over the channel cross section.

11.2 The function of a heat exchanger is to transfer the heat transfer current
per unit length q′ to an ideal gas stream (ṁ, R, cP) flowing through a
stack of n parallel-plate channels. The total thickness of the stack, D, is
fixed. The plate-to-plate spacing of each channel is D/n, the mass flow
rate through each channel is ṁ∕n, and the heat current transmitted to the
ṁ∕n stream is q′∕n. Assuming that the flow regime is laminar, deter-
mine the optimal number of channels (nopt) so that the overall entropy
generation rate of the stack (S′

gen) is minimized.

11.3 Determine the optimal diameter of a sphere, D, whose job is to
transmit in the least irreversible way possible the heat current Q̇ to a
uniform external flow (U∞, T∞). Assume that the Reynolds number
ReD = DU∞∕𝜈 is in the range 103 − 105 so that the drag coefficient
can be assumed constant:

CD =
FD∕(𝜋D2∕4)
𝜌U2

∞∕2
≅ 0.5

11.4 Calculate the entropy generation rate contributed by a rectangular plate
fin whose dimension parallel to the flow (and to the base wall) is L.
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The boundary layer that coats the length L is turbulent: It is known that
the fin surface shear stress 𝜏w and the fin stream heat transfer coeffi-
cient h are functions of the longitudinal position x measured along the
boundary layer:

𝜏w

𝜌U2
∞∕2

= 0.0576

(
U∞x

𝜈

)−1∕5

= h
𝜌cPU∞

Pr2∕3

such that x = 0 represents the leading edge of the plate fin and x = L,
the trailing edge. The free-stream velocity and temperature are U∞ and
T∞, respectively. If q′′ (constant) is the local heat flux from the fin sur-
face to the turbulent boundary layer, then in this design the heat transfer
rate to the entire boundary layer (q′) is considered fixed: q′ = q′′L. By
minimizing the total entropy generation rate Ṡ′

gen of the L-wide fin,
determine the optimal L that should be placed in contact with the flow.

11.5 Determine whether it is better (i.e., less irreversible) to drive a car with
the window up and the air conditioner on than to drive with the win-
dow down and the air conditioner off. The car can be modeled as a blunt
object with frontal area A = 5 m2 traveling through an infinite air reser-
voir with the speed U∞. It is known that in the flow regime of interest,
the drag coefficients are

CD ≅ 0.47 (with the window up)
CD ≅ 0.51 (with the window down)

When turned on, the air conditioner consumes electrical power at a con-
stant rate, ẆAC = 746 W (or 1 horsepower). Your answer will depend
on the traveling speed U∞.

11.6 A counterflow heat exchanger consists of two concentric pipes such that
a hot-oil stream flows through the inner pipe and a cold-water stream
flows through the annular space. The following data are given:

Oil stream Water stream

Mass flow rate, ṁ 2500 kg∕h 2000 kg∕h
Specific heat, c 1.67 J∕g ⋅ K 4.15 J∕g ⋅ K
Inlet temperature,Tin 77∘C 32∘C
Outlet temperature,Tout 55∘C —

Assume that the pressure drops along both streams contribute negligi-
bly to the overall irreversibility of the apparatus. Determine in order:

(a) The water outlet temperature, Tout,water

(b) The effectiveness, 𝜀
(c) The number of heat transfer units, Ntu
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(d) The entropy generation number, NS = Ṡgen∕(ṁc)oil. Consider
next the idea of increasing the heat transfer area by 20%.
You can do this by simply lengthening the concentric pipe
arrangement by 20%, while the pipe diameters, the flow rates,
the fluid properties, and the two inlet temperatures remain the
same. Determine in order:

(e) The new Ntu, 𝜑, Tout,oil, Tout,water values
(f) The new entropy generation number, NS, which turns out to be

greater than the value calculated in the first part of the problem.
Explain why.

11.7 The optimal slenderness ratio (11.60) was obtained by regarding the
mass velocity g1 as fixed. Let v1,g and NS,1,min represent the dimension-
less volume and entropy generation number of the heat exchanger side
optimized in this manner. Compare v1,g with the minimum volume that
the designer can achieve for the same number of entropy generation
units as NS,1,min. In other words, compare v1,g with the minimum vol-
ume v1,min indicated by eq. (11.73), in which NS,1 is equal to the NS,1,min
discussed above. Show that v1,g exceeds v1,min by only 18.5%.

11.8 Let a1,g represent the dimensionless area of the counterflow heat
exchanger side optimized at fixed g1: that is, in accordance with
eq. (11.60). Compare this area with the minimum area discovered in
eq. (11.67) in the case when the number of entropy generation units is
the same in both designs [i.e., when the NS,1 of eq. (11.67) is the same
as the NS,1,min of eq. (11.61)]. Show that a1,g exceeds a1,,min by 30%.

11.9 .(a) Let v1,a represent the dimensionless volume of side 1 of a nearly
ideal balanced counterflow heat exchanger designed for minimum
area subject to a fixed NS,1. Show that v1,a∕v1,min = 256∕243, where
v1,min is the minimum dimensionless volume that could be achieved
subject to the same number of entropy generation units, NS,1.

(b) Examine next the area (a1,v) of one side of a nearly ideal counter-
flow heat exchanger that has been designed for minimum volume
subject to a fixed number of entropy generation units. Compare a1,v
with a1,min: that is, with the minimum dimensionless area that could
be achieved at the same number of entropy generation units. Show
that a1,v∕a1,min = 1.033.

11.10 An enclosure filled with electronic components is cooled by a stream
of room temperature air (Fig. P11.10). The air is drawn through the
enclosure by a fan positioned downstream of the electronics. The spec-
ified operating temperature and power (Joule heating) of the electronic
components are Te and Q̇. Inside the enclosure, the air stream is well
mixed at the temperature Tmix. The enclosure with electronic compo-
nents constitutes a complicated (rough) duct with pressure drop ΔP,
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Figure P11.10

flow cross section Af , heat transfer (contact) area A, and overall heat
transfer coefficient U. It is reasonable to assume that ΔP ≪ P0 and the
friction factor ( f ) and Stanton number (St) are sufficiently insensitive
to changes in the flow rate. Show that the required fan power is pro-
portional to the product ṁΔP and it can be minimized with respect to
the total heat transfer area A [68]. Show further that the optimal heat
transfer area for minimum fan power is Aopt ≅ (2∕St)Af .

11.11 Reconsider Problem 11.10, in which the fan power required to cool
a space filled with electronics was minimized. Repeat the modeling
assumptions spelled out in Problem 11.10; however, this time assume
that the air flow path is such that the stream is unmixed (Fig. P11.11).
This means that both the electronics and the coolant become hotter in
the downstream direction. The highest temperature of the electronic
components (Te) occurs at the downstream end of the flow path. Show
that the fan power is minimum when the total heat transfer area is
approximately Aopt ≅ (2∕St)Af , where Af is the flow cross-sectional
area and 2/St is a number of order 102 [68].

11.12 Consider the adiabatic steady-flow turbine shown in Fig. P11.12. An
ideal gas of flow rate ṁ expands from P1 to P2 as shown on the T − s
diagram. The stream experiences the pressure drop ΔP1 as it is ducted
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and distributed to the first turbine stage. It then expands through the
turbine stage (or sequence of stages) with the isentropic efficiency
𝜂t < 1. The final pressure drop is due to the discharge and ducting of
the stream to the next component in the power plant (the cooler, or
condenser). Assume that the relations between ṁ and pressure drops
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are nonlinear—that is, ΔP1 = r1ṁn and ΔP2 = r2ṁn, where r1 and
r2 are the inlet and outlet flow resistances. Determine the optimal
pressure drops and flow rate for maximum turbine power output.
Compare the maximum power with the power (at the same flow rate)
in the limit of zero pressure drops (r1 = r2 = 0) [40].

11.13 The steady-flow adiabatic compressor shown in Fig. P11.13 has pres-
sure drops at the inlet and the outlet: that is, ΔP1 = r1ṁn and ΔP2 =
r2ṁn. The isentropic efficiency of the compressor stage (or sequence
of stages) is 𝜂c < 1. The fluid is an ideal gas. Derive an expression for
the compressor power input Ẇc as a function of ΔP1 and show that Ẇc
does not have a minimum with respect to ΔP1 (or ṁ, or ΔP2) [40].

11.14 It is necessary to heat a wall uniformly. One proposal is to use a stream
of hot fluid but to arrange it in a hairpin counterflow shape such that the
stream returns along itself. Let x be the coordinate along the hot por-
tion of the stream, from the inlet (x = 0) to the hairpin turn (x = L). The
stream capacity rate is ṁcP. The inlet temperature (Tin) and wall tem-
perature (Tw) are given. All the thermal resistances between the stream
and wall are dominated by the convective resistance (hD)−1, where h is
the heat transfer coefficient (constant) for fully developed flow inside
the tube and D is the tube diameter. The perimeter of thermal contact
is approximately D between the stream and the wall and between the
stream and the stream. Determine analytically the temperature distri-
butions along the hot and cold portions of the counterflow. Show that
the rate at which the counterflow deposits heat into the wall is indepen-
dent of x.

Figure P11.13
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Irreversible
Thermodynamics

In Chapter 11 we brought under the big tent of thermodynamics the funda-
mentals of irreversibility via fluid flow, heat transfer, and mass transfer. We
continued the line started in Chapter 3 and showed how various irreversibilities
can be balanced against each other such that their sum is minimal. From this
thought of “thermodynamic optimization” comes the optimal operating regime
of the thermodynamic system.

In this chapter we present another view of the connection between trans-
port phenomena and irreversibility: themethod of irreversible thermodynamics.
Unlike in the Gibbsian formulation of Chapter 4, here we are concerned with
the rates of energy and mass flow. The systems are not in equilibrium: They
are inhabited by flows. In Chapter 13 we continue this line with the constructal
law, which is the physics law that governs the generation and free evolution of
configuration in flow systems everywhere.

The irreversible thermodynamics approach does not generate additional
physical insight into the relationship between interaction rates and the local
thermodynamic properties of the system penetrated by currents. The analytical
form of these relations is “assumed” in the same manner that Fourier’s formula
for heat conduction was assumed 200 years earlier. And just like Fourier’s
thermal conductivity coefficient, the many coefficients of the newly assumed
relations can only be determined empirically or based on an entirely different
theory. This approach does make a contribution in the field of “coupled” trans-
port phenomena, where two or more transport processes coexist and influence
one another. This contribution is represented most succinctly by Onsager’s
reciprocity relations [1], which are discussed beginning with eq. (12.38).
Another contribution of this approach is the analytically compact treatment
of all irreversible flow phenomena, despite the fact that these phenomena had
been discovered as individual cases long before irreversible thermodynamics.
For reviews, see Refs. 2 and 3.

601
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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12.1 CONJUGATE FLUXES AND FORCES

While developing the equilibrium conditions in Chapter 4, we learned that
“equilibrium” and “reversibility” depend on the maintenance of uniform
intensive properties throughout the system: that is, uniform fields of temper-
ature, pressure, and chemical potentials. The concepts of irreversibility and
entropy generation, on the other hand, are associated with the flows driven
by the intensive property nonuniformities that can exist in the system. In
Chapter 11 we illustrated this relation by means of examples drawn from
engineering. The objective of this opening section is to develop formally the
relation between the local entropy generation rate and the local gradients of the
intensive properties. The emphasis is placed on situations in which the entropy
generation process is associated with changes caused by two or more intensive
property gradients.

Consider the single-phase system sketched on the left side of Fig. 12.1.
The system is in a state of equilibrium characterized by the uniform tempera-
ture T , pressure P, and n chemical potentials 𝜇i. The system contains n chemical
species, which are labeled i = 1, 2,… , n. Because of the Gibbs–Duhem relation
(4.32), only n + 1 of the total n + 2 intensive properties of the system can be
specified independently. We regard T and the n chemical potentials 𝜇i as the
n + 1 intensive properties that are specified independently. In other words, the
intensive state of the left-side system is pinpointed by the numerical values of
T , 𝜇1, 𝜇2,… , 𝜇n−1, and 𝜇n.

The single-phase system is held inside a constant-volume enclosure (control
volume). The right wall of this enclosure is permeable to both heat transfer and

Figure 12.1 Unidirectional flow of heat and mass (top) and energy and mass (bottom)
through a conducting and permeable material.
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mass transfer. On the other side of the right wall of this system, we see another
constant-volume enclosure containing another single-phase system. The uni-
form intensive properties of this second system are indicated with the prime
[(⋅)′]; its intensive state is determined by the specified n + 1 uniform intensities
T ′, 𝜇′

1, 𝜇
′
2,… , 𝜇′

n−1, and 𝜇
′
n.

The individual single-phase equilibrium systems described are old news.
The new feature is the vertical partition across which we now note the tem-
perature and chemical potential discontinuities, respectively, (T ′ − T), (𝜇′

1 −
𝜇1),… , (𝜇′

n − 𝜇n). These differences are together responsible for the n + 1 heat
and mass transfer interactions (Q̇ dt, Ṅ1 dt,… , Ṅn dt, respectively) that cross
the partition. The interactions are considered positive when they proceed from
right to left; this sign convention is indicated by the arrows in Fig. 12.1. Assum-
ing that the interactions are sufficiently slow so that during the time interval dt
the (T , 𝜇1,… , 𝜇n) and (T ′, 𝜇′

1,… , 𝜇′
n) distributions remain uniform, for each of

the single-phase systems we can write

dS = 1
T
dU −

n∑

i=1

𝜇i

T
dNi (12.1)

dS′ = 1
T ′ dU

′ −
n∑

i=1

𝜇′
i

T ′ dN
′
i (12.2)

These equations follow from the differential form of the fundamental rela-
tion in entropy representation, eq. (4.18), noting that each single-phase system
evolves at constant volume. Taken together, the two single-phase systems con-
stitute an isolated system (note the zero-work, adiabatic, and impermeable
boundary, Fig. 12.1); therefore,

dU + dU′ = 0 (12.3)

dNi + dN′
i = 0 (i = 1, 2,… , n) (12.4)

Eliminating dU′ and the (dN′
i )’s between eqs. (12.1)–(12.4), we obtain the

entropy generated inside the isolated (aggregate) system:

ΔṠgendt = dS + dS′ =
( 1
T
− 1

T ′

)

dU −
n∑

i=1

(
𝜇i

T
−
𝜇′
i

T ′

)

dNi ≥ 0 (12.5)

or per unit time,

ΔṠgen =
dS + dS′

dt
=
( 1
T
− 1

T ′

) dU
dt

−
n∑

i=1

(
𝜇i

T
−
𝜇′
i

T ′

)
dNi

dt
≥ 0 (12.6)

Since the single-phase systems that sandwich the partition are individually
in internal equilibrium, the locus of entropy generation (dS + dS′) can only be
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the partition. The region occupied by the partition is expanded for the purpose
of a closer examination in the lower part of Fig. 12.1. All the flows that cross the
partition are unidirectional; therefore, the analysis can be put on a per-unit-area
basis by dividing eq. (12.6) by the partition cross section A:

ΔṠgen
A

=
( 1
T
− 1

T ′

) dU∕dt
A

⏟⏟⏟
JU

−
n∑

i=1

(
𝜇i

T
−
𝜇′
i

T ′

)
dNi∕dt

A
⏟⏟⏟

JNi

≥ 0 (12.7)

Here, JNi
represents the molal flux of species i: that is, the number of moles of

i that cross the partition per unit area and time. Note further that

JNi
=

Ṅi

A
(i = 1, 2,… , n) (12.8)

where Ṅi represents the nmolal flow rates mentioned earlier. Similarly, wewrite
JU for the net energy flux across the partition. Although the units of JU are
W∕m2, in general, JU is not equal to the heat flux q′′ that may be crossing the
partition. We return to this observation in writing eq. (12.13).

In eq. (12.7) we have the entropy generated per unit area by n + 1 fluxes
(JU , JN1

,… , JNn
). These fluxes appear to be associated with the n + 1 intensive

property differences that can exist across the partition. As a final step, consider
that the partition has a finite thickness in the direction of flow,

Δx = x − x′ (12.9)

Divide eq. (12.7) by Δx,

ΔṠgen
A Δx

= T−1 − (T ′)−1

x − x′
JU +

n∑

i=1

(−𝜇i∕T) − (−𝜇′
i∕T

′)
x − x′

JNi
≥ 0 (12.10)

and imagine the limit in which the thickness Δx and the intensive property dis-
continuities vanish:

s′′′gen = lin
Δx→0

ΔṠgen
A Δx

= JU
𝜕

𝜕x

( 1
T

)

⏟⏞⏟⏞⏟
XU

+
n∑

i=1
JNi

𝜕

𝜕x

(

−
𝜇i

T

)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
XNi

≥ 0 (12.11)

The quantity s′′′gen is the volumetric (local) entropy generation rate expressed in
W∕K ⋅m3. The same quantity is also labeled 𝜎 in the literature.

The intensive property gradients XU and XNi
defined on the right side of

eq. (12.11) are the conjugate forces (also called driving forces, or affinities)
associated with JU and JNi

, respectively. It is not the gradient 𝜕T∕𝜕x that serves
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as conjugate force for the energy flux JU , but the gradient of the inverse thermo-
dynamic temperature, XU = 𝜕(T−1)∕𝜕x. Similarly, the conjugate force for the
molal flux JNi

is not the gradient of −𝜇i but that of −𝜇i∕T . If the flow through
the partition is three dimensional, then in place of eq. (12.11) an analogous
vectorial analysis yields

s′′′gen = JU ⋅ ∇
( 1
T

)

+
n∑

i=1
JNi

⋅ ∇
(

−
𝜇i

T

)

(12.12)

The local entropy generation rate (12.11) is expressed in terms of thermo-
dynamic properties such as T−1 and 𝜇i∕T . Implicit in this formulation is the
assumption of local thermodynamic equilibrium (p. 56) by which the state of
the vanishingly thin system of thickness Δx is represented by one temperature
and one chemical potential for each of its constituents. Looking at the greater
picture painted in Fig. 12.1, we see two macroscopic subsystems—the left and
the right halves—that are not in equilibrium with one another. The partition
that separates these two subsystems can be viewed as a stack of a very large
number of vertical sheets of thickness Δx, in which each sheet has its own state
of equilibrium. The equilibrium property values of one sheet differ infinitesi-
mally from the values of the adjacent sheet. In this arrangement, then, the local
entropy generation rate (12.11) is an expression of the irreversibility associated
with the energy and mass interactions between two adjacent sheets.

The general character of eq. (12.11) vis-à-vis the special s′′′gen expressions
of Chapter 11 becomes more evident if we replace the energy flux JU by its
two possible components (avenues): the nonflow component called heat flux
(q′′ = Q̇∕A) and the n enthalpy flow components of type (hiJNi

):

JU = q′′ +
n∑

i=1
hiJNi

(12.13)

In place of eq. (12.11), we obtain

s′′′gen = q′′
𝜕

𝜕x

( 1
T

)

+
n∑

i=1
JNi

𝜕si
𝜕x

(12.14)

which in the first term on the right side reveals the entropy generation contribu-
tion made by pure heat transfer in eq. (11.38). The three-dimensional analogue
of eq. (12.14) is

s′′′gen = q′′ ⋅ ∇
( 1
T

)

+
n∑

i=1
JNi

⋅ ∇(si) (12.15)

A more compact summary of the conclusion reached in eq. (12.11) is

s′′′gen =
n∑

i=0
JiXi ≥ 0 (12.16)
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in which the new notation (Ji, Xi) stands for

Ji = JU , Xi = XU = 𝜕

𝜕x

( 1
T

)

(i = 0) (12.17)

Ji = JNi
, Xi = XNi

= 𝜕

𝜕x

(

−
𝜇i

t

)

(i = 1,… , n) (12.18)

The local entropy generation rate emerges as the sum of n + 1 products of con-
jugate forces and fluxes. It takes at least one such product—that is, one pair
(Ji, Xi) in which both partners are nonzero—for entropy to be generated at the
point of interest. This observation is equivalent to comments made earlier in
connection with individual irreversibility mechanisms (see Table 3.1). If, on
the other hand, all the driving forces Xi are zero, the local entropy generation
rate is also zero.

The conjugate fluxes Ji and forces Xi require special care. The mere writing
of eq. (12.16)—that is, the identification of a number of products of type JiXi
that added together equal the local entropy generation rate—does not mean that
the flux Ji is the conjugate of the driving force Xi. In addition to eq. (12.16), the
fluxes and forces must satisfy the definitions presented under eqs. (12.7) and
(12.11):

Ji =
1
A

dai
dt

(12.19)

Xi =
𝜕

𝜕x

(
𝜕S
𝜕ai

)

(12.20)

where the ai’s are the n + 1 arguments of the homogeneous function S
[eq. (12.1)]:

S = S(a0, a1,… , an) (12.21)

The conjugate fluxes are proportional to the time derivatives of the extensive
properties that appear as arguments in the entropic fundamental relation (a0 =
U, a1 = N1, etc.). The driving forces are the gradients of the intensive-property
coefficients that appear in the writing of the differential form (12.1).

12.2 LINEARIZED RELATIONS

The practical experience gathered in the field of heat and mass transfer suggests
that the heat and mass transfer rates are finite only if the intensive-property
gradients along which they occur are finite. This suggests that all the Ji fluxes
would be zero when all the Xi driving forces are zero. A second body of
experimental evidence suggests that a particular flux (Ji) is driven in general
not only by its conjugate force (Xi) but also by one or more of the remaining
driving forces (Xj; j ≠ i): that is, by the conjugate forces of other fluxes (Jj).
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This cross-coupling of the fluxes is illustrated by the phenomena discussed in
the second half of this chapter.

These observations are the basis for postulating that any flux of type
Ji depends in general on all the driving forces evaluated at the point of interest
(Xi; i = 0, 1,… , n) and on all the intensive properties measured at that point,

Ji = Ji(X0,X1,… ,Xn; T , 𝜇1,… , 𝜇n) (i = 0, 1,… , n) (12.22)

Furthermore, we postulate that the Ji function (12.22) is such that Ji is zero
when all the driving forces are zero:

(Ji)x0=x1=···=Xn=0 = 0 (i = 0, 1,… , n) (12.23)

We expect a finite Ji when not all the driving forces Xi are zero. The analytical
relation between Ji and the n + 1 driving forces, eq. (12.22), can be linearized
in the limit of vanishing Xi’s by writing the Taylor expansion of Ji around the
point X0 = X1 = · · · = Xn = 0:

Ji = (Ji)X0=X1=···=xn=0 +
𝜕Ji
𝜕X0

X0 +
𝜕Ji
𝜕X1

X1 + · · · +
𝜕Ji
𝜕Xn

Xn

+ higher-order terms (i = 0, 1,… , n) (12.24)

Considering now the zero-flux situation (12.23), we conclude that in the limit
of vanishingly small driving forces each flux is related linearly to all the driving
forces:

Ji =
n∑

k=0
LikXk (i = 0, 1,… , n) (12.25)

in which Lik is shorthand for the partial differential coefficients:

Lik =
𝜕Ji
𝜕Xk

(12.26)

In the same limit, the local entropy generation rate (12.16) assumes the form

s′′′gen =
n∑

i=0

n∑

k=0
LikXiXk ≥ 0 (12.27)

12.3 RECIPROCITY RELATIONS

Equation (12.27) completes the formal introduction of the concepts of local
entropy generation rate, conjugate pairs of fluxes and driving forces, the flux
postulate in eqs. (12.22) and (12.23), and finally, the linearized relations
between fluxes and driving forces, eq. (12.25). Assume now that only two
fluxes are present. Let the conjugate pairs of fluxes and forces be (J0, X0) and
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(J1, X1). The linear relations (12.25) reduce to

J0 = L00X0 + L01X1 (12.28)

J1 = L10X0 + L11X1 (12.29)

and the local entropy generation rate [eq. (12.27)] has only three terms:

s′′′gen = L00X
2
0 + (L01 + L10)X0X1 + L11X

2
1 ≥ 0 (12.30)

the second of which is due to the coupling of the two fluxes through the coeffi-
cients L01 and L10 of eqs. (12.28) and (12.29).

The second law of thermodynamics is represented by the ≥ sign in
eq. (12.30). This sign has something to say about the signs and relative sizes
of the linearization coefficients L00, L01, L10, and L11. It is not difficult to show
that the s′′′gen expression (12.30) can be written in two additional ways:

s′′′gen =
[

L00 −
(L01 + L10)2

4L11

]

x20 + L11

(

X1 +
L01 + L10
2L11

X0

)2

≥ 0 (12.31a)

s′′′gen = L00

(

X0 +
L01 + L10
2L00

X1

)2

+
[

L11 −
(L01 + L10)2

4L00

]

X2
1 ≥ 0 (12.31b)

If s′′′gen is to remain nonnegative for all the values of X0 and X1, all the coef-
ficients of the squared quantities on the right side of eqs. (12.31a, b) must be
nonnegative. This observation translates into only three inequalities:

L00 ≥ 0 (12.32a)

L11 ≥ 0 (12.32b)

L00L11 ≥
[1
2
(L01 + L10)

]2
(12.32c)

Note that together these three inequalities rule out negative values in the two
bracketed coefficients in eqs. (12.31a, b).

The first two inequalities have a direct physical meaning in the realm
of single-flux irreversible phenomena. For example, in the case of pure
heat transfer through an isotropic medium, there is only one driving force,
X0 = 𝜕(T−1)∕𝜕x, and only one flux, J0. Since in this case all the mass flows are
zero, the lone flux J0 (or JU) is the same as the heat flux q′′ [eq. (12.13)]. If we
write J0 = q′′ and invoke the Fourier law of heat conduction as the definition
of the thermal conductivity coefficient k,

J0 = q′′ = −k𝜕T
𝜕x

(12.33)

the single-flux version of the linearized relation (12.25)

J0 = L00
𝜕

𝜕x
(T−1) (12.34)
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allows us to conclude that
L00 = T2k (12.35)

The L00 coefficient not only is proportional to k but also has the same sign as k.
As a manifestation of the second law, then, the inequality (12.32a) guarantees
that the thermal conductivity coefficient k cannot be negative.

Similar conclusions are reached by considering other examples of single-flux
phenomena. In the case of pure electrical conduction through an isotropic
medium, we can rely on Ohm’s law (12.48) and eq. (12.32a) to show that
the electrical conductivity ke cannot be negative. Similarly, consideration of
Fick’s law [4] for the diffusion of species i solely under the influence of the
concentration gradient of i leads to the conclusion that the mass diffusivity
coefficient Dii cannot be negative.

Continuing with the two-flux phenomenon addressed by eqs. (12.28)–
(12.32), we notice that the cross-coupling coefficients L01 and L10 are express-
ible in the same units. The dimensions of both coefficients are the dimensions
of s′′′gen divided by the dimensions of the product X0X1. The empirical evidence
on several two-flux irreversible phenomena suggests that the coefficients of
type L01 and L10 have not only the same units but also the same magnitude: in
other words,

L01 = L10 (12.36)

The earliest observations of this kind were made by William Thomson [5]
with respect to coupled thermal and electrical conduction (thermoelectric
phenomena) and by Stokes [6] in the analysis of heat conduction through an
anisotropic medium.We focus in detail on these phenomena beginning with the
next section. Note at this stage that since L01 = L10 the second-law requirement
(12.32c) states that the absolute value of the cross-coupling coefficient cannot
exceed the geometric average of the always nonnegative L00 and L11:

(L00L11)1∕2 ≥ |L01| (12.37)

Almost 100 years after William Thomson and Stokes, Onsager [1] showed
that the several examples of two-flux phenomena in which eq. (12.36) holds are
special manifestations of the more general statement that for all i’s and j’s and
in the absence of magnetic effects,

Lij = Lji (12.38)

According to Onsager’s “reciprocity relations” (12.38), the matrix ||Lij|| asso-
ciated with the linear system (12.25) is symmetric. Onsager derived these reci-
procity relations based on statistical mechanical arguments. In the classical
macroscopic framework of the present treatment, we adopt Onsager’s relations
as a new postulate—a law—whose validity remains to be supported or refuted
by physical observations. The growing body of empirical evidence that supports
Onsager’s reciprocity relations was reviewed in Ref. 7.
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12.4 THERMOELECTRIC PHENOMENA

12.4.1 Formulations

The best-known example of coupled irreversible flow phenomena is thermo-
electricity: the simultaneous conduction of thermal and electrical currents
through a conducting material. Let T(x) and 𝜙(x) represent the distributions of
temperature and electrostatic potential, respectively, along the one-dimensional
conductor in Fig. 12.2. There are two fluxes through the unit cross-sectional
area of the conductor: the internal energy flux J0 = JU and the electron flux
J1 = JN . Both fluxes are conserved from one cross section to the next along
the one-dimensional conductor. The role of the electrochemical potential 𝜇 in
this problem is played by the potential energy per particle, e𝜙, where e is the
electric charge of one electron and 𝜙 is the electrostatic potential:

𝜇 = e𝜙 (12.39)

In place of the two-flux relations (12.28) and (12.29), we write

JU = L00
d
dx

( 1
T

)

+ L01
d
dx

(

−e𝜙
T

)

(12.40)

JN = L10
d
dx

( 1
T

)

+ L11
d
dx

(

−e𝜙
T

)

(12.41)

This starting point is essential because it establishes the connection between
the preceding formalism and the much older language of thermoelectricity, in
which the preferred energy flux is the heat flux q′′, not the internal energy flux
JU , and where the relevant gradients are those of temperature and electrostatic
potential, not the driving forces listed in eqs. (12.40) and (12.41). The first step
in translating eqs. (12.40)–(12.41) into old thermoelectricity consists of invok-
ing eq. (12.13) to replace JU by q′′:

JU = q′′ + e𝜙JN (12.42)

Figure 12.2 One-dimensional conductor with simultaneous flow of heat and electric
current. Left: conjugate fluxes and forces. Right: formulation in terms of physically
meaningful quantities.
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The new two-flux system that replaces eqs. (12.40) and (12.41) is

q′′ = l00
d
dx

( 1
T

)

+
l01
T

d
dx

(−e𝜙) (12.43)

JN = l10
d
dx

( 1
T

)

+
l11
T

d
dx

(−e𝜙) (12.44)

in which the new coefficients (l00, l01, l10, l11) are to be distinguished from the
original set (L00, L01, L10, L11). The relationships between the two sets are

l00 = L00 − e𝜙(L01 + L10) + (e𝜙)2L11 (12.45a)

l01 = L01 − e𝜙L11 (12.45b)

l10 = L10 − e𝜙L11 (12.45c)

l11 = L11 (12.45d)

The new coefficients depend only on the local temperature T(x). If Onsager’s
reciprocity relation L01 = L10 applies, we also have l01 = l10: that is, equal
cross-coupling coefficients in the thermoelectric formulation of the two-flux
problem. It is more instructive to postpone the use of the reciprocity relation
until we take a closer look at the experimental basis for l01 = l10.

The second step in the thermoelectric formulation of this two-flux problem
consists of substituting directlymeasurable quantities in place of the four coeffi-
cients l00, l01, l10, and l11. For this step we need four relations, which come from
experiments. The first is the measurement of thermal conductivity, eq. (12.33),
which is carried out at zero electric current:

q′′ = −kdT
dx

(eJN = 0) (12.46)

Eliminating q′′ and d(−e𝜙)∕dx at zero electric current between eqs. (12.43),
(12.44), and (12.46), we obtain the first (thermal conductivity) relation:

k = 1
T2

(

l00 −
l01l10
l11

)

(12.47)

This result matches eq. (12.35) in the case of l01 = 0, where the heat flux is the
only flux or where q′′ is uncoupled from JN .

The second relation is the measurement of electrical conductivity, ke, which
is defined as the ratio between the electric current density (eJN) and the potential
gradient, all in an isothermal system:

eJN = −ke
d𝜙
dx

(dT
dx

= 0
)

(12.48)
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Comparing this definition with the isothermal version of eq. (12.44), we find
that ke and l11 are proportional:

ke =
e2

T
l11 (12.49)

The third relation comes from the Seebeck effect (p. 615), which represents
a class of experimental observations that preceded William Thomson’s
paper [5]. These observations suggest that under conditions of zero electric
current (eJN = 0) a finite electromotive force is produced when the temperature
gradient is finite. Rewriting eq. (12.44) for JN = 0,

0 = l10
d
dx

( 1
T

)

+
l11
T

d
dx

(−e𝜙) (12.50)

we see that the electrostatic potential difference registered for each unit tem-
perature difference along the conductor is proportional to the second cross-
coupling coefficient l10:

(
d𝜙
dT

)

JN=0

= −
l10

l11eT
= −𝜖(T) (12.51)

The new temperature function 𝜖(T) defined above is known as the absolute
thermoelectric power of the conductor, or the absolute Seebeck coefficient.

The fourth relation needed for determining the l coefficients comes from the
experimental finding known as the Peltier effect. Equation (12.43) indicates the
presence of a finite Peltier heat current in an isothermal conductor with finite
potential gradient along it:

q′′ =
l01
T

d
dx

(−e𝜙)
(dT
dx

= 0
)

(12.52)

Under the same isothermal conditions, the electron flux is, per eq. (12.44),

eJN = e
l11
T

d
dx

(−e𝜙)
(dT
dx

= 0
)

(12.53)

The ratio of the two currents represents the Peltier coefficient of the conduc-
tor, 𝜋,

q′′

eJN
=

l01
el11

= 𝜋(T)
(dT
dx

= 0
)

(12.54)

Combining the four relations (12.47), (12.49), (12.51), and (12.54), we
express the four coefficients (l00, l01, l10, l11) in terms of the physically more
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meaningful set (k, ke, 𝜖, 𝜋):

l00 = T2(k + ke𝜋𝜖), l01 =
T
e
ke𝜋

l10 =
T2

e
ke𝜖, l11 =

T
e2
ke

(12.55)

These results are arranged in the same array as in eqs. (12.43) and (12.44). It is
now clear that the cross-coupling coefficients l01 and l10 are equal only if

𝜋 = T𝜖 (12.56)

This last relation is supported by a long list of experimental reports [7]; there-
fore, l01 = l10, and according to the observation made under eq. (12.45d), L01 =
L10. The adoption of the reciprocity relation (12.56) means that the four l coef-
ficients can be expressed in terms of only k, ke, and 𝜖: Substituting these new
expressions into the two-flux linear system (12.43)–(12.44) yields, finally,

q′′ = −(k + T𝜖2ke)
dT
dx

− T𝜖ke
d𝜙
dx

(12.57)

eJN = −𝜖ke
dT
dx

− ke
d𝜙
dx

(12.58)

These two linear relations represent the end of the conversion of the original
statement of eqs. (12.40) and (12.41) into one in terms of physically meaningful
fluxes (q′′, eJN), gradients (dT∕dx, d𝜙∕dx), and coefficients (k, ke, 𝜖). It is worth
comparing these relations with the pure heat conduction limit (12.33) and the
pure electric conduction limit (12.48) in order to see the coupling of the two
phenomena. Another useful view of this coupling is provided by eliminating
d𝜙∕dx between the last two equations:

q′′ = −kdT
dx

+ T𝜖 eJN (12.59)

This relation shows that in the presence of an electric current the actual heat
flux q′′ exceeds the pure conduction (Fourier) flux by the amount (T𝜖 eJN).
This excess amount is what accounts for the Peltier heat flux in the case of an
isothermal conductor with finite electrical current through it [eq. (12.52)].

12.4.2 The Peltier Effect

Several phenomena can be described quantitatively by means of the phe-
nomenological rewriting of this two-flux problem. The simplest is the release
or absorption of a finite heat transfer rate at the junction between two constant-
temperature electrical conductors made of different materials, 𝛼 and 𝛽
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Figure 12.3 Junction between two one-dimensional isothermal conductors, showing
the origin of the Peltier heat release.

(Fig. 12.3). This effect was discovered by French physicist Jean C. A. Peltier
in 1834. Since the entire system is isothermal, the heat fluxes on the two sides
of the function are [cf. eq. (12.59)]

q′′𝛼 = T𝜖𝛼eJN , q′′
𝛽
= T𝜖𝛽eJN (12.60)

Note the use of T for the temperature of the system and eJN for electric cur-
rent density, which is conserved as it passes through the junction. The Peltier
heat fluxes, q′′𝛼 and q′′

𝛽
, are not necessarily equal because, generally speaking,

two different materials have different absolute thermoelectric powers, 𝜖a(T) and
𝜖𝛽(T). We record these ideas by subtracting eqs. (12.60) and calculating the
excess Peltier heat flux:

q′′
𝛽
− q′′𝛼 = T(𝜖𝛽 − 𝜖𝛼)eJN (12.61)

The question is whether this excess heat flux leaves or enters the conducting
path laterally at the junction (Fig. 12.3). There will be lateral heat transfer only
if there is a change in the net energy current JU that flows from right to left
along the two-conductor system. Invoking eq. (12.42) for each conductor right
at the junction, we write

JU,𝛼 = q′′𝛼 + e𝜙JN , JU,𝛽 = q′′
𝛽
+ e𝜙JN (12.62)

assuming that the potential 𝜙 varies continuously across the junction.
Equations (12.62) show that the excess Peltier flux is indeed equal to the step
change in JU across the junction:

q′′
𝛽
− q′′𝛼 = JU,𝛽 − JU,𝛼 (12.63)

whichmeans that q′′
𝛽
− q′′𝛼 is transferred laterally, as shown in Fig. 12.3. In terms

of the Peltier coefficient notation (12.54), eq. (12.61) is recognized as the sec-
ond Kelvin relation:

𝜋𝛽 − 𝜋𝛼 = T(𝜖𝛽 − 𝜖𝛼) (12.64)
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where the difference (𝜋𝛽 − 𝜋𝛼) is heat transfer released by the junction per unit
of electric current flowing from 𝛽 to 𝛼:

𝜋𝛽 − 𝜋𝛼 =
q′′
𝛽
− q′′𝛼

eJN
(12.65)

The sign of q′′
𝛽
− q′′𝛼 depends on the sign of 𝜖𝛽 − 𝜖𝛼 and the direction of the

electric current. One certainty is that changing the direction of JN also changes
the sign of the lateral heating effect at the junction. Said another way, if we
maintain the two junctions of Fig. 12.4 at the same temperature T , the heat trans-
fer released by the first junction equals the heat transfer received by the second
junction, or vice versa. In Peltier’s original discovery, 𝛼 and 𝛽 were antimony
and bismuth, respectively. Peltier’s junction released heat when the electric
current passed from antimony to bismuth. The same junction produced a refrig-
eration effect when the electric current passed from bismuth to antimony [5].

12.4.3 The Seebeck Effect

An even older example of the two-flux phenomenon described by eqs. (12.57)
and (12.58) is the phenomenon that accounts for the thermocouple as a
temperature-measuring device. This principle was discovered by the German
physicist Thomas J. Seebeck in the 1820s. Consider the two-conductor
arrangement of Fig. 12.5, in which the two junctions are maintained at differ-
ent temperatures (T1, T2). The other distinguishing feature of the arrangement
is that the electric current is zero (JN = 0). Based on our first encounter with
the Seebeck effect [eq. (12.51)], even in the absence of electric current, we
expect a variation of the potential 𝜙 along the conducting path, because the
temperature is not uniform. Let 𝜙0, 𝜙1, 𝜙2, and 𝜙3 denote the main values
taken by the potential along the conducting path (Fig. 12.5). The ends of
the arrangement are at the same temperature, T0. The question is whether
the maintenance of the finite temperature difference across the two junctions
results in a finite potential difference across the entire arrangement.

Figure 12.4 Two junctions at the same temperature showing that the Peltier heat
released by one is the same as the Peltier heat absorbed by the other.
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Figure 12.5 Two 𝛼 − 𝛽 junctions maintained at different temperatures (T1,T2) create
the end-to-end potential difference 𝜙3 − 𝜙0.

The analysis consists of setting JN = 0 in eq. (12.58) and integrating the
remaining expression from station 0 to station 3. Or, we can start directly with
eq. (12.51). The overall potential difference is

𝜙3 − 𝜙0 = −∫
3

0
𝜖(T) dT = −

(

∫
1

0
𝜖𝛼 dT + ∫

2

1
𝜖𝛽 dT + ∫

3

2
𝜖𝛼 dT

)

(12.66)

The three integrals on the right side are all temperature integrals. Next, since
T3 = T0, the first and third integrals can be combined:

𝜙3 − 𝜙0 = −
(

−∫
T2

T1

𝜖𝛼 dT + ∫
T2

T1

𝜖𝛽 dT

)

= ∫
T2

T1

[𝜖𝛼(T) − 𝜖𝛽(T)] dT (12.67)

In conclusion, an electromotive force is created between the ends 0 and 3
whenever a temperature difference is maintained across the junctions 1 and 2.
The induced potential difference is a function of only T1, T2, and the two mate-
rials used in the construction of the device. If in an existing device (fixed 𝛼, 𝛽)
we also fix one of the junction temperatures (T1), the voltage measured between
the extreme ends 0 and 3 becomes a function of only the temperature of the
remaining junction, T2. The resulting 𝜙3 − 𝜙0 measurement does not depend
on the temperature at the ends, T0, or on the manner in which T varies along
each conducting segment. When the device is used as a thermocouple, T1 is
usually fixed at 0∘C by immersing junction 1 in a bath containing crushed ice
and water.

12.4.4 The Thomson Effect

Finally, consider the question of how much heat is generated and released by
a conductor of both heat and electricity whose temperature distribution T(x)
is controlled by means of an entire sequence of temperature reservoirs T0(x)
(Fig. 12.6). A similar question formed the subject of Section 12.4.2, where the
conductor temperature was maintained uniform, presumably by contact with
a single-temperature reservoir (e.g., the ambient). In the present problem, the
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Figure 12.6 One-dimensional conductor whose zero-electric-current temperature dis-
tribution T0(x) is maintained by contact with a series of temperature reservoirs.

imposed temperature distribution T0(x) is not arbitrary. The T0(x) distribution
is the one that is established naturally when (1) the electric current is zero and
(2) the conductor does not exchange any heat with the ambient. The temper-
ature T0(x) is the temperature of the conductor when it functions as a purely
heat-conducting strut whose outer surface is perfectly insulated. Using the sub-
script 0 for this limiting conducting-strut condition, we note the special forms
that are taken in this limit by eqs. (12.42) and (12.59):

JU,0 = q′′0 = −k
dT0
dx

(12.68)

Note further that in this limit the energy flux is conserved, dJU,0∕dx = 0.
Consider the general case when JN is finite and the conductor can exchange

heat (at any x) with the neighboring reservoir T0(x). The lateral heat interaction
between the conductor and the reservoir is measured by the change in the total
energy current JU expressed by eq. (12.42). Keeping in mind that the electron
flux is conserved along the conductor (dJN∕dx = 0), we begin with taking the
derivative of eq. (12.42):

dJU
dx

=
dq′′

dx
+ eJN

d𝜙
dx

(12.69)

and use eqs. (12.59) and (12.58) to eliminate q′′ and d𝜙∕dx, respectively:

dJU
dx

= d
dx

(

−k
dT0
dx

+ T0𝜖 eJN

)

+ eJN

(

−
eJN
ke

− 𝜖
dT0
dx

)

= d
dx

(

−k
dT0
dx

)

+ eJNT0
d𝜖
dx

−
(eJN)2

ke

(12.70)
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The group in the first set of parentheses on the right side is equal to the
energy flux in the limit of zero electric current, JU,0. Because of the way in
which we have selected T0(x), this limiting energy flux is x independent, and
consequently, the first of the three terms in eq. (12.70) is zero. The lateral heat
transfer dJU∕dx then has only two components:

dJU
dx

= eJNT0
d𝜖
dx

−
(eJN)2

ke
(12.71)

the second ofwhich is the usual Joule heat generated by the electrical conductor.
The first term on the right side represents the Thomson heat absorbed by the
conductor when the electric current proceeds along a finite temperature gradient
(note that d𝜖∕dx = 𝜖′dT∕dx, where 𝜖′ = d𝜖∕dT). The Thomson term can be
expressed alternatively as

eJNT0
d𝜖
dx

= eJN
dT0
dx

𝜏(T0) (12.72)

where the new temperature function 𝜏 is the Thomson coefficient of the
material:

𝜏(T) = T
d𝜖
dT

(12.73)

The Thomson heat changes sign if the electric current (eJN) changes its
direction. This means that if two parallel conductors are placed in contact with
the T0(x) reservoirs and if the same (eJN) current flows in opposite directions
through the two conductors, the Thomson heat generated by one conductor
matches the Thomson heat absorbed by the other. The net heat transfer interac-
tion with the T0(x) reservoirs consists of rejecting the two Joule heating rates
produced by the two conductors. This is why in the first-law analysis of a cooled
power cable (a pair of leads) [eq. (10.62)] the only heat generation term is the
one that accounts for the Joule heat, even though the absolute temperature varies
dramatically along the cable.

12.4.5 Power Generation

The Peltier and Seebeck effects are at work simultaneously in energy conversion
devices known as thermoelectric power generators and refrigerators. The oppor-
tunity for constructing such devices out of as little as two 𝛼|𝛽 junctions held at
different temperatures becomes apparent if we take a look at Figs. 12.3–12.5.

The Seebeck effect of Fig. 12.5 amounts to the observation that the ends of
an open circuit consisting of two junctions at different temperatures (T1, T2)
develop a finite potential difference, 𝜙3 − 𝜙0. In this open circuit, the Peltier
heat interactions between the two junctions and the respective temperature
reservoirs are zero because the electric current is zero [eq. (12.61)]. If, on
the other hand, the circuit is closed by connecting the extreme ends through
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an external device (e.g., electrical resistance, R), the end-to-end potential
difference will drive the finite current I through the entire circuit. When pass-
ing through the two junctions, this current triggers two Peltier heat interactions
with reservoirs T1 and T2. These heat interactions must be of opposite signs
because the entire circuit represents a closed system that operates steadily in
communication with only two temperature reservoirs. Recall the second-law
requirement that the two heat interactions of a closed system operating in an
integral number of cycles in communication with two temperature reservoirs
must have opposing signs (p. 44).

Placing the circuit described above inside a black box, we see a closed system
that absorbs heat steadily from one temperature reservoir, rejects heat steadily to
a second reservoir, and delivers useful electrical power (size I2R) to an external
system. The black box has all the features required by a heat engine, which
in this case generates electric power directly. Similarly, if the external system
maintains the end-to-end potential difference and at the same time drives the
current I against this difference, all the energy interactions around our system
change sign, turning the two-junction system into a refrigerator or heat pump.

The design and optimization of thermoelectric energy conversion devices
represent an established segment of the thermodynamics literature (e.g., Ref. 8).
Thermoelectric power generators and refrigerators have two general character-
istics: one negative, the other extremely advantageous. On the negative side,
these devices are inherently irreversible because heat and electric currents must
flow through the circuit during their operation. These irreversibilities are the
reason so much effort is being spent on optimizing, fine tuning, and “match-
ing” these devices to the larger systems (electric networks) in which they are
to perform. The advantageous feature of thermoelectric power generators and
refrigerators is that they do not require any moving parts. This makes them
extremely reliable.

To see how the internal irreversibility of heat and electric currents decreases
the heat engine efficiency of a thermoelectric power generator, consider the
two-leg construction shown in Fig. 12.7. The two legs, 𝛼 and 𝛽, are usually
made out of different semiconductor materials. The hot junction is held at the
high temperature TH , and the net heat transfer rate from the (TH) reservoir into
the junction isQH . The figure shows themore common junction design in which
the hot ends of 𝛼 and 𝛽 are shunted (tied together) thermally and electrically
by a horizontal bar of a different and highly conductive material (e.g., copper).
The junction is represented by the entire subsystem enclosed in the dashed-line
box. It is easy to verify that the thermodynamics of this junction is equivalent
to that of the simplest design, in which 𝛼 and 𝛽 are joined end to end (as in
Fig. 12.5) and held at the temperature level TH while heated at the rate Q̇H .

The cold end of the two-leg apparatus is designed similarly. The only dif-
ference is that the cold ends of 𝛼 and 𝛽 are insulated electrically from each
other. The potential difference generated between them drives now the total
current I through the external resistance R. The net heat transfer rate to the
low-temperature reservoir (TL) is Q̇L.
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Figure 12.7 Thermoelectric power generator consisting of two differentially heated
thermoelectric elements.

The two legs (𝛼, 𝛽) are one-dimensional conductors along which x is mea-
sured from TH to TL. The lateral surfaces of both legs are insulated thermally
and electrically. The physical properties and geometry of the 𝛼 leg differ in gen-
eral from the properties and geometry of the 𝛽 leg. The geometry is represented
by two lengths (L𝛼, L𝛽) and two cross-sectional areas (A𝛼, A𝛽).

An important parameter of the power generator in Fig. 12.7 is the energy
conversion or heat engine efficiency:

𝜂 = I2R

Q̇H

(12.74)

in which the numerator I2R represents the useful power delivered by the device.
From the first-law analysis of the TH junction, we deduce the heat transfer rate
input:

Q̇H = JU,𝛼,HA𝛼 + JU,𝛽,HA𝛽

= (q′′ + 𝜙eJN)𝛼,HA𝛼 + (q′′ + 𝜙eJN)𝛽,HA𝛽
(12.75)

in which we have made use of eq. (12.42). Noting that the potential 𝜙 has the
same value throughout the junction,𝜙𝛼,H = 𝜙𝛽,H , and that the current I proceeds



Trim Size: 6.125in x 9.25in Bejan c12.tex V2 - 08/19/2016 3:48pm Page 621�

� �

�

THERMOELECTRIC PHENOMENA 621

in the positive x direction only along the 𝛽 leg,

I = −(eJN)𝛼A𝛼 = +(eJN)𝛽A𝛽 (12.76)

the Q̇H formula reduces to

Q̇H = q′′
𝛼,HA𝛼 + q′′

𝛽,HA𝛽

=
(

−kdT
dx

+ T𝜖 eJN
)

𝛼,H
A𝛼 +

(

−kdT
dx

+ T𝜖 eJN
)

𝛽,H
A𝛽

= −k𝛼A𝛼T ′
𝛼(0) − k𝛽A𝛽T

′
𝛽
(0) + I𝜋𝛼𝛽(TH)

(12.77)

The last expression is the result of invoking eq. (12.59), writing T ′(0) for dT∕dx
at x = 0, and finally using the 𝜋𝛼𝛽(TH) notation for the Peltier coefficient of the
junction of temperature TH:

𝜋𝛼𝛽(TH) = (𝜋𝛽 − 𝜋𝛼)TH = TH(𝜖𝛽 − 𝜖𝛼)TH = TH𝜖𝛼𝛽(TH) (12.78)

The next step consists of evaluating the hot-end temperature gradients T ′
𝛼(0)

and T ′
𝛽
(0). For this wemust solve the one-dimensional heat conduction problem

associated with each leg. The statement that JU is conserved along each leg is
equivalent to the following ordinary differential equation for the temperature
distribution T(x) (Problem 12.4):

d
dx

(

k
dT
dx

)

− eJN𝜏
dT
dx

+
(eJN)2

ke
= 0 (12.79)

where T(x) stands for either T𝛼(x) or T𝛽(x). The results become expressible in
closed form only if we assume that k, ke, and 𝜖 are constant along each con-
ductor, which also implies that 𝜏 = 0. Solving eq. (12.79) leads to parabolic
temperature distributions along both 𝛼 and 𝛽 and after invoking the temperature
boundary conditions listed on the figure leads to

T ′(0) = I2L
2kkeA2

−
TH − TL

L
(12.80)

The (L, A, k, ke) quantities on the right side acquire the appropriate subscript 𝛼
or 𝛽 as T ′(0) refers to T ′

𝛼(0) or T ′
𝛽
(0), respectively.

The result of combining eqs. (12.80) and (12.77) into eq. (12.74) is the effi-
ciency formula

𝜂 = I2R

𝜋𝛼𝛽(TH)I + ΔT A𝛼
L𝛼
(k𝛼 + Xk𝛽) −

I2

2

L𝛼
A𝛼
(k−1e,𝛼 + X−1k−1e,𝛽)

(12.81)
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where X is the ratio of the two slenderness ratios:

X =
(A∕L)𝛽
(A∕L)𝛼

(12.82)

The current I depends on the potential difference generated across R and the
electrical resistance posed by the entire circuit. We seek this relation by inte-
grating eq. (12.58) in the x direction along each leg:

𝜙𝛼,L − 𝜙𝛼,H = −
(
eJN
ke

)

𝛼

L𝛼 − ∫
TL

TH

𝜖𝛼 dT ((12.83𝛼))

𝜙𝛽,L − 𝜙𝛽,H = −
(
eJN
ke

)

𝛽

L𝛽 − ∫
TL

TH

𝜖𝛽 dT ((12.83𝛽))

And since 𝜙𝛼,H = 𝜙𝛽,H , subtracting these equations yields

𝜙𝛽,L − 𝜙𝛼,L = I

[(
L
ke A

)

𝛼

+
(

L
ke A

)

𝛽

]

+ ∫
TH

TL

(𝜖𝛽 − 𝜖𝛼) dT (12.84)

The potential difference appearing on the left side is simply IR; therefore, eq.
(12.84) is the expression for electric current:

I =
∫ THTL

(𝜖𝛽 − 𝜖𝛼)dT

R + L𝛼
A𝛼
(k−1e,𝛼 + X−1k−1e,𝛽)

(12.85)

Between eqs. (12.81) and (12.85), the efficiency emerges as a function of
two parameters: the geometric ratio X and the ratio between the external resis-
tance R and the “internal” resistance represented, for example, by the group
(L𝛼∕ke,𝛼A𝛼). Sherman et al. [8] showed that 𝜂 can be maximized with respect to
both parameters and that the optimal values are

Xopt =
(
ke,𝛼 k𝛼
ke,𝛽 k𝛽

)1∕2

(12.86)

(
R

L𝛼∕ke,𝛼A𝛼

)

opt

= Z

[

1 +
(
ke,𝛼 k𝛽
ke,𝛽 k𝛼

)1∕2
]

(12.87)

where the new dimensionless group Z is defined as

Z2 = 1 + 1
2
(TH + TL)

[
𝜖𝛼𝛽

(k𝛼∕ke,𝛼)1∕2 + (k𝛽∕ke,𝛽)1∕2

]2

(12.88)
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The optimal geometric ratio (12.86) shows that if 𝛼 is a better conductor than 𝛽,
then Xopt > 1, and via eq. (12.82), (A∕L)𝛽 > (A∕L)𝛼. In other words, at the opti-
mum, the leg that is a poorer conductor must have a more robust (less slender)
outlook than the companion leg. The maximum efficiency that corresponds to
the design of eqs. (12.86) and (12.87) is

𝜂max =
(

1 −
TL
TH

)
Z − 1

Z + TL∕TH
(12.89)

In conclusion, the efficiency cannot exceed a ceiling value that is lower than
the Carnot efficiency associated with TL and TH; in other words,

𝜂max < 1 − TL∕TH (12.90)

Equation (12.89) shows that 𝜂max approaches the Carnot limit as the dimen-
sionless group Z becomes considerably greater than 1. Equation (12.88), on
the other hand, shows that to approach the Carnot limit, the designer faces the
very difficult task of finding materials with low thermal conductivity and, at
the same time, high electrical conductivity. The efficiency ceiling 𝜂max drops as
the irreversible phenomena represented by (k𝛼, k𝛽) and (k−1e,𝛼, k−1e,𝛽) intensify. For
these reasons, the property group that appears in the brackets of eq. (12.88) is
recognized as the figure of merit z of the thermoelectric device:

z =
[

𝜖𝛼𝛽

(k𝛼∕ke,𝛼)1∕2 + (k𝛽∕ke,𝛽)1∕2

]2

(12.91)

The figure of merit z, the units of which are K−1, should not be confused
with the dimensionless quantity Z defined in eq. (12.88). The relation between
the two is Z = (1 + Tavgz)1∕2, where Tavg = (TH + TL)∕2.

The efficiency of a thermoelectric power generator can be increased further
by extracting electrical power not only from the cold end (as in Fig. 12.7) but
also from every temperature level T between TH and TL. This can be done
by bridging the temperature gap with a large number of small two-junction
elements of the type considered in Fig. 12.7 such that each element covers
the infinitesimal temperature range T − (T + dT). In this arrangement the heat
rejected by the cold junction of one element becomes the heat absorbed by the
next (immediately colder) element. This method of continuous extraction of dQ̇
between TH and TL is analogous to the continuous cooling of low-temperature
installations, which was described in Figs. 10.9 and 10.14.

12.4.6 Refrigeration

The two-leg arrangement discussed until now can also function as a refrigerator
if modified as shown in Fig. 12.8. The device draws the refrigeration load Q̇L
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Figure 12.8 Thermoelectric refrigerator with two one-dimensional legs.

from the (TL) reservoir; this is done at the expense of the external power supply,
which delivers the net power I(𝜙𝛽,H − 𝜙𝛼,H). The coefficient of performance of
the refrigerator,

COP =
Q̇L

I(𝜙𝛽,H − 𝜙𝛼,H)
(12.92)

can be expressed and maximized analytically by adopting the same simplifying
assumptions as in Section 12.4.5. Highlights of this analytical work are the
relations

Q̇L = k𝛼A𝛼T
′
𝛼(L𝛼) + k𝛽A𝛽T

′
𝛽
(L𝛽) + I𝜋𝛽𝛼(TL) (12.93)

𝜙𝛽,H − 𝜙𝛼,H = I

[(
L
ke A

)

𝛼

+
(

L
ke A

)

𝛽

]

+ ∫
TH

TL

(𝜖𝛼 − 𝜖𝛽) dT (12.94)

T ′(L) = − I2L
2kkeA2

−
TH − TL

L
(12.95)

where we note again that in eq. (12.95) the quantities (L, A, k, ke) receive
the subscript 𝛼 or 𝛽 depending on whether the left side of the equation reads
T ′
𝛼(L𝛼) or T ′

𝛽
(L𝛽). It can be shown that the COP function derived based on

eqs. (12.92)–(12.95) depends on two design parameters: the ratio of slenderness
ratios, X [eq. (12.82)], and the potential difference maintained by the external
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battery, 𝜙𝛽,H − 𝜙𝛼,H . The maximum coefficient of performance resulting from
the two-parameter optimization process is [8]

COPmax =
(
TH
TL

− 1

)−1Z − TH∕TL
Z + 1

(12.96)

The geometric ratio X necessary for achieving this COPmax is the same as the
Xopt of eq. (12.86). The other optimized parameter is the potential difference:

(𝜙𝛽,H − 𝜙𝛼,H)opt =
Z

Z − 1∫
TH

TL

(𝜖𝛼 − 𝜖𝛽)dT (12.97)

The COPmax formula reveals once again the inherent irreversibility of a ther-
moelectric refrigerator. Themaximum coefficient of performance is less than its
Carnot counterpart [eq. (3.25) with 𝜂II = 1], and only in the large-Z limit does
the difference between the two COPs disappears. According to eq. (12.88), we
are again faced with the problem of procuring thermoelectric materials that are
good electrical conductors and poor thermal conductors.

What is the largest temperature difference that the refrigerator can sustain in
the vertical direction?Working with eqs. (12.93) and (12.95), one can show that
one condition for maximum TH − TL is that of zero refrigeration load, Q̇L = 0.
Another is the optimal ratio of slenderness ratios, Xopt, listed in eq. (12.86). The
maximum temperature difference is

(TH − TL)max = TL
Z2 − 1

1 + TH∕TL
(12.98)

In summary, the preceding analyses of thermoelectric power generation and
refrigeration were based on the following simplifying assumptions:

1. One-dimensional thermoelectric flows
2. Elements (legs) with insulated lateral sides
3. Zero thermal and electrical contact resistances in all the junctions
4. Constant (x-independent) cross-sectional areas A𝛼 and A𝛽
5. Constant properties (k, ke, 𝜖), meaning also that 𝜏 = 0

Considerably more sophisticated analyses and design optimizations in which
these assumptions have been relaxed can be found in the literature cited in
Refs. 8 and 9.

12.5 HEAT CONDUCTION IN ANISOTROPIC MEDIA

Further support for Onsager’s reciprocity relations is found in the study of dif-
fusion phenomena in anisotropic media. We focus here on the particular case
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of heat conduction as a diffusion phenomenon (thermal diffusion), keeping in
mind that, rewritten in a different notation, the same analysis applies to electric
conduction through an anisotropic medium.

Anisotropy means that the transport property of the medium—the thermal
conductivity k—is sensitive to the direction in which the transport property
measurement is being performed. Consider themeasurement of the net heat flux
driven by a temperature difference across a one-dimensional slab (the sample).
In awide variety of solidmaterials such as crystals, fiber-reinforced composites,
and windings for electric machinery, the thermal conductivity measurement
depends on the way in which the structure of the material is oriented relative
to the sample. Figure 12.9 shows an example of two-dimensional anisotropy in
which the ability of the material to transfer heat by conduction depends on the
angle between the “fibers” of the material and the direction of interest (e.g., the
axis x1). The two-dimensional structure in Fig. 12.9 is what we might see in
a perpendicular section through a stack of parallel sheets (laminae) of indi-
vidually isotropic materials with highly different thermal conductivities: for
example, copper and epoxy (ka, kb, respectively, Fig. 12.9).

12.5.1 Formulation in Two Dimensions

Consider the heat flux in the x1 direction, q′′1 , and how this might depend on
the x1 and x2 temperature gradients at point O. The inclined orientation of the
material structure suggests that if the temperature gradient 𝜕T∕𝜕x1 is imposed
in the x1 direction, heat will be conducted not only in the x1 direction but also
in the perpendicular direction x2. We record this observation by writing

− 𝜕T
𝜕x1

= r11q
′′
1 + r12q

′′
2 (12.99)

where q′′2 is the heat flux in the x2 direction and r11 and r12 are two thermal
resistivity coefficients. Based on the same reasoning, the temperature gradient

Figure 12.9 Two-dimensional anisotropic conducting medium and general orientation
of the system of coordinates (x1, x2).
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in the x2 direction is capable of contributing to both q′′2 and q′′1 :

− 𝜕T
𝜕x2

= r21q
′′
1 + r22q

′′
2 (12.100)

Equations (12.99) and (12.100) are equivalent to writing that each heat flux
contains contributions from both temperature gradients:

q′′1 = −k11
𝜕T
𝜕x1

− k12
𝜕T
𝜕x2

(12.101)

q′′2 = −k21
𝜕T
𝜕x1

− k22
𝜕T
𝜕x2

(12.102)

The new coefficients k11, k12, k21, and k22 are the four thermal conductivi-
ties associated with the Cartesian frame (x1, x2). The relations between these
coefficients and the thermal resistivities of eqs. (12.99) and (12.100) can be
established easily; however, they are not central to the objective of this section.
The important feature is that eqs. (12.101) and (12.102), which are the classical
starting point in the analysis of two-dimensional conduction in an anisotropic
medium [10], describe a coupled two-flux phenomenon in the same sense as
eqs. (12.28) and (12.29). The q′′1 and q

′′
2 relations listed above can be rewritten as

q′′1 = T2k11
𝜕

𝜕x1

( 1
T

)

+ T2k12
𝜕

𝜕x2

( 1
T

)

(12.103)

q′′2 = T2 k21
𝜕

𝜕x1

( 1
T

)

+ T2 k22
𝜕

𝜕x2

( 1
T

)

(12.104)

to show that the respective conjugate driving forces are 𝜕(T−1)∕𝜕x1 and
𝜕(T−1)∕𝜕x2. Note further that the Onsager coefficients (L11, L12, L21, L22) are
related to the thermal conductivities via

Lij = T2kij (12.105)

The last statement is a generalization of what we wrote in eq. (12.35). To
invoke Onsager’s reciprocity relation L12 = L21 at this stage means to postulate
that the cross-coupling conductivity coefficients are equal:

k12 = k21 (12.106)

In what follows, we postpone the adoption of the reciprocity relation (12.106)
until we have a chance to examine the experimental evidence that supports
its validity. We followed a similar strategy in Section 12.4. In this way, we
treat more justly the historical development of conduction heat transfer, for the
relation k12 = k21 was tested in the laboratory long before Onsager’s theoretical
argument for writing L12 = L21.
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12.5.2 Principal Directions and Conductivities

The physical meaning of the coupling between q′′1 and q′′2 becomes evident if
we consider a concrete heat transfer problem: the analytical derivation of the
isotherms and heat flux lines associated with a certain heating configuration.
The first law of thermodynamics for steady conduction without volumetric heat
generation (−w′′′) [eq. (1.26)] reduces to

∇ ⋅ q = 0 (12.107)

or, in the (x1, x2) system of coordinates,

𝜕q′′1
𝜕x1

+
𝜕q′′2
𝜕x2

= 0 ((12.107′))

Substituting eqs. (12.101) and (12.102) into eq. (12.107′) yields

k11
𝜕2T

𝜕x21
+ (k12 + k21)

𝜕2T
𝜕x1 𝜕x2

+ k22
𝜕2 T

𝜕x22
= 0 (12.108)

According to a well-known theorem of second-order linear equations,
there exists a suitable transformation of variables (x1, x2) → (𝜉1, 𝜉2) such that
eq. (12.108) is reduced to the canonical form

k1
𝜕2T

𝜕𝜉21

+ k2
𝜕2T

𝜕𝜉22

= 0 (12.109)

The special coordinates (𝜉1, 𝜉2) that satisfy eq. (12.109) are the principal axes or
the principal directions of the conducting material. The new coefficients (k1, k2)
are recognized as principal conductivities and are to be distinguished from the
coefficients associated with the (x1, x2) directions: namely, (k11, k12, k21, k22).

We could take eq. (12.109) and proceed directly toward a temperature
field solution, as done in a regular heat transfer course [11]; however, we are
especially interested in what that solution has to say about the original cross-
coupling coefficients k12 and k21. For this reason, it is important to establish
first the relation between the principal conductivities of eq. (12.109) and
the original set used in eqs. (12.101) and (12.102). Let us assume that the
new system of coordinates (𝜉1, 𝜉2) is obtained by rotating the old system
(x1, x2) counterclockwise by the angle 𝛼 (unknown) shown in Fig. 12.10. The
transformation (x1, x2) → (𝜉1, 𝜉2) is effected by the relations

𝜉1 = x1 cos 𝛼 + x2 sin 𝛼 (12.110)

𝜉2 = −x1 sin 𝛼 + x2 cos 𝛼 (12.111)

Omitting the analysis associated with going from eq. (12.108) to eq. (12.109)
via eqs. (12.110) and (12.111), we record the resulting expressions for the
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Figure 12.10 Principal directions and fluxes.

principal conductivities:

k1 = k11cos
2𝛼 + (k12 + k21) sin 𝛼 cos 𝛼 + k22sin

2𝛼 (12.112)

k2 = k11sin
2𝛼 − (k12 + k21) sin 𝛼 cos 𝛼 + k22cos

2𝛼 (12.113)

The transformation of eq. (12.108) into eq. (12.109) also yields a term contain-
ing 𝜕2T∕𝜕𝜉1𝜕𝜉2; the coefficient of this term is zero [as required by the canonical
form (12.109)] if

tan 2𝛼 =
k12 + k21
k11 − k22

(12.114)

Equation (12.114) pinpoints the orientation of the principal axes (𝜉1, 𝜉2) rela-
tive to the original system (x1, x2). Let q

′′
𝜉,1 and q

′′
𝜉,2 be the heat fluxes that point in

the principal directions (Fig. 12.10). Since the principal frame (𝜉1, 𝜉2) is a spe-
cial orientation of the original frame (x1, x2), we assume that q′′

𝜉,1 and q′′
𝜉,2 are

related to the directional temperature gradients 𝜕T∕𝜕𝜉1 and 𝜕T∕𝜕𝜉2 in the same
way that the heat fluxes and temperature gradients are related in eqs. (12.101)
and (12.102). When we write

q′′
𝜉,1 = −a11

𝜕T
𝜕𝜉1

− a12
𝜕T
𝜕𝜉2

(12.115)

q′′
𝜉,2 = −a21

𝜕T
𝜕𝜉1

− a22
𝜕T
𝜕𝜉2

(12.116)

we can show that the new coefficients (a11, a12, a21, a22) are related to the orig-
inal set via (Problem 12.7)

a11 = k11cos
2𝛼 + (k12 + k21) sin 𝛼 cos 𝛼 + k22sin

2𝛼 (12.117)

a12 = k12cos
2𝛼 − k21sin

2𝛼 + (k22 − k11) sin 𝛼 cos 𝛼 (12.118)

a21 = k21cos
2𝛼 − k12sin

2𝛼 + (k22 − k11) sin 𝛼 cos 𝛼 (12.119)

a22 = k11sin
2𝛼 − (k12 + k21) sin 𝛼 cos 𝛼 + k22cos

2𝛼 (12.120)
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Comparing these results with eqs. (12.112) and (12.113), we see that a11 and
a22 are the principal conductivities of the material:

a11 = k1, a22 = k2 (12.121)

The other conclusion is that the remaining coefficients, a12 and a21, are not
necessarily zero. Furthermore, adding eqs. (12.118) and (12.119) and invoking
eq. (12.114) lead to the discovery that a12 and a21 add to zero, or that

a12 = −a21 (12.122)

As summary to the preceding paragraph, the principal fluxes are related to
the principal temperature gradients by the linear expressions

q′′
𝜉,1 = −k1

𝜕T
𝜕𝜉1

− a
𝜕T
𝜕𝜉2

(12.123)

q′′
𝜉,2 = +a 𝜕T

𝜕𝜉1
− k2

𝜕T
𝜕𝜉2

(12.124)

in which we have substituted a = a12 and −a = a21. For reasons that will be
made clear by the right half of Fig. 12.11, the cross-coupling coefficient a is
recognized as the rotatory conductivity coefficient. The pair of principal fluxes
(12.123) and (12.124) satisfies the energy equation (12.107) regardless of the
value of a:

𝜕q′′
𝜉,1

𝜕𝜉1
+
𝜕q′′

𝜉,2

𝜕𝜉2
= 0 (12.125)

Recognizing further the geometric relation between the original fluxes (q′′1 , q
′′
2 )

and the principal fluxes (q′′
𝜉,1, q

′′
𝜉,2) (Fig. 12.10),

q′′1 = q′′
𝜉,1 cos 𝛼 − q′′

𝜉,2 sin 𝛼 (12.126)

q′′2 = q′′
𝜉,1 sin 𝛼 + q′′

𝜉,2 cos 𝛼 (12.127)

it is possible to use eqs. (12.123)–(12.127) and the reverse of the transfor-
mation (12.110) and (12.111) to rederive the original flux relations (12.101)
and (12.102). This operation forms the subject of Problem 12.7. Its purpose
is to identify the relations that exist between the original conductivities
(k11, k12, k21, k22) and the principal coefficients (k1, k2, a):

k11 = k1cos
2𝛼 + k2sin

2𝛼 (12.128)

k12 = (k1 − k2) sin 𝛼 cos 𝛼 + a (12.129)

k21 = (k1 − k2) sin 𝛼 cos 𝛼 − a (12.130)

k22 = k1sin
2𝛼 + k2cos

2𝛼 (12.131)
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We see that the cross-coupling coefficients k12 and k21 are equal only if

a = 0 (12.132)

The validity of Onsager’s reciprocity relation, then, depends on whether
eq. (12.132) is supported by experiment. We turn to this in the next subsection.

12.5.3 The Concentrated Heat Source Experiment

Consider the temperature field created if a heat source of strength q′ (W∕m)
is buried right at the origin of the coordinate system (𝜉1, 𝜉2). In the language
of conduction heat transfer [11], q′ is a continuous (steady) line source ori-
ented perpendicularly to the plane of Fig. 12.10. The temperature field T(𝜉1, 𝜉2)
must satisfy the energy equation (12.109); therefore, a first conclusion is that T
depends on the principal conductivities k1 and k2 but not on the rotatory coeffi-
cient a. Indeed, the temperature field solution is of the form [10]

T = −m ln

(
𝜉21

k1
+
𝜉22

k2

)

(12.133)

where the leading factor is proportional to the strength of the heat source:

m =
q′

2𝜋(k1∕k2)1∕2
(12.134)

Holding T constant in eq. (12.133), we see that the isotherms are ellipsoidal
(Fig. 12.11) and their shape does not contain any information regarding the
rotatory coefficient a. On the other hand, the principal heat fluxes and the shape

Figure 12.11 Isotherms and heat flux lines in a two-dimensional anisotropic medium
with concentrated heat source.
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of the heat flux lines are affected by the rotatory coefficient. Combining eq.
(12.133) with eqs. (12.123) and (12.124), we obtain

q′′
𝜉,1 = 2m

(
𝜉21

k1
+
𝜉22

k2

)−1 (

𝜉1 +
a
k2
𝜉2

)

(12.135)

q′′
𝜉,2 = 2m

(
𝜉21

k2
+
𝜉22

k2

)−1 (

𝜉2 −
a
k1
𝜉1

)

(12.136)

From these we obtain
q′′
𝜉,1

q′′
𝜉,2

=
k1(k2𝜉1 + a𝜉2)
k2(k1𝜉2 − a𝜉1)

(12.137)

Finally, invoking the principal flux relations (12.123) and (12.124) to eliminate
q′′
𝜉,1 and q

′′
𝜉,2 from eq. (12.137) leads to the differential equation for the heat flux

lines:
d𝜉2
d𝜉1

=
k2(k1𝜉2 − a𝜉1)
k1(k2𝜉1 + a𝜉2)

(12.138)

with the following solution:

(k1k2)1∕2tan−1
(
𝜉2k

1∕2
1

𝜉1k
1∕2
2

)

+ a
2
ln(k1𝜉22 + k2𝜉

2
1) = const (12.139)

Figure 12.11 shows the main characteristics of the heat flux lines. If the
coefficient a is zero, the heat flux path solution (12.139) reduces to 𝜉2∕𝜉1 =
constant: that is, to a family of straight lines pointing radially away from the ori-
gin. In general, the heat flux lines are not normal to the isotherms. The family of
straight heat flux lines is sketched on the left side of Fig. 12.11. The same family
appears also as starting point (assumption) in Rohsenow and Choi’s treatment
of conduction in anisotropic media [12], where it is worth noting that the anal-
ysis leads directly to the conclusion that k12 = k21: that is, to our eqs. (12.129)
and (12.130) with a = 0 in them. Postulating straight heat flux lines is synony-
mous with postulating k12 = k21. The question is whether k12 equals k21: that is,
whether the heat flux lines are straight.

When the rotatory coefficient a is finite, the solution (12.139) represents the
family of spirals shown on the right side of Fig. 12.11. The curvature of the
spiral increases as the absolute value of a increases. If the sign of a changes,
the spiral changes only its sense of rotation.

That the heat flux lines are straight and not spiral was demonstrated experi-
mentally by Soret [13], among others. The experiment consisted of heating the
two-dimensional anisotropic material (a thin-plate crystal) at a point and then
cutting a slit radially away from the origin. This cut is shown on the right side
of Fig. 12.11. If the heat flux lines are spiral, those that are terminated by the
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cut will tend to raise the temperature of the right edge labeled O–r. Similarly,
the spiral heat flux lines that start from the cut will tend to depress the temper-
ature of the left edge (O–l). The net effect of the spiral would be the creation of
a finite temperature difference between two points situated vis-à-vis across the
cut. Soret did not detect any temperature change across the cut; therefore, the
conclusion is that the heat flux lines are straight, which means that a = 0 and
finally k12 = k21.

12.5.4 Three-Dimensional Conduction

Let (x1, x2, x3) be a Cartesian system of coordinates not necessarily aligned with
any of the fibers of the anisotropic material. Each heat flux is driven in general
by a combination of all three temperature gradients:

q′′1 = −k11
𝜕T
𝜕x1

− k12
𝜕T
𝜕x2

− k13
𝜕T
𝜕x3

(12.140)

q′′2 = −k21
𝜕T
𝜕x1

− k22
𝜕T
𝜕x2

− k23
𝜕T
𝜕x3

(12.141)

q′′3 = −k31
𝜕T
𝜕x1

− k32
𝜕T
𝜕x2

− k33
𝜕T
𝜕x3

(12.142)

where the nine conductivity coefficients kij are the components of the conduc-
tivity tensor (a second-order tensor). Now we know to rely from the start on the
reciprocity relations, which in this case means

k12 = k21, k13 = k31, k23 = k32 (12.143)

Let (𝜉1, 𝜉2, 𝜉3) be another Cartesian system of coordinates with the same ori-
gin as the (x1, x2, x3) system. The transformation from the old system to the new
system is represented by the relations

𝜉i =
3∑

j=1
cijxj (i = 1, 2, 3) (12.144)

where the cij coefficients represent the directional cosines (cij is the cosine of
the angle formed by the axes 𝜉i and xj). The three heat fluxes that point along
the axes of the new system can be written using the notation of eqs. (12.115)
and (12.116):

q′′
𝜉,1 = −a11

𝜕T
𝜕𝜉1

− a12
𝜕T
𝜕𝜉2

− a13
𝜕T
𝜕𝜉3

(12.145)

q′′
𝜉,2 = −a21

𝜕T
𝜕𝜉1

− a22
𝜕T
𝜕𝜉2

− a23
𝜕T
𝜕𝜉3

(12.146)

q′′
𝜉,3 = −a31

𝜕T
𝜕𝜉1

− a32
𝜕T
𝜕𝜉2

− a33
𝜕T
𝜕𝜉3

(12.147)



Trim Size: 6.125in x 9.25in Bejan c12.tex V2 - 08/19/2016 3:48pm Page 634�

� �

�

634 IRREVERSIBLE THERMODYNAMICS

The nine conductivity coefficients aij change as the Cartesian system
(𝜉1, 𝜉2, 𝜉3) rotates relative to the old system. Certain orientations of (𝜉1, 𝜉2, 𝜉3)
are marked by the appearance of zeros in the matrix ||aij||. For example, in a
material whose structure consists of fibers oriented in three mutually perpen-
dicular directions, it is possible to find that special orientation of the (𝜉1, 𝜉2, 𝜉3)
frame for which all six cross-coupling coefficients vanish. In this position, the
||aij|| matrix shows only three finite elements placed along the diagonal:

|
|
|
|
|
|

k1 0 0
0 k2 0
0 0 k3

|
|
|
|
|
|

(12.148)

The surviving coefficients (k1, k2, k3) are the principal conductivities of the
anisotropic material. The special directions (𝜉1, 𝜉2, 𝜉3) that ensure eq. (12.148)
are the principal axes or principal directions. This common class of materials
whose conductivity matrices can be reduced to the form (12.148) is recognized
as orthorhombic solids.

In the coordinate system formed by the principal directions, the three heat
fluxes attain much simpler forms:

q′′
𝜉,1 = −k1

𝜕T
𝜕𝜉1

(12.149)

q′′
𝜉,2 = −k2

𝜕T
𝜕𝜉2

(12.150)

q′′
𝜉,3 = −k3

𝜕T
𝜕𝜉3

(12.151)

The energy equation for steady conduction in three dimensions [eq. (12.107)]
now reads

k1
𝜕2T

𝜕𝜉21

+ k2
𝜕2T

𝜕𝜉22

+ k3
𝜕2T

𝜕x23
= 0 (12.152)

And since this course is about to end and perhaps a new one in heat transfer is
about to begin [11], the reader may note that a useful step beyond eq. (12.152)
is the definition of a set of compressed (or stretched) scales for the principal
directions:

x = 𝜉1

(
k
k1

)1∕2

, y = 𝜉2

(
k
k2

)1∕2

, z = 𝜉3

(
k
k3

)1∕2

(12.153)

such that the energy equation reads

𝜕2T
𝜕x2

+ 𝜕2T
𝜕y2

+ 𝜕2T
𝜕x2

= 0 (12.154)
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In this way, the three-dimensional conduction problem of the anisotropic
medium is transformed into one that is tractable by means of analytical meth-
ods used for isotropic conducting media [eq. (12.154)]. The transformation
(12.153) must also be applied to the boundary conditions of the problem
statement, not just to the energy equation. The quantity k employed in the scale
compression (12.153) is a constant whose units are W∕m ⋅ K; its role could be
played by any of the principal conductivities (e.g., k = k1).

As irreversible thermodynamics attempts to bridge the gap between
Chapter 4 and transport processes, it is worth keeping in mind that the present
analytical treatment of conduction in anisotropic media was used for 100 years
before Onsager’s formalism. Heat transfer analysts managed quite well using
temperature gradients instead of T−1 gradients as “driving forces.” When
questions arose about the relation between cross-coupling conductivity coef-
ficients in crystals, heat transfer turned to clever experimental demonstrations
such as that of Soret. The present analytical treatment, which in essence is a
generalization of Fourier’s treatment of conduction in isotropic media, is due
to Duhamel [14] and Stokes [6].

12.6 MASS DIFFUSION

A third phenomenon that subscribes to the Onsager formalism ismass diffusion,
the migration of one or more species through a multicomponent system. It is
common to expect that the diffusion of one species is intimately tied to the
gradient shown by the concentration of that particular species in the mixture.
This is true in the special circumstances in which the simplest form ofFick’s law
[eq. (12.179)] applies: that is, in isothermal binary mixtures. Themass diffusion
description is more complicated in the presence of temperature gradients or in
the presence of more than two diffusing species. In such cases, the mass flux of
one species is driven not only by the concentration gradient of that species but
also by the temperature gradients and the concentration gradients of the other
components.

12.6.1 Nonisothermal Diffusion of a Single Component

Consider the simultaneous flow of energy and mass through the vertical parti-
tion in Fig. 12.1. All the flows in that figure were oriented in the x direction; in
the following analysis, the flow direction is labeled z; x is reserved for the mole
fraction. Consider the case where there is just one component on both sides of
the partition (n = 1). The partition maintains finite temperature and chemical
potential differences between the two parts of the system. This is the same as
saying that the partition maintains finite-T and finite-P differences, because in
the case of a single-component phase the three intensities (𝜇, T ,P) are related
through the Gibbs–Duhem relation (4.33):

d𝜇 = −s dT + v dP (12.155)



Trim Size: 6.125in x 9.25in Bejan c12.tex V2 - 08/19/2016 3:48pm Page 636�

� �

�

636 IRREVERSIBLE THERMODYNAMICS

In the present case, only two fluxes can penetrate the partition: the energy
flux JU , written also as J0, and the molal flux (the migration of the lone com-
ponent) JN , written as J1. The linear relations (12.25) reduce to only two:

JU = L00
d
dz

( 1
T

)

+ L01
d
dz

(

−𝜇
T

)

(12.156)

JN = L10
d
dz

( 1
T

)

+ L11
d
dz

(

−𝜇
T

)

(12.157)

showing that the temperature gradient can contribute to the flow of mass and
the gradient of −𝜇∕T can drive the flow of energy. These two cross-coupling
effects, which carry the names of Soret and Dufour, respectively, are ruled by
the Onsager coefficients L10 and L01. We develop a better feel for what these
coefficients represent if we focus on the situation in which the “differences”
across the partition are such that the net flow rate is zero: namely, JN = 0, or

0 = L10
d
dz

( 1
T

)

+ L11
d
dz

(

−𝜇
T

)

(JN = 0) (12.158)

Eliminating d𝜇 between eqs. (12.158) and (12.155) and using the single-phase
and single-component identity 𝜇 = h − T s (i.e., 𝜇 = g) yield [15]

vT dP =
(

h −
L10
L11

)

dT (JN = 0) (12.159)

In conclusion, when the mass flow rate is zero, the finite temperature dif-
ference sustains a finite pressure difference across the partition, assuming, of
course, that L10∕L11 ≠ h. The ratio L10∕L11 has a special physical meaning that
is revealed by the isothermal limit of the flux relations (12.156) and (12.157):

JU = L01
d
dz

(

−𝜇
T

)(
dT
dz

= 0

)

(12.160)

JN = L11
d
dz

(

−𝜇
T

)(
dT
dz

= 0

)

(12.161)

Dividing side by side and using the reciprocity relation L01 = L10 yield

(
JU
JN

)

dT=dz=0
=

L01
L11

=
L10
L11

(12.162)

Therefore, L10∕L11 is equal to the ratio between the energy and molal fluxes
in the case in which both sides of the partition are maintained at the same
temperature.
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12.6.2 Nonisothermal Binary Mixtures

Consider now the case of two differing species that cross the partition of
Fig. 12.1 in the presence of a finite temperature gradient. The formalism that
started this chapter suggests that there are three fluxes and three conjugate
forces, all related through

JU = L00
d
dz

( 1
T

)

+ L01
d
dz

(

−
𝜇1

T

)

+ L02
d
dz

(

−
𝜇2

T

)

(12.163)

JN1
= L10

d
dz

( 1
T

)

+ L11
d
dz

(

−
𝜇1

T

)

+ L12
d
dz

(

−
𝜇2

T

)

(12.164)

JN2
= L20

d
dz

( 1
T

)

+ L21
d
dz

(

−
𝜇1

T

)

+ L22
d
dz

(

−
𝜇2

T

)

(12.165)

If the binary mixture, as a whole, does not move in the z direction, we must
account for the fact that the net volumetric flow rate is zero:

v1JN1
+ v2JN2

= 0 (12.166)

In this last statement, v1 and v2 are the partial molal volumes of constituents 1
and 2 at the location of interest. Note that if the proportions of 1 and 2 are such
that constituent 1 exists in very small amounts in the mixture (i.e., if constituent
2 plays the role of solvent), the zero-net-flow condition reduces to JN2

= 0. In
any case, the two molal flux relations (12.164) and (12.165) can be combined
with the zero-flow condition (12.166) to express d(−𝜇2∕T)∕dz as a linear com-
bination of d(T−1)∕dz and d(−𝜇1∕T)∕dz. Eliminating d(−𝜇2∕T)∕dz from the
JU and JN1

linear laws above yields

JU = L′00
d
dz

( 1
T

)

+ L′01
d
dz

(

−
𝜇1

T

)

(12.167)

JN1
= L′10

d
dz

( 1
T

)

+ L′11
d
dz

(

−
𝜇1

T

)

(12.168)

The new Onsager coefficients L′00, L
′
01, L

′
10, and L′11 are entirely different from

the coefficients employed in eqs. (12.163) and (12.164). In conclusion, only two
of the original fluxes and only two of the original driving forces are independent.
The third flux can be deduced from the zero-flow condition (12.166). If needed,
the third driving force d(−𝜇2∕T)∕dz can be calculated from eq. (12.165).

It is possible to convert this new two-flux formulation into one in which the
places of d(T−1)∕dz and d(−𝜇1∕T)∕dz are taken by dT∕dz and dx1∕dz. If the
binary mixture is an ideal gas, 𝜇1 depends on T , P, and x1 in the special way
indicated by eq. (4.129):

𝜇1 = g1(T ,P) + RT ln x1 (12.169)
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Assuming for the sake of analytical conciseness that the local pressure distri-
bution is sufficiently uniform that the function g1∕T varies primarily because
of changes in T , the 𝜇1∕T version of eq. (12.169) implies that

d
dz

(

−
𝜇1

T

)

=
(
g1
T2

− 1
T

𝜕g1
𝜕T

)
dT
dz

− R
x1

dx1
dz

(12.170)

Substituting this into the JU and JN1
relations (12.167) and (12.168) yields two

new linear relations in terms of temperature gradient andmole fraction gradient:

JU =
[

−
L′00
T2

− L′01

(

−
g1
T2

+ 1
T

𝜕g1
𝜕T

)]
dT
dZ

− L′01
R
x1

dx1
dz

(12.171)

JN1
=
[

−
L′10
T2

− L′11

(

−
g1
T2

+ 1
T

𝜕g1
𝜕T

)]
dT
dZ

− L′11
R
x1

dx1
dz

(12.172)

The system above represents the starting point in the study of one-
dimensional heat and mass diffusion through a bulk-stationary binary mixture.
For this purpose, we can use the following notation:

JU = −D′
00
dT
dz

− D′
01

dx1
dz

(12.173)

JN1
= −D′

10
dT
dz

− D′
11

dx1
dz

(12.174)

in which D′
00,D

′
01,D

′
10, and D′

11 are four “diffusivity” coefficients. More fre-
quent than the use of the molal flux JN1

is the use of the mass flux:

Jm1
= M1 JN1

(12.175)

which is expressed in kilograms of constituent 1 per second and meter squared.
Instead of the mole fraction x1, it is customary to report the concentration C1,

C1 =
M1

v
x1 (12.176)

where v is the proper molal volume of the mixture at the z location of interest
(v is the number of cubic meters per mole of mixture). Note further that the
units of C1 are kilograms of constituent 1 per cubic meter. In terms of Jm1

, C1,
and a new set of diffusivities, the two-flux relations (12.173) and (12.174) can
be rewritten as

JU = −D00
dT
dz

− D01
dC1

dz
(12.177)

Jm1
= −D10

dT
dz

− D11
dC1

dz
(12.178)
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This version invites several comments. First, when the region of interest is
isothermal, the mass flux of constituent 1 is due entirely to the concentration
gradient of the same constituent:

Jm1
= −D11

dC1

dz

(
dT
dz

= 0

)

(12.179)

This is Fick’s law of diffusion [4, 16], in which the mass diffusivity coefficient
D11 has the units m

2∕s—the same units as the thermal and momentum diffusiv-
ities, 𝛼 and 𝜈, respectively, encountered in the field of heat and mass transfer.
The second law guarantees that D11 is nonnegative.

The second observation is that the temperature gradient partially drives the
mass flux Jm1

. When the mass flow ceases, Jm1
= 0, the temperature gradient

sustains a concentration gradient:

dC1

dT
= −

D10

D11
(Jm1

= 0) (12.180)

The imposition of a temperature difference across the partition induces a con-
centration difference (a partial separation) of the constituents of the binary
mixture. This diffusion phenomenon, whose magnitude is ruled by D10, is rec-
ognized as the Soret effect, or Soret diffusion [17, 18]. The D10 coefficient can
have either sign.

Third, the JU relation (12.177) shows that the concentration gradient con-
tributes to the energy flux in proportion to the coefficient D01. This aspect
represents theDufour effect first described in 1872 [19, 20]. TheD01 coefficient
can also be positive or negative.

Finally, although the D00 coefficient of the JU relation (12.177) has units
of thermal conductivity, W∕m ⋅ K, in general it is not the same as the thermal
conductivity k. The two are equal only if either the Soret effect or the Dufour
effect is insignificant (Problem 12.9).

12.6.3 Isothermal Diffusion

When the temperature gradient is zero, the diffusion of constituent 1 in a bulk-
stationary binary mixture is ruled by the Fick law (12.179). The same
holds for constituent 2, because the two-flux formulation developed from
eqs. (12.166)–(12.178) can be repeated for (JU , JN2

) as a flux pair.
The simplest example of isothermal diffusion inwhich cross-coupling effects

are present is that of a stationary ternarymixture. In this case, n = 3, and in place
of eqs. (12.163)–(12.165), we could write three linear relations linking the three
fluxes (JN1

, JN2
, JN3

) to the conjugate forces d(−𝜇1∕T)∕dz, d(−𝜇2∕T)∕dz, and
d(−𝜇3∕T)∕dz. The condition of zero volumetric flow,

v1JN1
+ v2JN2

+ v3JN3
= 0 (12.181)
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makes only two of the fluxes independent: for example, JN1
and JN2

. For these,
the linear relations can be written the sameway as in eqs. (12.167) and (12.168):

JN1
= L′11

d
dz

(

−
𝜇1

T

)

+ L′12
d
dz

(

−
𝜇2

T

)

(12.182)

JN2
= L′21

d
dz

(

−
𝜇1

T

)

+ L′22
d
dz

(

−
𝜇2

T

)

(12.183)

If the ternary mixture is an ideal gas and, in addition, if the pressure is suf-
ficiently uniform in the region penetrated by the diffusion phenomenon, by
invoking eq. (4.129), the relations above can be transformed into

JN1
= −L′11

R
x1

dx1
dz

− L′12
R
x2

dx2
dz

(12.184)

JN2
= −L′21

R
x1

dx1
dz

− L′22
R
x2

dx2
dz

(12.185)

In terms of mass fluxes and concentration gradients defined in the manner of
eqs. (12.175) and (12.176), the same conclusion reads

Jm1
= −D11

dC1

dz
− D12

dC2

dz
(12.186)

Jm2
= −D21

dC1

dz
− D22

dC2

dz
(12.187)

Note that the cross-coupling mass diffusivitiesD12 andD21 are in general not
equal. The reciprocity relation applies to the starting formulation [eqs. (12.182)
and (12.183)] and reads L′12 = L′21. Using this relation and identifying the quan-
tities of eqs. (12.184) and (12.185) for which D12 and D21 have been devised as
shorthand notation, it is easy to show that

D12

D21
=

M1C1

M2C2
(12.188)

In closing, I draw attention to a method of enhancing the diffusion of ions
through a medium [21, 22]. The method of electrodiffusion (electromigration)
consists of applying a voltage across themedium and forcing a current to flow in
the direction in which diffusion must be enhanced. One example is the diffusion
of chloride through concrete. In the decontamination of concrete structures used
in the nuclear energy industry, the use of electrodiffusion reduces the diffusion
time scale from several months to a few days.

REFERENCES

1. L. Onsager, Reciprocal relations in irreversible processes, I and II, Phys. Rev.,
Vol. 37, 1931, pp. 405–426; Vol. 38, 1931, pp. 2265–2279.



Trim Size: 6.125in x 9.25in Bejan c12.tex V2 - 08/19/2016 3:48pm Page 641�

� �

�

REFERENCES 641

2. Y. Demirel, Nonequilibrium Thermodynamics: Transport and Rate Processes in
Physical and Biological Systems, Elsevier Science, Amsterdam, 2002.

3. S. Kjelstrup and D. Bedeaux, Non-Equilibrium Thermodynamics of Heterogeneous
Systems, World Scientific, Singapore, 2008.

4. A. Fick, On liquid diffusion, J. Membr. Sci., Vol. 100, 1995, pp. 33–38.
5. W. Thomson, Thermo-electric currents, Trans. R. Soc. Edinburgh, Vol. 21, Pt. I,

1854; also Mathematical and Physical Papers, Vol. I, Cambridge University Press,
London and New York, 1882, pp. 232–291.

6. G. G. Stokes, On the conduction of heat in crystals, Cambridge Dublin Math.
J., Vol. 6, 1851, pp. 215–238; also Mathematical and Physical Papers, Vol. III,
Cambridge University Press, London and New York, 1901, pp. 203–227.

7. D. G. Miller, Thermodynamics of irreversible processes: The experimental verifi-
cation of the Onsager reciprocal relations, Chem. Rev., Vol. 60, 1960, pp. 15–37.

8. B. Sherman, R. R. Heikes, and R. W. Ure, Jr., Calculation of efficiency of thermo-
electric devices, J. Appl. Phys., Vol. 31, No. 1, 1960, pp. 1–16.

9. K. Landecker, Some recent developments in the thermoelectric junctions for refrig-
eration and power production, in K. R. Rao, ed., Thermoelectric Energy Conversion,
IEEE Press, New York, 1976, pp. 150–154.

10. H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 2nd ed., Oxford
University Press, London and New York, 1959, p. 38.

11. A. Bejan, Heat Transfer, Wiley, New York, 1993.
12. W. M. Rohsenow and H. Y. Choi, Heat, Mass and Momentum Transfer,

Prentice-Hall, Englewood Cliffs, NJ, 1961, Chap. 19.
13. C. Soret, Sur l’étude expérimentale des coefficients rotationnels de conductibilité

thermique, Soc. Phys. Hist. Nat. Geneve Arch., Vol. 29, 1893, pp. 355–357.
14. J. M. C. Duhamel, J. École Polytech., Paris, Vol. 13, Cahier 21, 1832, p. 356 (first

presented in 1828); also Vol. 19, Cahier 32, 1848, p. 155.
15. K. G. Denbigh, The Thermodynamics of the Steady State, Methuen, London, 1951,

p. 73.
16. A. Bejan, Convection Heat Transfer, 3rd ed., Wiley, New York, 2004.
17. C. Soret, Sur l’état d’équilibre que prend, au point de vue de sa concentration, une

dissolution saline primitivement homogène dont deux parties sont portées a des tem-
pératures différentes, Ann. Chim. Phys., Ser. 5, Vol. 22, 1881, pp. 293–297.

18. E. D. Eastman, Theory of the Soret effect, J. Am. Chem. Soc., Vol. 50, 1928,
pp. 283–291.

19. L. Dufour, Abbreviated communication, Arch. Sci. Phys. Nat., Ser. 5, Vol. 45, 1872,
pp. 9–12.

20. L. Dufour, Ueber die Diffusion der Gase durch poröse Wälnde und die sie beglei-
tenden Temperaturveränderungen, Ann. Phys. (Leipzig), Ser. 2, Vol. 28, 1873,
pp. 490–492.

21. S. Lorente and J. P. Ollivier, Electrodiffusion of ionic species through porous media:
A scale analysis, J. Porous Media, Vol. 9, 2006, No. 4.

22. P. Bégué and S. Lorente, Migration vs. diffusion through porous media: Time-
dependent scale analysis, J. Porous Media, Vol. 9, 2006, No. 7.



Trim Size: 6.125in x 9.25in Bejan c12.tex V2 - 08/19/2016 3:48pm Page 642�

� �

�

642 IRREVERSIBLE THERMODYNAMICS

PROBLEMS

12.1 Consider the single-flux phenomenon of pure electric conduction
through the one-dimensional conductor of Fig. 12.2. Invoke the second
law in order to prove that the electrical conductivity ke cannot be
negative.

12.2 Estimate the local entropy generation rate s′′′gen for the coupled one-
dimensional flow of energy and electric current discussed in connection
with Fig. 12.2. Show that your result can be expressed as

s′′′gen = q′′
d
dx

( 1
T

)

+ 1
T

dq′′

dx

in other words, that the irreversibility is due to (1) the flow of heat down
a finite temperature gradient and (2) the emergence of a heat current at
the longitudinal position of interest.

12.3 Consider the junction between two one-dimensional conductors of heat
and electric current, 𝛼 and 𝛽 (Fig. 12.3). Show that the Peltier coeffi-
cients, absolute thermoelectric powers, and Thomson coefficients of 𝛼
and 𝛽 are related through the “first Kelvin relation”:

d
dT

(𝜋𝛽 − 𝜋𝛼) = 𝜖𝛽 − 𝜖𝛼 + 𝜏𝛽 − 𝜏𝛼

12.4 Show that the ordinary differential equation for the temperature distri-
bution along a one-dimensional thermoelectric conductor is

d
dx

(

k
dT
dx

)

− eJN𝜏
dT
dx

+
(eJN)2

ke
= 0

An application of this result forms the subject of Problem 12.11.

12.5 The efficiency of a thermoelectric power generator operating between
TH and TL can be improved by producing electric power continuously,
that is, at every temperature level T between TH and TL. Conceptually,
this can be accomplished by a stack of infinitesimally tall two-function
elements of the type treated in Fig. 12.7. As shown in Fig. P12.5, in this
stack the heat rejected by the cold junction of one element becomes the
heat absorbed by the warm junction of the adjacent element. Show that
the heat engine efficiency of the entire stack is

𝜂stack = 1 − exp

(

−∫
TH

TL

𝜁
dT
T

)
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Figure P12.5

where 𝜁 = (Z − 1)∕(Z + 1). Show also that if Z is independent of tem-
perature, the efficiency is simplified further:

𝜂stack = 1 −
T𝜁L

T𝜁H

12.6 Demonstrate that the principal thermal conductivities (k1, k2) are
related to the four coefficients (k11, k12, k21, k22) via eqs. (12.112) and
(12.113). Show that the angle between the x1 axis and the principal
direction 𝜉1 in Fig. 12.10 must be

𝛼 = 1
2
tan−1

k12 + k21
k11 − k22

12.7 Show that the coefficients (a11, a12, a21, a22) that appear in the linear
relations between principal fluxes and principal temperature gradients
(12.115) and (12.116) are indeed the same as in eqs. (12.117)–(12.120).
Prove that a21 is the negative of a12.
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12.8 Here is an alternative to the method used in the text for showing that
k12 = k21 if a = 0 [eqs. (12.129) and (12.130)]. Rely on the a12 expres-
sion derived above [or simply start with eq. (12.118)] to show that

a12 =
1
2
(k12 − k21)

in other words, that k12 = k21 if a12 (or a) is zero.

12.9 While examining the two flux relations of nonisothermal diffusion in a
binarymixture [eqs. (12.177) and (12.178)], note that the energy flux JU
is not necessarily equal to the heat flux q′′. If the thermal conductivity
k is defined under zero-mass-flux conditions,

q′′ = −kdT
dx

(Jm1
= 0)

prove that

k = D00 −
D01D10

D11

12.10 Consider the nonisothermal diffusion of a single-component fluid
across the partition shown in Fig. P12.10. During a short enough time
interval dN moles of fluid pass through the partition, that is, dN moles
leave system I and enter system II. During this process, system I is
maintained at constant temperature (T) and pressure (P) by contact
with the temperature and pressure reservoirs shown in the sketch.
The respective energy interactions with these reservoirs are 𝛿Q and
𝛿W, with the additional observation that 𝛿W = P dV , where dV is the
volume swept by the piston (i.e., the change in the volume of system I).
This process provides a physical interpretation for the factor

Q∗ =
L10
L11

− h

which appears in eq. (12.159),

dP
dT

= −Q∗

vT
(JN = 0)

Recall that the ratio L10∕L11 represents the energy transport (i.e.,
the energy transfer from I to II) per mole and when the temperature is
the same on both sides of the partition [eq. (12.162)]. This means that
during the process described above the net energy transport across the
partition is (L10∕L11) dN. Invoke the first law for system I and show that

Q∗ = 𝛿Q
dN
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Figure P12.10

in other words, that the factor Q ∗ is the heat absorbed by system I per
mole of fluid transferred from I to II at constant T and P.

12.11 The two ends of the one-dimensional thermoelectric conductor of
Problem 12.4 are maintained at the same temperature, T0. The length
of the conductor is L. The deviation of the conductor temperature T(x)
from the end temperature T0 is sufficiently small so that k, ke, and 𝜏
may be treated as three known constants. Show that the maximum
conductor temperature occurs at

x
L
= 1

B
ln

eB − 1
B

where B = eJN𝜏L∕k. Show further that the temperature maximum
passes through the midpoint of the conductor as the electrical current
changes direction.
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The Constructal Law

13.1 EVOLUTION

Evolution means change in a discernable direction in time. Why is evolution—
the evolving organization (shape, structure, configuration)—a characteristic of
all natural flow systems? What is the basis for the evolution in time, hierarchy,
complexity, and rhythm of natural structures? Is there a single law of physics
from which form and rhythm can be deduced without any use of empiricism?

There is such a law, and it is a summary of common observations that if a
flow system is endowed with freedom to change its configuration, then the sys-
tem exhibits configurations that provide progressively better access routes for
the currents that flow. Observations of this kind come in the billions, and they
mean one thing: A time arrow [1] is associated with the sequence of flow con-
figurations that constitutes the existence of the system. This is the phenomenon
of evolution, as physics. In this movie, existing flow architectures are replaced
by easier flowing architectures. The law of physics was formulated in 1996 as
the constructal law of generation and evolution of flow configuration [2–4].

For a flow system to persist in time (to survive) it must evolve in such a way that it
provides easier and easier access to the currents that flow through it.

This law is a first principle. It is the basis for the growing number of theories
that account for diverse phenomena of the generation of evolutionary organi-
zation in nature [5–8] (Fig. 13.1). Today this entire body of work represents a
new arm of physics: constructal law, or constructal thermodynamics.

To see why the constructal law is a law of physics, we ask why the construc-
tal law is different than (i.e., distinct from or complementary to) the other laws
of thermodynamics. Think of an isolated thermodynamic system that is initially
in a state of internal nonuniformity (e.g., regions of higher and lower pressures
or temperatures or temperatures separated by internal partitions that are sud-
denly removed). The first law and the second law account for observations that
describe a tendency in time: As time passes, the isolated system approaches
a state of equilibrium (no internal flows). The first law and second law speak of

646
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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Biomimetics

Nature Engineering
Time

Constructal theory

Nature Principle
Time

Figure 13.1 Constructal law proceeds in time against empiricism or copying from
nature (Ref. 8). Bottom: the Lena delta and dendritic architecture derived from the con-
structal law.
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a black box. They say nothing about the configurations (the discernible images)
of the things that flow.

Before the constructal law, thermodynamics was not concerned with the con-
figurations of its nonequilibrium (flow) systems. It should have been. After all,
Sadi Carnot’s memoir is about the improvement (evolution) of machine con-
figurations in time. This intuition was shared by many who sought increases in
thermodynamic performance on an ad hoc basis in separate fields (engineering,
biology, geophysics, and economics), without recognizing the universality of
the evolutionary organization phenomenon. Reviews of optimality statements
are provided by Refs. 5 and 6, for example:

(i) Minimum entropy generation (production) and maximum efficiency
are used commonly in engineering and biology.

(ii) Maximum entropy production (MEP) is being invoked in geophysics.
(iii) Maximum “fitness” and “adaptability” (robustness, resilience) are

used in biology.
(iv) Minimum flow resistance (fluid flow, heat transfer, mass transfer) is

invoked in engineering, river mechanics, and physiology.
(v) Maximum flow resistance is used regularly in physiology and engi-

neering, e.g., maximum resistance to loss of body heat through animal
hair and fur or through the insulation of power and refrigeration plants,
the minimization of fluid leaks through the walls of ducts, etc.

(vi) Minimum travel time is used in urban design, traffic, and
transportation.

(vii) Minimum effort and cost are core ideas in social dynamics and animal
design.

(viii) Maximum profit and utility are used in economics.
(ix) Maximum territory is used for rationalizing the spreading of living

species, deltas in the desert, and empires.
(x) Uniform distribution of maximum stresses is used as an “axiom” in

accounting for the design of botanical trees and animal bones.
(xi) Maximum growth rate of flow disturbances (deformations) is invoked

in the study of fluid flow disturbances and turbulence.
(xii) Maximum power was proposed in biology, physics, and engineering.

Note that the optimality statements are contradictory and disunited, yet they
demonstrate that the time for placing the “design” phenomena in science is now.
The evolution of flow configuration is a natural phenomenon, and it belongs in
physics.

This tendency, this time sequence of images that the flow system exhibits as
it evolves, is the phenomenon covered by the constructal law—not the images
per se, but the time direction in which they morph if given freedom. No con-
figuration in nature is “predetermined” or “destined” to be or to become a
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particular image. The actual evolution or lack of evolution (rigidity) of the
image depends on many factors, which are mostly random.

The same could have been said about the second law. No isolated system
in nature is predetermined or destined to end up in a state of uniform intensive
properties so that all future flows are ruled out. One cannot count on the removal
of all the internal constraints. The second law does proclaim the existence of
the state of equilibrium in an isolated system at sufficiently long times when
all internal constraints have been removed. Likewise, the constructal law pro-
claims the existence of the mature flow architecture (also called “equilibrium
flow structure”), when all possibilities of increasing morphing freedom have
been exhausted [9].

Constructal law is now a fast growing field with contributions from many
sources and which leads in many directions. It is outlined regularly in review
articles [5, 6, 10–13] and books [14–24]. This body of work has two main
parts. The first is the use of the constructal law to predict and explain the occur-
rence of natural flow configurations, inanimate and animate (e.g., Sections 13.3
and 13.4). The second part is the use of the constructal law as a law of physics
principle in applications.

Because the constructal law proclaims the oneness of natural and engineered
flow configuration generation phenomena, it is important to keep Fig. 13.1 in
mind. Nature and engineering are one. They can be contemplated together
in two ways, empirically and theoretically. In empiricism, the observing and
copying from nature come first, and this serves as a basis for modeling, descrip-
tion, and the bioinspired. In constructal law the thought proceeds in time in the
opposite direction: First, the constructal law is invoked, and from this thought
the flow architecture is predicted, proclaimed, and anticipated. Only later is the
theoretical (constructal) configuration compared with an example of natural
configuration, and the agreement between the two validates the constructal law.

13.2 MATHEMATICAL FORMULATION OF THE
CONSTRUCTAL LAW

In constructal law thinking, body size, shape, structure, architecture, bound-
aries, and complexity are results, not assumptions. They are intrinsic parts of
the image: the configuration to which the flow system tends in time, in accord
with the constructal law. This tendency was put on a mathematical basis in
2004 [9].

13.2.1 Properties of Flow Systems with Configuration

A flow system (e.g., a tree) has “properties” that distinguish it from a static
(zero-flow, equilibrium) system. The properties of a flow system are as follows:

1. Global external size, e.g., the length scale of the body bathed by the tree
flow L

2. Global internal size, e.g., the total volume of the ducts V
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3. At least one global objective, or performance, e.g., the global flow resis-
tance of the tree R

4. Configuration, drawing, and architecture
5. Freedom to morph, i.e., freedom to change the configuration

The global external and internal sizes (L,V ) mean that a flow system has two
length scales L and V1∕3. These form a dimensionless ratio—the svelteness
Sv—which is a global property of the flow configuration [25]:

Sv =
external length scale

internal length scale
= L

V1∕3
(13.1)

The evolving flow architectures that obey the constructal law populate and
migrate in the V = const plane shown in Fig. 13.2. This plane presents a
performance–freedom diagram: In time and if the architecture is free to
change, R decreases (i.e., performance increases) at constant L and V. The
configuration with the smallest R value represents the mature (“equilibrium”)
flow architecture, which is most free to morph, and it morphs. Yet, the more it
changes, the more its performance stays the same.

An illustration of the movement of the flow architecture in time (at constant
L and V) is provided by Fig. 13.3. The abscissa parameter f is the global dimen-
sionless flow resistance for Poiseuille flow between the center of a circle and
N = 192 points distributed equidistantly on the circle. The parameter f corre-
sponds to the performance parameter R in Fig. 13.2. At maturity (d) the flow
configuration achieves the most that its freedom to morph has to offer.

Figure 13.2 Performance–freedom to change configuration at fixed global external size
(Ref. 9).
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13.2.2 Evolution by Increasing Global Performance

The ordinate of Fig. 13.3 shows the number of tubes (n0) that come out of the
center. The parameter p represents the number of bifurcation or pairing levels
of the tree structure. To assume a constant-p structure is to curtail the freedom of
the morphing tree structure. To allow p to increase (downward in Fig. 13.3) is
to endow the flow architecture with more freedom to morph.

When p is fixed (e.g., p = 4), all the possible flow configurations lie to the
right of point c. Here the network is dichotomous (a constructal law predic-
tion), the tube diameter ratios are selected in accord with Murray’s rule (another
constructal law prediction), and every tube length is deduced. Point a repre-
sents a tree structure almost as “perfect” as c, except that the tube lengths of a
are assumed (guessed), not optimized. In time, the flow structure morphs and
migrates from points a to c.

If the number of pairing levels (p) is also free to vary, the migration is from
the entire right plane (e.g., points a, b, and c) to d, which is the mature flow
structure for this class of flows. Configuration d has only six levels of pairing.
The number 6 represents finite complexity, not “maximum” complexity. The
number p = 6 is a constructal result, a discovery. The complexity comes from
the increase in freedom to morph, i.e., from the abandonment of architectural
features that curtail the freedom to morph.

Figure 13.3 Performance–freedom domain of flows that connect the center with N
equidistant points on a circle.
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Returning to the general Fig. 13.2, we conclude that at maturity (equilibrium)
the flow configuration achieves the most that its freedom to morph has to offer.
Equilibrium does not mean that the flow architecture stops changing. On the
contrary, it is here at equilibrium that the flow geometry enjoys most freedom to
change. Equilibrium means that the global performance does not change when
changes occur in the flow architecture.

The evolution of configurations in the constant-V cut (also at constant L,
Fig. 13.2) represents survival through increasing performance—survival of
the fittest. This is a first mathematical alternative to the original statement
of the constructal law (p. 646). This is the law of physics that now accounts for
the Darwinian argument, the law that rules not only the animate flow systems
but also the natural inanimate flow systems and all the man and machine
species. The constructal law provides the physics definition of “the survivor”
or of the equivalent concept of “the more fit.” The constructal law idea that
freedom to morph is good for performance (Fig. 13.2) also accounts for the
Darwinian argument that the survivor is the one most capable to adapt.

In the bottom plane of Fig. 13.2 the locus of equilibrium flow structures
is a curve with negative slope, (𝜕R∕𝜕V)L < 0, because of flow physics: The
resistance decreases when the size of the internal space inhabited by the flow
increases. This slope means that the nonequilibrium flow structures reside in the
design space suggested by the three-dimensional surface sketched in Fig. 13.2.
The time evolution of all flow structures toward the bottom edge of the surface
(the mature, equilibrium flow structures) is the action of the constructal law.

13.2.3 Evolution by Increasing Compactness

The time arrow of evolution can be stated alternatively with reference to the
constant-R cut through the three-dimensional space of Fig. 13.2. Flow architec-
tures with the same global performance (R) and global size (L) evolve toward
compactness and svelteness—smaller volumes dedicated to internal ducts, i.e.,
larger volumes reserved for the working body (the interstices). Paraphrasing
the original statement of the constructal law, we may describe the evolution at
constants L and R as follows:

For a system with fixed global size and global performance to persist in time (to live),
it must evolve in such a way that its flow structure occupies a smaller fraction of the
available space.

This is survival based on the increase in the use of the available space. Survival
by increasing svelteness (compactness) is equivalent to survival by increasing
performance: Both statements are the constructal law.

13.2.4 Evolution by Increasing Flow Territory

A third mathematical statement of the constructal law becomes evident if we
recast the constant-L design world of Fig. 13.2 in the constant-V design space
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Figure 13.4 Performance vs freedom to change configuration, at fixed global internal
size (Ref. 9).

of Fig.13.4. In this new figure, the constant-L cut is the same performance–
freedom diagram as in Fig. 13.2, and the constructal law means survival by
increasing performance. The contribution of Fig. 13.4 is the shape and orienta-
tion of the domain of immature (nonequilibrium) flow structures: The slope of
the curve in the bottom plane (𝜕R∕𝜕L)V is positive because of flow physics, i.e.,
because the flow resistance increases when the distance traveled by the stream
increases.

The world of possible architectures can be viewed in the constant-R cut
made in Fig. 13.4 to see that flow structures of a certain performance level (R)
and internal flow volume (V) morph into new flow structures that cover pro-
gressively larger territories. Again, flow configurations evolve toward greater
svelteness Sv. The constructal law statement becomes:

In order for a flow system with fixed global resistance (R) and internal size (V) to
persist in time, the flow architecture must evolve in such a way that it covers a pro-
gressively larger territory.

There is a limit to the spreading of a flow structure, and it is set by global prop-
erties such as performance (technology) and internal flow volumes R and V.

River deltas in the desert, animal species on the plain, and the Roman
Empire spread to their limits. Such is the constructal law of survival by
spreading, by increasing territory for flow and movement. This is the physics
of the S-curve phenomenon [26, 27], which is a manifestation of the constructal
law (Section 13.5).
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13.2.5 Freedom Is Good for Evolution and Survival (Persistence)

In this section we expressed mathematically the morphing and evolution of
progressively better tree-shaped flow networks. We did this by focusing on
trees that connect a circle with its center. The summary given in Fig. 13.3
shows that when there are 192 equidistant points on the circle the equilibrium
flow architecture has a certain (optimized, finite) degree of complexity, which
is represented by six levels of bifurcation or pairing.

The circle-point tree architectures can be morphed and improved further, so
that their points migrate even farther to the left on the performance–freedom
domain of Fig. 13.3. The truly mature (equilibrium) flow architecture lies
slightly to the left of the point (d). The path to this higher level of performance
is made possible by increasing the freedom of the morphing architecture. How
this is done is explained in Fig. 13.5. The upper-left frame illustrates the type
of circle-point trees that has been studied by a significant body of literature
until now. It is based on the reasonable assumption that at each level of pairing
or bifurcation the mother tube splits into two daughter tubes that have the
same length. This assumption is so “reasonable” and so popular that no one

Figure 13.5 More freedom “to morph” leads to higher performance and asymmetry in
the circle-point tree networks of Fig. 13.3 (after Ref. 28).
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questioned it. In truth, however, any simplifying assumption that the designer
makes is a straightjacket that curtails the freedom of the morphing architecture.

The other frames of Fig. 13.5 show what happens to the tree architecture
when the assumption of daughter tubes of equal length is not made. We have
discovered in this way the emergence of several types of asymmetry in equi-
librium tree architectures: different tube lengths at the same level of branching,
different mass flow rates at junctions, and different main branches. The emer-
gence of asymmetry in the best tree networks (man made or natural) is the action
of the constructal law.

13.3 INANIMATE FLOW SYSTEMS

Let us consider several bio and nonbio natural phenomena in order to see
how they evolve in accord with the constructal law. Classes of inanimate
flow configurations that have been treated based on the constructal law in the
physics literature are the shapes of duct cross sections, the shapes of river cross
sections, internal spacings, turbulent flow structures, tree-shaped architectures,
dendritic solidification (snowflakes), Bénard convection, and global circulation
and climate. In this section we review some of the theoretical predictions.

13.3.1 Duct Cross Sections

Blood vessels and pulmonary airways have round cross sections. Subterranean
rivers, volcanic discharges, earthworms, and ants carve galleries that have round
cross sections. These many phenomena of flow configuration generation have
been reasoned by invoking the constructal law for the individual duct or the
larger flow system that incorporates the duct. If the duct has a finite size (fixed
cross-sectional area A) and the freedom to change its cross-sectional shape,
then, in time, the shape must evolve such that the stream that flows through
the duct flows with less resistance. If the larger system is isolated and consists
of the duct and the two pressure reservoirs connected to the ends of the duct,
then the duct architecture should evolve such that the entire system reaches
equilibrium (no flow, uniform pressure) faster.

The duct cross section evolves in time toward the round shape. This evo-
lution cannot be witnessed in blood vessels and bronchial passages because
our observation time scale (our lifetime) is too short in comparison with the
time scale of the evolution of a living system. The morphing of a round gallery
can be observed during erosion processes in soil following a sudden rainfall.
It can be observed in the evolution of a volcanic lava conduit, where lava with
lower viscosity coats the wall of the conduit and lava with higher viscosity posi-
tions itself near the central part of the cross section [29]. To have it the other
way—high viscosity on the periphery and low viscosity in the center—would
be a violation of the constructal law. All phenomena of self-lubrication seen in
nature are manifestations of the constructal law.
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Additional support for the constructal law is provided by laboratory sim-
ulations of lava flow with high-viscosity intrusions (Fig. 13.6). Initially, the
intrusion has a flat cross section and is positioned near the wall of the conduit.
In time, i.e., downstream, the intrusion not only migrates toward the center of
the cross section but also develops a round cross section of its own. This ten-
dency matches what is universally observed when a jet (laminar or turbulent)
is injected into a fluid reservoir. If the jet has a flat cross section, then further
downstream it develops into one or more thicker jets with round cross sections.
The opposite trend is not observed: A round jet does evolve into a flat jet [30].

The superiority of the round shape relative to other shapes is an important
aspect of evolutionary design throughout nature. If the duct is straight and the
perimeter of the fixed-A cross section is p (variable), then the pressure drop
(ΔP) per unit length (ΔL) is ΔP∕ΔL = (2f∕Dh)𝜌V2, the hydraulic diameter
is Dh = 4A∕p, V is the mean fluid velocity (ṁ∕𝜌A, fixed), and f is the friction
factor. If the flow regime is laminar and fully developed, then f = Po∕Re, where
Re = DhV∕v and Po is a factor (called Poiseuille constant) that depends solely
on the shape of the cross section [31]. The duct flow resistance is

ΔP∕ΔL

ṁ
= v

8A2

(

Po
p2

A

)

(13.2)

where the group in parentheses depends only on the shape of the cross section.
This group governs the evolution direction. Table 13.1 shows the values
of the group (Po p2∕A) for several regular polygonal cross sections. Even
though the round shape is the best, the nearly round shapes perform almost as
well. The change in p2 Po∕A from the hexagon to the circle is only 3.7%. Yet
the hexagonal ducts have the great advantage that they can be packed in parallel
into bundles to fill a volume. Square ducts also have this packing advantage,
and their flow resistance is only 9.1% greater than that of hexagonal ducts.

flow

low viscosity

high
viscosity

time,
downstream

flow

Figure 13.6 The evolution of the cross-sectional configuration of a stream composed
of two liquids, low and high viscosity. In time, the low-viscosity liquid coats all
the walls and the high-viscosity liquid migrates toward the center. This tendency of
“self-lubrication” is the action of the constructal law of the generation of flow configura-
tion in geophysics (e.g. volcanic discharges, drawn after Ref. 29) and in many biological
systems.
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TABLE 13.1 Laminar Flow Resistances of Ducts
with Regular Polygonal Cross Sections with n Sides

N Po p∕A1∕2 p2 ⋅ Po∕A

3 40/3 4.559 277.1
4 14.23 4 227.6
5 14.74 3.812 214.1
6 15.054 3.722 208.6
8 15.412 3.641 204.3

10 15.60 3.605 202.7
∞ 16 2π1∕2 201.1

Note: The Po data are from Ref. 31.

Even if the duct cross section is imperfect—that is, with features such as
sharp corners, which concentrate fluid friction—its performance is already
as good as it can be. Diversity (several near-optimal shapes) goes with the
constructal law, not against it. Furthermore, the top performance of all the
possible cross sections can be predicted quite accurately when the global
constraints (A, ṁ) are specified. The high performance unifies the diversity.

13.3.2 Open-Channel Cross Sections

The conclusions reached above also hold for turbulent flow through a duct,
in which the global flow resistance is more closely proportional to p2∕A, not
Po ⋅ p2∕A. This is relevant to understanding why there is proportionality
between width (W) and maximum depth (d) in rivers of all sizes. Because of
the high Reynolds number and the roughness of the river bed, the skin friction
coefficient Cf is essentially constant. The longitudinal shear stress along the
river bottom is fixed (𝜏 = 1∕2Cf𝜌V2) because V = ṁ∕𝜌A and the mass flow rate
(ṁ) and the river cross-sectional area (A) are fixed. The total force per unit of
channel length is p𝜏, where p is the wetted perimeter of the cross section (the
bottom). This means that the constructal law calls for cross-sectional shapes
that have smaller p values.

For example, if the cross section is a rectangle of width W and depth d,
then p = W + 2d and A = Wd. The minimization of p subject to A = const
yields (W∕d)opt = 2 and the pmin∕A value shown in Table 13.2. Other types
of cross sections can be optimized, and the resulting shape and performance
are almost the same as for the rectangular case. The semicircular shape is the
best, but it is not best by much. Once again, diversity of configurations on the
podium of high performance is demanded by the constructal law. What is indeed
random, because of local geological conditions (e.g., flat versus curved river
bottoms), coexists with pattern: the chosen aspect ratio and the reduced flow
resistance pmin∕A1∕2.

The two most extreme cases of Table 13.2 are separated by only 12% in flow
resistance. This high level of agreement with regard to performance is very
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TABLE 13.2 Optimized Cross-Sectional Shapes of Open Channels

Shape (W∕d)opt pmin∕A1∕2

Rectangle A 2 2.828

Triangle
A

2 2.828

Parabola A 2.056 2.561

Circle A

p

W

d 2 2.507

important. It accounts for the significant scatter in the data on river bottom pro-
files if global performance is what matters, not local shape. Again, this is in
agreement with the new work on drainage basins (Section 13.3.3), where the
computer-optimized (randomly generated) network looks like the many, never
identical networks seen in the field. There is uncertainty in reproducing the
many shapes that we see in nature, but this is not the issue. There is no uncer-
tainty in anticipating global characteristics such as performance and geometric
scaling laws (e.g., W∕d) and allometric scaling laws (e.g., animal speed, breath-
ing rate, life span).

The river banks of the derived shape (the half circle) extend vertically down-
ward into the water and crumble under the influence of erosion (drag on parti-
cles) and gravity. This decreases the slopes of the river bed near the free surface
and, depending on the bed material, it will increase the slenderness ratio W∕d.

13.3.3 Tree-Shaped Fluid Flow and River Basins

River basins and deltas, like the lungs and vascularized tissues of animal design,
are dendritic flow structures. The observed similarities between geophysical
trees and biological trees have served as the basis for modeling and description.
In constructal theory tree-shaped flows are not models (description): They
are prediction, solutions to fundamental access problems in volume-point,
area-point, and line-point flow. Important is the geometric notion that the “vol-
ume,” the “area,” and the “line” represent infinities of points. The theoretical
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discovery of trees [32, 33] with the constructal law stems from the decision to
connect one point (source or sink) with the infinity of points (volume, area,
and line).

The two modes of flowing with imperfection (with flow resistance) must be
balanced so that together they contribute minimum imperfection to the global
flow architecture. The flow architecture is the graphical expression of the bal-
ance between links and their interstices.

The discovery of constructal tree-shaped flow architectures began with
three approaches, two of which are reviewed in this section. The first was
an analytical short cut [2, 3] based on several simplifying assumptions: 90∘
angles between stem and tributaries, a construction sequence in which smaller
optimized constructs are retained, constant-thickness branches, etc. The same
problem was treated numerically [32] by abandoning most of the simplifying
assumptions (e.g., the construction sequence) used in the first papers. The third
approach was fully numerical [33] in an area-point flow domain with random
low-resistivity blocks embedded in a high-resistivity background by using
the language of Darcy flow (permeability, instead of thermal conductivity
and resistivity). Along the way, these approaches produced better perfor-
mance and “more natural looking” trees as a progression in time, that is, as the
problem formulation endowed the flow structure with more freedom to morph.

The first approach is illustrated in Fig. 13.7. The “elemental area” of a
river basin (A0 = H0L0) is the area allocated to the smallest rivulet (length L0,
width D0, depth scale D0. Rain falls uniformly on A0 with the mass flow rate
ṁ′′(kgs−1 m−2). Constructal law calls for a special allocation of area size to
each channel: There is a certain elemental shape H0∕L0 such that the total flow
rate (ṁ′′A0) collected on A0 escapes with least global flow resistance from A0

ΔPx

+ +

+

+ +

++

+
A0D0

A0

~D0

ṁ″

ṁ = ṁ″

v

u

v

H0

ΔPy

L0

Figure 13.7 Elemental area of a river basin viewed from above: seepage with high resis-
tivity (Darcy flow) proceeds vertically and channel flow with low resistivity proceeds
horizontally. Rain falls uniformly over the rectangular area A0 = H0L0. The external
shape H0∕L0 is such that the flow from the area to the point (sink) encounters reduced
global resistance. The generation of configuration is how the area-point flow system
assures its persistence in time, its survival.
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through one port on its periphery. If the water seepage through the wet banks
(perpendicular to the rivulet) is in the Darcy flow regime, then the pressure
(or elevation) difference that drives the seepage velocity v is of order ΔPy ∼
v𝜇H0∕K, where K is the permeability of the porous medium. If the rivulet
flow is in the Poiseuille regime, then the pressure (or elevation) drop along the
L0 rivulet is of order ΔPx ∼ u𝜇L0∕D2

0. These equations can be combined to
conclude that the overall pressure difference that drives the area-point flow is

ΔPx + ΔPy ∼ ṁv

(
L0

D2
0

+
H0

KL0D0

)

(13.3)

This measure of flow imperfection can be reduced by changing the shape of
the area element. The elemental shape discovered in this manner is

(
L0

H0

)

opt

∼
(

𝜙0
A0

K

) 1∕3

(13.4)

where 𝜙0 is the area fraction occupied by the rivulet on the flow map, 𝜙0 =
D0L0∕H0L0 ≪ 1. When the area element has this shape, ΔPy is of the same
order as ΔPx. This is a frequent occurrence in the maximization of area-point
flow access: The partitioning of the driving force between the two flow mecha-
nisms is synonymous with the generations of flow organization (configuration,
architecture).

The area element becomes a building block with which larger rain plains can
be covered. The elements are assembled and connected into progressively larger
area constructs in a sequence of assembly and enhancement of flow access
at every step. During this sequence, the river channels form a tree architec-
ture in which every geometric detail is deduced, not assumed. The construction
sequence is illustrated in Fig. 13.8. Better and more realistic tree architectures
are obtained by relaxing the assumption of 90∘ angles and optimizing every
angle [32].

For river basins with turbulent flow with constant skin friction coefficient,
the constructal sequence shows that the best rule of assembly is quadrupling
(note A2 = 4A1 in Fig. 13.8). Constructal river basins are area constructs that
grow by roughly a factor of 4 at each new level of assembly. This theoretical
construction is detailed in Section 13.5 of the third edition of this book [34].

Another approach to deducing tree-shaped drainage basins from the con-
structal law is based on the erosion model [33] presented in Fig. 13.9. The two
flow regimes are seepage (Darcy flow) through regions of low permeability (K)
and seepage through high-permeability regions (Kp) created by grains that have
been removed. The drainage area A = HL and its shape H∕L are fixed. The area
is coated with a homogeneous porous layer of permeability K. The small thick-
ness of the K layer (the dimension perpendicular to the plane H × L) is W, where
W ≪ (H, L) . An incompressible Newtonian fluid enters one of the A faces of
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A0

A0

A1

A1

A2

Figure 13.8 Constructal sequence of assembly, from the elemental area (A0, Fig. 13.7)
to progressively larger area-point flows.

D

W
A

L

H

–H/2

y

D

H/2
K

Ppeak

v

u

P(x, y)

D
D
Kp

xL
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Figure 13.9 Area-point flow in a porous medium with Darcy flow and grains that can
be dislodged and swept downstream (Ref. 33).

the A × W parallelepiped such that the mass flow rate per unit area is uniform,
ṁ′′(kg∕m2 s). The other A face and most of the perimeter of the H × L rectangle
are impermeable. The collected stream (ṁ′′A) escapes through a small port of
size D × W placed over the origin of the (x, y) system. The fluid is driven to
this port by the pressure field P(x, y) that develops over A. The pressure field
accounts for the effect of slope and gravity in a real river drainage basin, and
the uniform flow rate ṁ′′ accounts for the rainfall.

The global resistance to this area-to-point flow is the ratio between the max-
imal pressure difference (Ppeak) and the total flow rate (ṁ′′A). The location of
the point of maximal pressure is not the issue, although in Fig. 13.9 this position
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is clear. It is important to calculate Ppeak and to reduce it at every possible turn
by making appropriate changes in the internal structure of the A × W system.
Determinism results from invoking the law of physics.

The physics principle that we invoke is the constructal law: The resistance to
fluid flow is decreased at every time step through changes in the architecture of
the flow system. Changes in flow architecture are possible because finite-size
portions (blocks, grains) of the system can be dislodged and ejected through the
sink. The removable blocks are of the same size and shape (square, D × D × W).
The critical force (in the plane of A) that is needed to dislodge one block is 𝜏D2,
where 𝜏 is the yield shear stress averaged over the base area D2. The yield stress
and the length scale D are assumed known. They provide an erosion criterion
and a useful estimate of the order of magnitude of the pressure difference that
can be sustained by the block. At the moment when one block is dislodged, the
critical force 𝜏D2 is balanced by the net force induced by the local pressure dif-
ference across the block ΔP, namely, ΔP DW. The balance 𝜏D2 ∼ ΔP DW
suggests the pressure difference scale ΔP ∼ 𝜏D∕W, which along with D can
be used for the purpose of nondimensionalizing the formulation: The dimen-
sionless pressure difference is P̃ = P∕(𝜏D∕W), and the intensity of the rainfall
is described by the dimensionless number M = ṁ′′vD∕(𝜏K).

A simple way to model erosion is to assume that the space vacated by the
block is also a porous medium with Darcy flow except that the new perme-
ability (Kp) of this medium is sensibly greater, Kp > K. This assumption is
correct when the flow is slow enough (and W is small enough) so that the flow
regime in the vacated space is Poiseuille between parallel plates. The equiva-
lent Kp value for such a flow is W2∕12. The availability of two dissimilar flow
regimes (Kp ≠ K) is a necessary precondition for the emergence of determin-
istic structures. The “glove” is the high-resistance regime (K), and the “hand”
is the low-resistance regime (Kp): The two regimes collaborate to reduce the
overall resistance.

The pressure P̃ and the block-averaged pressure gradient increase in propor-
tion with the imposed mass flow rate. In the scenario presented in Fig. 13.10
the dimensionless flow rate parameter M is increased monotonically from one
step to the next. Each step begins with the removal of the first block that can be
dislodged by the flow rate M. Following the removal of the first block, the M
value is held fixed, the pressure field is recalculated, and the block removal cri-
terion is applied again to the blocks that border the newly shaped Kp domain. To
start the next step, the M value is increased by a small amount ΔM. Figure 13.10
corresponds to a composite porous material with K∕Kp = 0.1. Simulations
conducted for other K∕Kp ratios show that the slenderness of the Kp channels
and the interstitial K regions is dictated by the K∕Kp ratio, that is, by the degree
of dissimilarity between the two flow paths. Highly dissimilar flow regimes
(K∕Kp ≪ 1) lead to slender channels (and slender K interstices) when the
overall area-to-point resistance is minimized. On the other hand, when K∕Kp
is close to 1, channels (fingers) do not form: The eroded region grows as a
half disk.
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Figure 13.10 The evolution (persistence, survival) of the tree structure when (K∕Kp =
0.1) the flow rate M is increased in steps ΔM = 0.001. (Ref. 33).

The key result is that the removal of certain blocks of K material and their
replacement with Kp material generate macroscopic internal organization. The
generalizing mechanism is the minimization of flow resistance, and the result-
ing structure is deterministic: Every time we repeat this process we obtain
exactly the same sequence of images.

One difference between natural river drainage structures and the determin-
istic structures illustrated in Fig. 13.10 is the lack of symmetry in natural river
trees. How do we reconcile the lack of symmetry and unpredictability of the
finer details of a natural pattern with the deterministic resistance minimization
mechanism that led us to the discovery of the tree networks of Fig. 13.10? The
answer is that the developing structure depends on two entirely different con-
cepts: the generating mechanism, which is deterministic, and the properties of
the natural flow medium, which are not known accurately and at every point.

In the scenario shown in Fig. 13.11 it was assumed that the dislodging resis-
tance that characterizes each removable block is distributed randomly over the
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Figure 13.11 The evolution (persistence, survival) of the tree structure in a random-
resistance, erodible domain (K∕Kp = 0.1 and M increases in steps of ΔM = 0.001).
(Ref. 33).

basin area. This characteristic of river beds is well known in the field of river
morphology. For the erosion process we chose the same composite system
(K∕Kp = 0.1) and M(n) function as in Fig. 13.10, in which M increased mono-
tonically in steps of 0.001. The evolution of the drainage system is shown
in Fig. 13.11. The emerging tree network is considerably less regular than in
Fig. 13.10 and reminds us more of natural river basins. The unpredictability
of this pattern, however, is due to the unknown spatial distribution of system
properties, not to the configuration-generating principle (the constructal law).

13.3.4 Turbulent Flow Structure

A turbulent flow has “structure” because it is a combination of two flow mecha-
nisms: viscous diffusion and streams (eddies). Both mechanisms serve as paths
for the flow of momentum. According to the constructal law, the turbulent flow
structure is the architecture that provides the most direct path for the flow of
momentum from the fast regions of the flow field to the slow regions.
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Figure 13.12 Floating object at the interface between two fluid bodies with relative
motion (Ref. 8).

This tendency of selecting the flow configuration so that momentum flows
the easiest is illustrated in Fig. 13.12. An object (iceberg and tree log) floats
on the surface of the ocean. The atmosphere (a) moves with the wind speed
Ua, while the ocean water (b) is stationary. If (a) + (b) form an isolated system
initially far from equilibrium, the constructal law calls for the generation of
flow configuration that brings (a) and (b) to equilibrium the fastest. The floating
object is the lock-and-key mechanism by which (a) transfers momentum to (b).
The extreme configurations of this mechanism are labeled 1 and 2. The forces
with which (a) pulls (b) are

F1 ∼ LDCDD
1
2
𝜌aU2

a , F2 ∼ D2CD
1
2
𝜌aU2

a (13.5)

where the drag coefficient CD is a factor of order 1. The natural (preferred) con-
figuration must be 1, because F1 > F2 when L > D. This is confirmed by objects
that drift on the ocean: icebergs, debris, abandoned ships, and ocean waves.

The turbulent eddy is analogous to the floating object example: In the case of
the eddy the momentum access is maximized between two regions of the same
flowing fluid. Figure 13.13 shows the shear flow between fast and slow regions
of fluid (a). Configuration 1 is the laminar shear flow (viscous diffusion), where
the shear stress at the (a)–(a) interface is 𝜏1 ∼ 𝜇U∞∕D. Configuration 2 is the
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Figure 13.13 Turbulence, dendritic solidification, electrodiffusion, mud cracks, dust
aggregates, stony corals and bacterial colonies owe their configurations to the natural
tendency to flow more easily. To achieve this, they combine two flow mechanisms in
a particular way. The distance travelled by diffusion increases in time as t1∕2, and the
speed of the diffusion front decreases as t–1∕2. Greater flow access calls for a mechanism
that is more effective at long times: convection (streams). Together, the two mechanisms
provide greater flow access than one mechanism alone, provided that they are arranged
in this order: diffusion, at short time and length scale, woven with convection at larger
scales. Nature always chooses this arrangement, and not the opposite.

eddy flow: the wrinkling, mixing, and thickening of the shear layer by rolling
the near-interface fluid. The roll has the peripheral speed U∞ and transfers
horizontal momentum in the downward direction [from (a) to (a)] at the rate
(𝜌DU∞)U∞. The apparent shear stress at the interface is 𝜏2 ∼ 𝜌DU2

∞∕D. Rolls
(eddies) are a necessary constructal feature of the prevailing flow architecture
when 𝜏2 > 𝜏1, which yields U∞D∕v > 1. More precise evaluations of 𝜏1 and 𝜏2,
which are substituted into 𝜏2 > 𝜏1, yield the local Reynolds number criterion
for the formation of the first eddies:

Re1 =
U∞D

v
∼ 102 (13.6)

This prediction is supported convincingly by the laminar–turbulent transition
criteria reviewed in Table 13.3. The traditional criteria are stated in terms of
critical numbers that range from 30 to 4 × 1012. The Rel equivalents condense
this information and agree with Rel ∼ 102 at transition.
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TABLE 13.3 Traditional Critical Numbers for Transitions in Several Key Flows
and the Corresponding Local Reynolds Number

Flow
Traditional Critical
Number

Local Reynolds
Number

Boundary layer flow over flat plate Rex ∼ 2 × 104–106 Re1 ∼ 94–660
Natural-convection boundary layer along

vertical wall with uniform temperature
(Pr ∼ 1)

Ra ∼ 109 Re1 ∼ 178

Natural-convection boundary layer along
vertical wall with constant heat flux
(Pr ∼ 1)

Ra∗y ∼ 4 × 1012 Re1 ∼ 330

Round jet Renozzle ∼ 30 Re1 ≥ 30
Wake behind long cylinder in cross flow Re ∼ 40 Re1 ≥ 40
Pipe flow Re ∼ 2000 Re1 ∼ 500
Film condensation on a vertical wall Re ∼ 450 Re1 ∼ 450

Source: From Ref. 31.

The competition between viscous diffusion and organized movement (rolls)
is shown graphically in the lower part of Fig. 13.13. At small times, the thick-
ness of the shear zone D grows very fast, as t1∕2. At longer times, the faster
growth is by organized motion (rolling, eddies) when D is proportional to t. The
intersection of the two curves dictates the buckling time tB, which is the first
heartbeat of turbulence—the birth of the first eddy. This event is equivalent to
knowing Rel of eq. (13.6). During the next tB interval (shown in Fig. 13.13),
the first eddy completes its first roll, after which coalescence (pairing) and
larger rolls and longer rolling times follow. The entire large-scale structure (the
lengths and the times) of the turbulent mixing region is predicted from eq. (13.6)
and Fig. 13.13 without recourse to empiricism.

The key theoretical development is that the constructal law accounts for the
phenomenon of turbulence. The eddy structure is deduced, not assumed (the
eddy is not the result of an assumed “disturbance”). Each eddy is an expres-
sion of the optimal balance between two momentum transport mechanisms, in
the same way that every rivulet is in balance with the seepage across the area
allocated to the rivulet.

The support for the theoretical view of turbulence as a constructal configu-
ration generation phenomenon is massive. Table 13.3 is one example of how
an entire chapter of fluid mechanics is replaced by a single theoretical for-
mula, eq. (13.6). Another example is Fig. 13.14, which shows a large number
of measurements of the laminar length (Ltr) in the best known flow configura-
tions versus the buckling wavelength (𝜆B) in the transition zone. All the data
are correlated by the line Ltr∕𝜆B ∼ 10. It was shown in Ref. 31 that this pro-
portionality is a direct consequence of eq. (13.6). Other features of turbulent
structure that have been deduced from the constructal law are the wedge shape
(self-similar region) of turbulent shear layers, jets and plumes, and the Strouhal
number associated with vortex shedding.
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Figure 13.14 The universal proportionality between the length of the laminar section
and the buckling wavelength in a large number of flows (Ref. 31).

13.3.5 Coalescence of Flowing Solid Packets

Many other forms of natural organization can be predicted from the flow
access maximization point of view of constructal theory. Least expected are
the patterns exhibited by solids. One such phenomenon is the coalescence
(clumping) of solid particles that are entrained by a fluid flow. Consider
two such granules—for example, two balls of diameter D1 and density 𝜌
such that their total mass is m = 2𝜌(𝜋∕6)D3

1. The drag force on each ball is
FD = CD(𝜋∕4)D2

1
1∕2𝜌f U

2, where 𝜌f is the density of the medium (e.g., gas)
that fills the space, and U is the relative velocity between the ball and medium.
For simplicity, assume that the Reynolds number is sufficiently large such that
the drag coefficient CD is a constant of order 1. The drag force experienced by
the total mass m is

F1 = 2FD = 𝜋

4
CDD2

1𝜌f U
2 (13.7)

Can the two masses reduce their resistance to travel? In other words, can the
solid spread faster and farther through space? Two balls fused into one larger
ball encounter a smaller resistance than when they travel separately. Mass con-
servation dictates that the diameter of the larger ball is D2 = 21∕3D1. The drag
force on this larger ball,

F2 = CD
𝜋

4
D2

2𝜌f U
2 (13.8)
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is smaller than in the original configuration, F2∕F1 = 2−1∕3 = 0.794. Given
enough time, two masses will coalesce into a larger mass in a process that
repeats itself many times. We see it everywhere in space, for example, during
large-scale explosions. The debris does not expand uniformly (spherically) out-
ward; rather, it comes together into several radial streamers, each with a round
cross section because the solid streamer drags a turbulent jet of air.

13.3.6 Cracks, Splashes, and Splats

Another solid pattern is visible in the cracking of mud. Soil exposed to the sun
and the wind becomes drier, shrinks superficially, and develops a network of
cracks. The loop of the network has a characteristic length scale. The loop is
round, more like a hexagon or square, not slender. The loop is smaller when
the wind blows harder—that is, when the drying rate is higher. These features
have been predicted [35] based on constructal theory by maximizing the mass
transfer rate between wet soil and ambient, which is equivalent to minimizing
the overall drying time. For example, the characteristic length scale of the loop
varies inversely with the wind speed.

When a liquid droplet hits a wall, it creates a splash or a splat. If the droplet
is small and slow enough, it comes to rest viscously as a disk. If the droplet is
large and fast enough, it splashes into needles that grow radially until they are
arrested by viscous effects. The splash and splat regimes and the theoretical
dimensionless number (criterion) that indicates which regime should prevail
naturally were deduced from the constructal law [36].

13.3.7 Dendritic Solidification

The dendritic crystals formed during rapid solidification are another class of
naturally ordered solid shapes. Snowflakes are tree-shaped like the river basins,
but the ice is solid: What flows through such trees? The answer is that heat
flows, and the reason for the dendritic architecture of snowflakes is the same as
for river basins: the maximization of access for the currents that flow [37, 38].
The latent heat released at the solid–liquid interface during solidification must
be conducted into the metastable liquid that surrounds the solid. The solidifica-
tion is “rapid” because at every point in time the nonequilibrium system selects
the configuration through which heat flows fastest.

At short times, the most effective configuration to generate solid and warm
up the liquid (subcooled) is the sphere. The radius of the sphere increases as
t1∕2. After a critical time tc, the more effective way to transfer heat is a needle
that grows at constant speed along its axis. In this second scenario, the radius
of the region brought to equilibrium by the solidification process increases as t.
At long times, the more effective configuration is the needle, not the sphere
(Fig. 13.15).
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Figure 13.15 Formation of new needles after every time interval tc as a repeated manifestation of the trade-off shown in the lower-left
figure, which shows the simultaneous growth of the needle and the warmed liquid sphere generated by the tip of the needle.



Trim Size: 6.125in x 9.25in Bejan c13.tex V2 - 08/08/2016 6:39pm Page 671�

� �

�

INANIMATE FLOW SYSTEMS 671

The competition between spherical growth and needle growth repeats itself
after each characteristic time tc. The result is a solid structure made of needles
of characteristic length, which are fossils of the volumetric flow of heat that
once existed. Snowflakes are plane, not cylindrical and spherical, for the same
reason: The rate of volumetric solidification is the greatest when the dendrite is
plane. We return to this phenomenon in Section 13.5.

13.3.8 Global Circulation and Climate

The prediction of turbulent flow structure (rolls, eddies) was extended to fluid
layers and fluid-saturated porous media heated from below [8]. This extension
accomplished two things: (i) it established the connection between the construc-
tal law and Malkus’s hypothesis [39] that in the Bénard convection the global
heat transfer rate is maximized and (ii) it predicted all the known characteristics
of the Bénard convection.

The method is outlined in Fig. 13.16. The global heat transfer rate (q′′) from
the bottom to the top of the fluid layer was estimated analytically in the two
extremes of (a) many cells (small Lr) and (b) few cells (large Lr), where Lr is
the horizontal length scale of the roll. It was discovered that asymptotes (a) and
(b) intersect: q′′ decreases monotonically as Lr decreases when Lr is small and
q′′ decreases as Lr increases when Lr is large. The intersection-of-asymptotes
method [31] delivered the thickness of the roll that carries maximum heat trans-
fer across the layer. From this prediction followed the critical Rayleigh number
Rac of order 103 for the onset of convection and the Nusselt number of order
Ra1∕3 when Ra ≫ Rac. Here Ra is the Rayleigh number based on the verti-
cal dimension of the fluid layer and on the bottom–top temperature difference.
For a horizontal porous layer saturated with fluid, the same theory predicts a
critical Rayleigh number Rap,c = 12𝜋 = 37.3 (instead of the stability analysis
result 4𝜋2 = 39.5) and a proportionality between Nusselt number and Rap

2∕3,
where the porous medium Rayleigh number is based on the vertical dimension,
bottom–top temperature difference, and porous medium permeability.

Lr, opt Lr

0

q″

0

many
cells few cells

Figure 13.16 Bérnard convection as a constructal design: the intersection of the many-
cell and few-cell asymptotes.
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This approach was taken to even larger scales to predict based on pure theory
the main features of terrestrial atmospheric and oceanic circulation [40, 41].
Empirical models coupled with the hypothesis that the rate of entropy produc-
tion is maximized began with Malkus’s hypothesis. The approach based on the
constructal law derives the main features of the flow architecture from the maxi-
mization of the flow access performance of the whole system under the existing
constraints. According to a simple thermodynamics model, Earth is a closed
system, not an open system. It is not an isolated system. The nonuniform heat-
ing of Earth’s surface and atmosphere drives the Earth circulation. The purpose
of the circulation (the natural tendency of any flow system with configuration)
is to provide greater access to the currents that flow, in this case to transfer heat
from the equatorial zone to the polar caps. The zones and caps are organized in
such a way that they perform this transport in an efficient way, which is the one
that facilitates the heat flow.

The method consists of viewing the Sun–Earth–universe system as an
extraterrestrial power plant the power output of which is used for the purpose
of forcing the atmosphere and hydrosphere to flow. This circulation destroys
all the power generated by the Sun–Earth–universe power plant: The increase
in thermodynamic performance (power output) in the power plant becomes
equivalent to the increase of power dissipation in the atmospheric and oceanic
circulation. This, by the way, is how the constructal law accounts for two con-
tradictory and ad hoc statements of optimality, minimum entropy generation,
and maximum entropy generation [review the list (i)–(xii) in Section 13.1].

According to Section 9.8, a spaceship, or Earth, may be viewed as a closed
system having two surfaces, a hot surface of area AH and temperature TH , which
is heated by the sun, and a cold surface (AL, TL) cooled by radiation to the
universe. On a spaceship, the collector (AH) and radiator (AL) are the object
of design. In the modeling of wind generation on Earth, the surfaces AH and
AL represent the daily illuminated and dark hemispheres, or the time-averaged
equatorial and polar zones. In all cases, the total heat transfer surface for radi-
ation is fixed, AH + AL = A. Global finiteness constraints of this type play a
central role in constructal theories of all kinds. In Refs. 40 and 41 this model
was used to optimize the latitude of the boundary between the Haddley and the
Ferrel cells and the boundary between the Ferrel and the polar cells. The average
temperature of the Earth surface, the convective conductance in the horizontal
direction, as well as other parameters defining the latitudinal circulation also
match the observed values.

The constructal law was also invoked in the analysis of atmospheric circu-
lation at the diurnal scale, where the heat transport is optimized against the
Ekman number. Even though this second optimization is based on very dif-
ferent variables, it produces practically the same results for the Earth surface
temperature and the other variables. The Earth averaged temperature difference
between day and night was found to be approximately 7 K, which matches the
observed value. In Ref. 42, the same theory was used to predict the relationship
between climate change and changes in atmospheric properties.
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The accumulation of agreements between theoretical predictions and natural
facts adds weight to the claim that the constructal law is a law of nature. Most
recently, we invoked the constructal law to show that above a certain height all
turbulent plumes must evolve to acquire round cross sections [30].

13.4 ANIMATE FLOW SYSTEMS

The phenomenon of evolution of organization is everywhere, not only in inani-
mate flow systems (Section 13.3) but also in animate systems. Tree-shaped flow
architectures emerge in animal design because they are the easy way to flow
between an infinity of points (volume, area) and one point. Human lungs, kid-
neys, vascularized tissues, and the nervous system are examples of tree archi-
tectures that have been predicted based on the constructal law [8, 43]. In this
section we review a series of theoretical developments in which the constructal
law and constructal architectures such as trees have led to astonishingly simple
and direct predictions of the scaling laws of animal design, across the board,
over all known body mass scales. This treatment is based on the broad view that
the principles that apply to flow systems in physics must also apply to biological
flow systems [44–53].

13.4.1 Body Heat Loss

Larger animals have larger metabolic rates, or larger rates of body heat loss (q).
Measurements of q plotted against the body mass (Mb) of animals in size range
of 10−2 kg < Mb < 102 kg reveal a correlation [44] of the type q ∼ Mn

b , where
the empirical exponent n is approximately 0.75. This empirical correlation is the
best known and most challenging to predict in animal design. In this section we
outline two recent attempts to explain this trend, one is purely theoretical [50]
and the other based on a model consisting of several ad hoc assumptions [54].
The earlier attempt was Rubner’s heat transfer model [4]: The convective heat
loss to the ambient is proportional to the body surface, and therefore the heat
loss (or metabolic rate) must be proportional to the body length scale (V1∕3)
squared, where V is the body volume. According to Rubner, q should increase

as V2∕3, or M
2∕3
b .

The heat loss idea was discarded more recently because q–Mb data from
birds and mammals suggest an exponent closer to 3/4 than 2/3. For this reason,
heat transfer was not included in the model of West et al. [54]. The heat loss
idea was included in the constructal law argument of Ref. 50 and Fig. 13.18,
which is based on the minimization of body heat loss and blood pumping power.
The minimization of pumping power leads to predicting the constructal fluid
tree [8]: This can be derived more succinctly by optimizing a planar construct
consisting of a T-shaped junction, Fig. 13.17a. For simplicity, assume right
angles and Poiseuille flow with constant properties in every tube. The stream



Trim Size: 6.125in x 9.25in Bejan c13.tex V2 - 08/08/2016 6:39pm Page 674�

� �

�

674 THE CONSTRUCTAL LAW

Figure 13.17 The construction of the tree of convective heat currents: (a) the construc-
tal design of a T-shaped construct; (b) the stretched tree of constructs; (c) the superposi-
tion of two identical trees oriented in counterflow; and (d) the convective heat flow along
a pair of tubes in counterflow (Refs. 8 and 50).
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ṁi encounters the flow resistance of two Li+1 tubes in parallel, which are con-
nected in series with one Li tube. When the resistance is minimized by fixing the
total tube volume, we discover the Hess–Murray rule Di+1∕Di = 2−1∕3, which
is independent of the tube lengths (Li,Li+1) and the relative position of the three
tubes. Next, we discover the lengths when the space allocated to the construct
is fixed, 2Li+1Li = const. This yields the ratio Li+1∕Li = f = 2−1∕3, where the
smallest length scale is labeled i = n and the largest i = 0.

The trees of blood vessels are an architectural feature under the skin, but not
the only one. The other is the superposition of the arterial and venous trees,
so closely and regularly that tube i of one tree is in counterflow with tube i of
the other (Figs. 13.17c and d). This is a thermal insulation feature. The arte-
rial stream is warmer than the venous stream: Heat flows transversally, from
stream to stream. Because the enthalpy of the warmer stream is greater than
that of the colder stream, the counterflow convects longitudinally the energy
current qi = ṁicpΔTt,i, where cP is the specific heat of blood and ΔTt,i is the
stream-to-stream temperature difference at level i. Such a counterflow sustains
a longitudinal temperature gradient ΔTi∕Li and that the convective energy cur-
rent is proportional to this gradient [55]:

qi =

[
(ṁicp)2

hiPi

]
ΔTi

Li
(13.9)

where hi is the overall stream-to-stream heat transfer coefficient and pi is the
perimeter of contact between the two streams. The stream-to-stream thermal
resistance h−1

i is the sum of two resistances: the thermal resistance posed by the
fluid present in the duct (∼ Di∕kf , where kf is the fluid thermal conductivity)
plus the resistance to heat transfer through the solid tissue that separates two
tubes (∼ ti∕k, where Di is the diameter and k is the tissue thermal conductivity;
ti is defined in Fig. 13.17d: ti is the average thickness of the tissue that separates
two adjacent Di tubes). Even when the tubes touch, ti is of the same order as Di.
In addition, because kf ∼ k, we conclude that hi ∼ k∕Di, and eq. (13.9) becomes
ΔTi ∼ qiLik∕ṁ2

i c2
p

The double-tree fluid structure is a single tree of convective heat leakage with
zero net mass flow. The convective tree stretches from the core temperature of
the animal (at i = 0) to the skin temperature. The latter is registered in many
of the elemental volumes (i = n) that are near the skin. The many counterflow
pairs of the two fluid trees sustain the overall temperature difference ΔT:

ΔT =
n∑

i=0

ΔTi ∼
q0k

ṁ2
0c2

p

n∑

t=0

NiLi (13.10)

In going from the ΔTi expression to eq. (13.10), we used the continuity rela-
tions for fluid flow (Niṁi = ṁ0 = const) and heat flow (Niqi = q0, constant).
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Recalling the Li+1∕Li constant f, we substitute Li = L0 f i, Ln = L0 f n and Ni = 2i

into eq. (13.10):

q0 ∼
(

q0

ṁ0

)2
{

kLn f −n[(2f )n+1 − 1]
c2

pΔT(2f − 1)

}

(13.11)

The right side has quantities that are constant and quantities that depend on n
(the number of construction steps). The ratio q0∕ṁ0 is independent of body size
(n) because both q0 and ṁ0 are proportional to the metabolic rate. The volume
inhabited by the tree is estimated by considering the stretched tree as a cone in
Fig. 13.17b. The base of the cone (at i = n) has an area of size NnL2

n ∼ 2nL2
n.

The height of the cone is of the same order as the sum of all the tube lengths,
L0 + L1 + · · · + Ln = L0(1 − f n+1)∕(1 − f ), and the volume scale is

V ∼ L2
n

(
2
f

)2 (
1 − f n+1

1 − f

)

(13.12)

The relationship between metabolic rate and total volume is obtained by
eliminating n between the last two equations. The result is visible in closed
form if n is sufficiently large so that (2f )n+1 ≫ 1 in eq. (13.11) and f n+1 ≪ 1
in eq. (13.12). In this limit q0 is proportional to 2n and V to (2∕f )n. From this
follows analytically that

q0 = (constant) V3∕4 (13.13)

It can be verified numerically that eq. (13.13) also holds for small n. In con-
clusion, the proportionality between metabolic rate and body size raised to the
power of 3/4 is predictable purely theoretically from the constructal law. Fur-
thermore, this theory rehabilitates the idea that the reduction of body heat loss
is an evolutionary tendency in animal design.

The proportionality (13.13) was also derived in Ref. 54, which is a model
based on at least three empirical observations used as ad hoc assumptions:

(i) The existence of “space-filling fractal-like branching pattern,” i.e., a
tree.

(ii) The final branch of the network is a size-invariant unit.
(iii) The energy required to distribute resources is minimized.

These three features were already present in 1996 constructal law [2–4],
not as assumptions to improve a model and make it work but as invocations
of a single principle: the constructal law. The overlap is described in Ref. 56.
Specifically, (iii) is covered by the constructal law, (i) is the tree flow architec-
ture that in constructal theory is deduced from the constructal law, and (ii) is
the smallest-element scale that is fixed in all the constructal tree architectures.
In constructal law, the tree-shaped flow is a discovery, not an observation and
not an assumption.
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Additional support for the body heat loss idea comes from the allometric laws
of the design of the hair coats of animals, such as the proportionality between
the hair strand diameter and the animal body length scale raised to the power
of 1/2 (Fig. 13.18). This allometric law was predicted [57, 58] by minimiz-
ing the body heat loss through the hair coat. The 1/2 exponent was predicted
for both natural convection and forced convection. Another common feature of
animal hair coats is the porosity, which is high and nearly constant (between
0.95 and 0.99) for all animal sizes. This feature was predicted by minimizing
the combined heat loss by conduction and radiation through the hair coat.

Constructal theory predicts not only the 3/4 exponent for eq. (13.13) but
also the gradual decrease of this exponent as the body size decreases. The 3/4
exponent is valid at the limit where the body heat loss is impeded primar-
ily by the convective resistance posed by the blood counterflow of perfectly
matched tube pairs (Fig. 13.13b). Heat loss paths are in general more compli-
cated [8, 50]. The convective thermal resistance posed by the trees in coun-
terflow (R1) resides inside the animal. This resistance runs in parallel with a
second internal resistance (R2) associated with the conductive heat leak through
the tissue. On the outside of the animal the heat current flows through the con-
vective resistance (R3) associated with the body surface exposed to the ambient
(air and water). The conductive resistance R2 is proportional to the body length
scale V1∕3 divided by the body surface scale V2∕3; hence R2 ∼ V−1∕3. The con-
vective tree resistance R1 is proportional to V−3∕4. The ratio R2∕R1 ∼ V5∕12

shows that R2 becomes progressively weaker (i.e., the preferred path) as the
body size decreases: In that limit the exponent in the power law between heat
loss and body size becomes 1/3. In other words, from constructal theory we
should expect a gradual decrease in the power law exponent as the body size
decreases.

110–1
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10
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D(μm)

beaver

monkey

bear

coyote
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bison

rabbit

solenodon

rat

pika

Figure 13.18 The predicted relation between animal hair strand diameter and body
length scale.
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13.4.2 Branches, Diameters, and Lengths

The constructal literature is expanding rapidly in the domain of tree-shaped
designs for conduction, fluid flow, and convective heat transfer [5–13]. A central
feature of these designs is the notion that when channels bifurcate or coalesce
their diameters should change by precise factors, so that the overall flow through
the architecture is facilitated. The best known design rule of this kind is the
Hess–Murray rule (D1∕D2 = 21∕3) for selecting the ratio of channel diameters at
a bifurcation. This rule was extended by constructal design in several directions:
to junctions with n branches (D1∕ D2 = n1∕3), to bifurcations with two identical
branches (length L2, diameter D2) and one stem (L1,D1) on an area of fixed size
(L1 × 2L2) in fully developed laminar flow,

D1

D2
= 21∕3,

L1

L2
= 21∕3 (13.14)

and fully developed turbulent flow [8],

D1

D2
= 23∕7,

L1

L2
= 21∕7 (13.15)

and to bifurcations with unequal branches (L2, D2 and L3, D3) (Problem 13.20 in
the third edition of this book, Example 13.1 in this edition). All these develop-
ments come from evolving the flow configuration in accord with the constructal
law, toward providing greater access, which led analytically to minimal flow
resistance in T- and Y-shaped (and more complicated) constructs of tubes and
other channels, as in trees matched canopy to canopy [17].

The uniform distribution of imperfection in the constructal design [eqs.
(13.14) and (13.15)] is the same as the uniform distribution of fluid residence
time in the channels [6]. This means that the time (t1) spent by the fluid in the
D1 tube is the same as the time (t2) spent in the D2 tube. The residence time
in any tube is t ∼ L∕U ∼ LD2∕ṁ, where U and ṁ are the mean fluid speed
and mass flow rate. Next, at a bifurcation we note ṁ2∕ṁ1 = 1∕2, and with the
laminar flow architecture of eq. (13.14) we obtain

t1
t2

∼
L1

L2

ṁ2

ṁ1

D2
1

D2
2

= 21∕3 1
2
(21∕3)2 = 1 (13.16)

Similarly, for the turbulent flow design of eqs. (13.15) we obtain

t1
t2

∼
L1

L2

ṁ2

ṁ1

D2
1

D2
2

= 21∕7 1
2
(23∕7)2 = 1 (13.17)

Example 13.1. A round tube of diameter D1 and length L1 splits into two tubes
of diameters D2 and D3 and lengths L2 and L3. The tube length L2 is not equal to the
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tube length L3. The three tubes form a Y-shaped construct: The layout of this Y on
a plane or in the three-dimensional space is not an issue in this problem. The tube
lengths are given. The tube diameters may vary, but the total volume occupied by the
tubes is fixed. The flow is in the Poiseuille regime in every duct. Each tube is svelte
enough [eq. (13.1)] so that the pressure drop across the entire Y construct, from the
free end of L1 to the free ends of L2 and L3, is dominated by fluid friction along the
straight portions of the ducts. In other words, the pressure loss at the Y junction is
negligible. Minimize the overall flow resistance and show that the distribution of tube
diameters is

D1

D2
=

[

1 +
(

L3

L2

)3
] 1∕3

,
D2

D3
=

L2

L3

Show that when L2 = L3, these results confirm the Hess–Murray rule. In other
words, the results obtained in this problem represent a generalization of the rule for
the wider range where L2 ≠ L3.

The solution proceeds as follows: The pressure drop along a tube with Poiseuille
flow is

ΔPi = c ṁi

Li

D4
i

(a)

where c is a constant factor. For the three tubes, we write

ΔPi = c ṁ1

L1

D4
1

(b)

ΔP2 = c ṁ2

L2

D4
2

(c)

Note that the pressure drop (ΔP2) along the L2 tube is the same as for the L3 tube.
Mass conservation requires

ṁ1 = ṁ2 + ṁ3 (d)

The overall pressure drop isΔP1 + ΔP2. The overall flow resistance can be written
as follows after using eqs. (a)–(d):

ΔP1 + ΔP2

cṁ1
= x−1

1
+ (x2 + x3)−1 (e)

where

xi =
D4

i

Li
, i = 1, 2, 3 (f)

The total tube volume constraint is

V = L1 D2
1 + L2 D2

2 + L3 D2
3 (g)

= a1 x1∕2
1 + a2 x1∕2

2 + a3 x1∕2
3 (h)
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where
ai = L3∕2

i , i = 1, 2, 3 (i)

According to the method of Lagrange multipliers, we seek the extremum of the
function Φ, which is a linear combination of functions (e) and (h):

Φ = x−1
1 + (x2 + x3)−1 + λ (a1x1∕2

1 + a2x1∕2
2 + a3x1∕2

3 ) (j)

By solving the system

𝜕Φ
𝜕xi

= 0, i = 1, 2, 3 (k)

we determine, in order,

D2

D3
=

L2

L3
(l)

D1

D2

=

[

1 +
(

L3

L2

)3
]1∕3

(m)

D1

D3
=

[

1 +
(

L2

L3

)3
]1∕3

(n)

When L2 = L3, these results reduce to

D1

D2
=

D1

D3
= 21∕3 (o)

which is the Hess–Murray rule. The limits of the general solution (l)–(n) are

L3 >> L2 ∶
D1

D2
=

L3

L2
, D1 ≅ D3

L3 << L2 ∶
D1

D3
=

L2

L3
, D1 ≅ D2

13.4.3 Breathing and Heartbeating

Constructal law also accounts for the proportionality between breathing (or
heartbeating) time and body size raised to the power of 1∕4. Reference 59
showed that the pumping power required by the heart for blood circulation and
the thorax for breathing is minimal if

(a) the flow is intermittent (in and out, on and off) and
(b) the “in” interval (t1) is of the same order of magnitude as the “out” inter-

val (t2).
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Results (a) and (b) are important because they come from principle, not from
observations. Result (a) means that intermittency is a constructal law manifes-
tation, like the tree architecture and the round duct. The preferred time scale
(t1,2 ∼ t) is

t ∼
(

AD1∕2ΔC
ṁ

)2

(13.18)

where A is the total internal contact area of all the tubes of the tree, D is the
mass diffusivity,ΔC is the concentration difference that drives the mass transfer
process, and ṁ is the total mass flow rate of the tree (blood and air). The flow
rate ṁ is the total mass flow rate of the tree (blood and air). The flow rate ṁ is
proportional to the metabolic rate of the animal.

Equation (13.18) shows that in order to predict t as a function of body mass
(Mb) we need expressions for ṁ(Mb) and A(Mb). From the optimized tree of

convective currents we obtained eq. (13), or ṁ ∼ M
3∕4
b . Next, to predict the

relation A(Mb), we argue that the thickness of the tissue penetrated by mass
diffusion during the breathing or heartbeating time t is proportional to t1∕2. The
body volume (or mass) of the tissue penetrated by mass diffusion during this
time obeys the proportionality Mb ∼ At1∕2. Eliminating t between Mb ∼ At1∕2

and t ∼ (A∕ṁ)2 and using ṁ ∼ M
3∕4
b , we conclude that the contact area should

be almost proportional to the body mass, A ∼ M
7∕8
b .

Finally, eq. (13.18), ṁ ∼ M
3∕4
b , and A ∼ M

7∕8
b indicate that the breathing time

should vary as
t ∼ M1∕4

b (13.19)

This proportionality is supported convincingly by the large volume of observa-
tions accumulated in the physiology literature [44–47].

13.4.4 Flying, Running, and Swimming

The animal design features reviewed so far are relevant across the board, from
biology to engineering. This point is pressed with vigor by the aircraft sketched
in Fig. 13.19: if the word “fuel” is replaced by “food,” then the same drawing is
valid for a bird and reveals how the exergy liberated by food is destroyed by all
the currents that flow around and through the animal. The food or fuel exergy
is destroyed completely by currents that overcome resistances.

The flying system becomes “more fit” when the total destruction of exergy
decreases: more mass flown, to longer distances. The flock of wild geese migrat-
ing from Alaska to the Amazon is just like the Danube and the Gulf Stream:
more water mass carried with less resistance, i.e., faster and for longer dis-
tances. The mechanisms that destroy food exergy (e.g., air friction) cannot be
eliminated, because each such mechanism serves the flying body as a whole.
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food, fuel,
exergy to be
destroyed

combustion,
metabolism

motor, muscle
inefficiency

fluid ducts,
blood vessels,
lung airways

all other flow
systems on
board

to overcome
air friction

to support
the weight

power
for flight

W
∙

Figure 13.19 The distributed destruction of useful energy (food or fuel exergy) during
flight.

This was illustrated in most general terms [8] by minimizing the work (food
exergy W) destroyed per distance traveled (L).

The loss W has two components, vertical and horizontal. The vertical loss
(W1 ∼ MgH) is the work done in order to lift the body that had fallen to the
vertical distance H during the free-fall time t ∼ (H∕g)1∕2. During the same time,
the work spent on overcoming drag is W2 ∼ FDL, where 𝜌a is the air density,
and the drag force is FD ∼ 𝜌aV2L2

bCD, with CD ∼ 1. The linear dimension of
the body is Lb, the body mass is M, and the corresponding body density is 𝜌b ∼
M∕L3

b. Rhythmic motion in which W1 and W2 alternate in order to maintain the
cruising speed at constant altitude are sketched in Fig. 13.20a. The total loss
per distance traveled is

W
L

∼
MgH

V(H∕g)1∕2

⏟⏞⏞⏞⏟⏞⏞⏞⏟
vertical loss

+ 𝜌aV2L2
b

⏟⏟⏟
horizontal loss

(13.20)

The altitude increment achieved during each flapping stroke (H) is dictated by
the wing length scale, which is the length scale of the flying body, H ∼ Lb.
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Figure 13.20 (a) The periodic trajectory of a flying animal and (b) the cyclical progress
of a swimming animal.

By minimizing W∕L we find the optimal cruising speed

Vopt ∼
(
𝜌b

𝜌a

)1∕3

g1∕2𝜌
−1∕6
b M1∕6 (13.21)

Flying animals and machines are represented by the scales 𝜌a ∼ 1 kgm−3

and 𝜌b ∼ 103 kgm−3 such that eq. (13.21) becomes Vopt ∼ 30M1∕6, where Vopt
is expressed in meters per second and M in kilograms. This theoretical speed
is shown as a straight line in Fig. 13.21, next to the flying speed data taken
from extensive compilations (Ref. 60 and references therein). The agreement
between the line and the data is remarkable in view of the body model with one
scale (Lb). Insects, birds, and airplanes have multiple length scales, and this
may explain why some of the data fall above or below the line [51].

Agreement over such a wide diversity of sizes and types of flying flow sys-
tems shows that the constructal law unites the evolutionary designs of all the
flying systems, the animate with the human made. This is stressed by other fea-
tures of Fig. 13.21. Small animals (insects and hummingbirds) flap their wings
all the time, and their engine propellers (the wings) also provide the lift. In this
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Figure 13.21 The flying speeds of insects, birds, and airplanes and their theoretical constructal speed (Ref. 8).
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limit of small mass, the motor and the lift functions are performed by a sin-
gle structure: the wings. At the other end of the body mass scale, large masses
(aircraft) fly with separate motor and lift structures. The lift is provided by the
wings proper, and the motor (thrust) by a different set of wings—the blades of
the turbofan engine. Between the “fully integrated” and “separate” motor and
lift we find the “almost separate” distribution of motor and lift functions. We
see this in the V-shaped flocks of migratory birds. The goose is the motor when
it flies at or near the tip of the V formation; when it is not, the goose surfs on the
waves generated by the geese working in front. Pterosaurs are also in-between.
Their motor and lift functions were almost separate: they flapped their wings
rarely, and glided most of the time under the hot sun.

The wing-flapping frequency that corresponds to the constructal speed [eq.
(13.21)] is t−1 ∼ (g∕Lb)1∕2, which is the formula shown for flyers in Fig. 13.17b.
The dimensionless frequency is the Strouhal number St = t−1Lb∕Vopt, which for
the theoretical constructal flight regime is a constant: St ∼ (𝜌a∕𝜌b)1∕3 ∼ 10−1.
This agrees with the large volume of St data on animal flight [61].

Running is essentially the same rhythmic effort against gravity as flying. The
speeds and stride frequencies of all runners can be predicted in the same way as
flying—as special intermittency in the Earth’s gravitational field [51]. Running
is a succession of cycles involving two losses. One loss is the lifting of the body
weight to a height comparable with the body length (the limbs), and is calcu-
lated as the first term (W1) in eq. (13.20). This work is the vertical loss, because
when the body lands its gravitational potential energy is destroyed in the legs
and the ground. The second is the horizontal loss W2: the work performed to
overcome friction against the ground, the surrounding air and internal body
parts. The horizontal loss depends on the nature of the terrain. In Ref. 51, three
models are considered: running on highly deformable ground, hard flat ground,
and against air drag. It was found that the horizontal loss model (W2) influences
very little the predicted speed and stride frequency.

As in eq. (13.20), the vertical and horizontal losses compete, and when they
are in balance, their sum is minimal. When this balance is reached, running
is characterized by a speed proportional to M1∕6 and a stride frequency pro-
portional to M−1∕6, Figs. 13.22a and a. Noteworthy is the robustness of the
predictions. The horizontal loss may be dominated by dry friction against a hard
surface, permanent deformation (indentation) of a soft surface such as sand,
mud and snow, or air drag. All these effects influence the speed and frequency,
but they influence them in almost the same way. If air drag is the dominant hor-
izontal loss mechanism, then the speed and frequency deviate by only a factor
of order 10 from what they would be for runners with dry friction and ground
deformation. The factor 10 is a constant in animal locomotion: 10 is the value
of the group (𝜌b∕𝜌a)1∕3, where 𝜌b and 𝜌a are the body and air densities. Run-
ning dominated by air drag is like flying. Running with dry friction and ground
deformation is somewhat slower. The nature of the horizontal loss (habitat and
terrain) is random (as in the life and evolution of a river basin), and this ran-
domness, along with variation in internal friction, is responsible for the scatter
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Figure 13.22 Comparison of theoretical predictions with the speeds, stroke frequen-
cies, and force outputs of a wide variety of animals (from Ref. 51 and references therein).
The theoretical predictions are based on scale analysis, which neglects factors of order
1 and therefore should be accurate in an order-of-magnitude sense. Note, however, that
in nearly all cases the constructal theory of flight comes closer than order-of-magnitude
agreement with empirical data.

that we see in the data for running. That the scatter must be modest is predicted
by the constructal theory of running and other modes of locomotion on land
(hopping, jumping, crawling).

When one calculates the vertical work spent on lifting the body (W1), one
finds that the scale of the vertical muscle force exerted over the stride or stroke
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cycle is twice the body weight, 2Mg. Figure 13.22c shows that this agrees very
well with the force weight measurements across all body sizes for all animals
that fly, run, and swim.

So far we have seen that the theoretical rhythmic motion of running is similar
to flying. But, is it also like swimming?

The seemingly obvious answer is no, because most people think that the
movement of neutrally buoyant bodies (fish) has nothing to do with gravity.
Before the constructal law, this “intuition” prevented the emergence of a theory
of swimming. The reason why running and swimming are no different than
flying (this in spite of the fact that flyers do not touch the ground) is that the
ground supports the weight of every body that exists above it. The same ground
serves as reference—the much bigger body—against which all moving bodies
push downward and horizontally in order to move forward. Without the ground
as reference, no locomotion is possible.

How the swimmer balances its vertical and horizontal efforts is shown in
Fig. 13.20b. To advance horizontally by one body length, the animal body must
do work equivalent to lifting a body of water of its own size to a height equal
to its body length scale. This body of water must be lifted so that the swimmer
may slip under it and advance horizontally. Water is incompressible and the
only way for the displaced water to move is up, because the bottom does not
move and the free surface is deformable. At all but the shallowest depths, this
raising of the water surface will be distributed over a large area and therefore
imperceptible.

With this, constructal theory of locomotion accounts for swimming. Its
predictions of speed and stroke frequency are the same as for running on
deformable ground, and the agreement with the numerous data is convincing
(Fig. 13.22).

The pursuit of flow geometry and rhythm also lead to the size that a flow
component (an organ) should have in the greater and more complex flow system
to which it belongs (cf. Section 11.5.2). The total exergy (food and fuel) that an
animal or vehicle must consume to travel a specified distance L is of the order
of MgL. This can be verified by substituting Vopt of eq. (13.21) into eq. (13.20).

The constructal evolution of animal locomotion showed that greater speeds
emerge as the body becomes taller above the ground, from crawling motion
to quadrupedal motion, and as the body rises even more on the vertical, from
quadrupedal motion to bipedal motion [7]. In this time direction, the number of
points of contact with the ground decreases.

13.4.5 Life Span and Life Travel

The duration of the movement of an animal or vehicle is a consequence of the
constructal design of locomotion [62]. To predict life span, start with the
thermodynamics of a flow component (lung, heart, heat exchanger) on an
animal or aircraft that flies. The size of this component is unknown.

The component destroys less exergy when it is larger. Why, because ducts
with larger cross sections require less pumping power (exergy destroyed by
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fluid friction), and heat exchangers with larger heat transfer surfaces destroy
less exergy as well. The first thought then is that bigger is better. This thought
comes in conflict with the constructal theory of locomotion outlined above,
according to which the vehicle or animal must destroy an amount of exergy
(fuel and food) that is proportional to the mass of the component. The cost of
carrying the component on board is proportional to the mass of the component.

It is important to recognize the flow system, which is the movement of the
animal that the organ serves. Important then is the total fuel and food con-
sumption, and from the above trade-off we discover that a flow component has
a characteristic size. The best organ is not the one recommended by the ther-
modynamics of the organ alone: That would be infinitely large. The best lung
for the bird is not the one that has huge air passages. The best lung is compact,
svelte [25], and imperfect: This gives the impression that “nature makes mis-
takes,” but to think this way is to miss the big picture. The seemingly imperfect
component makes the whole flow system be the best (the least imperfect) that
it can be.

The bigger live longer and travel farther [62]. The constructal law was
invoked to predict that the life span (t) and life travel (L) of all inanimate
bodies (mass M) that move on the landscape should obey proportionalities
of the type t ∼ M1∕4 and L ∼ M5∕12. These evolutionary design features are
shared by animal locomotion, our vehicles, water flowing in river basins and
deltas, and atmospheric currents, jets, and plumes.

13.4.6 Athletics Evolution

The evolution of athletics is a laboratory in which we can witness evolution on
a time scale comparable with our lifetime [7]. In brief, the bigger and taller are
faster. Size matters, because all forms of animal locomotion are periodic: The
body rises above the ground and falls forward. Legged locomotion is nature’s
wheel [63]. Bodies that fall from greater heights fall forward faster. This is true
in running and swimming, men and women, short distance (sprint) [64] and
long distance (endurance) [65], black and white [66], and team sports such as
basketball [67], hockey, golf, and boxing [68].

The swimmer rises higher above the water and swims faster by spreading
the fingers and toes slightly [69]. We showed that when the spacing between
fingers matches the thickness of the boundary layers that coat the fingers, the
fingers and their “water glove” make a bigger palm that steps on water with a
greater force, lifts the body higher above the water line, and gives the swimmer
a greater speed.

In summary, the law of physics of flow organization and evolution empow-
ers us to predict complex features of animal design. What the constructal law
shows is that an evolutionary process should consistently and predictably pro-
duce runners, swimmers, and fliers with these speeds, stroke/stride frequencies,
force outputs, organ sizes, life span, and life travel.
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13.5 SIZE AND EFFICIENCY: ECONOMIES OF SCALE

Larger movers are more efficient than smaller movers. Shipping the same 1-kg
package in bulk, by truck or by train, is a lot cheaper than delivering it in person.
The difference between the two ways to move is known as economies of scale.
With the constructal law, we showed that economies of scale is a manifestation
of the natural constructal law phenomenon and that it is predictable [70].

Start with the evolution of power generation as one example of technology
evolution in the time window occupied by civilization. The broad view of the
evolution of power generation technology is that the efficiencies of the best
power plants (moving or stationary) have been increasing in time.

Less known is the size effect: The more efficient power plants tend to be
larger. The effect that size has on efficiency is visible across the board. As shown
in Ref. 70, the compilation of the efficiencies of gas turbine units shows that
larger units are more efficient. The same trend characterizes the efficiencies
of refrigeration and liquefaction plants. Furthermore, a compilation of power
plants with power outputs greater than 200 MW shows that greater efficien-
cies are achieved when the capacity (power output) is greater. The isentropic
efficiencies of compressors and pumps also increase with the size of the device.

These evolutionary phenomena and all other such compilations of technol-
ogy evolution [e.g., airplanes] are consistent with the time direction of the
constructal law. For a finite-size flow system to persist in time (to live), its
configuration must evolve such that it provides easier access to its currents.
Easier flowing means flowing in configurations that are free to change toward
configurations that flow with less irreversibility. It means flowing with design
generation and evolution. This direction leads to finite-size designs that move
more mass more efficiently on Earth (river basins, animals, vehicles). In the
final analysis, design evolution makes it easier for our entire society and its
vehicles to move more mass to greater distances per unit of fuel used.

The relative inefficiency of our systems is due to finite sizes, which means
finite flow resistances. Currents must overcome flow resistances of many types,
degrading in this way the efficiency of the greater flow system that they inhabit.
We illustrated this with a simple model where the power plant is a closed system
operating in steady state, with two currents and two resistances that are abso-
lutely necessary, one for heat transfer and the other for fluid flow [70]. Config-
urations that strangle the flow of fluid and heat degrade the global performance.
Larger flow systems have wider passages and larger heat transfer surfaces,
which facilitate the access of the currents that must flow through the system.

The fundamental path outlined in Ref. 70 deserves to be explored in greater
detail, especially in the domain of applied physics and the teaching of thermo-
dynamics. A primary feature of this work is the ability to predict how to scale
up and scale down the design of a flow system. In brief, the flow design is an
architecture that changes predictively according to the size of the system. Mag-
nifying or miniaturizing a known design is not the way to discover the proper
configuration of a larger and, respectively, smaller system.
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If the natural evolutionary trend is toward architectures that flow more easily
and larger architectures are more efficient, then why are not all the flow systems
evolving toward being larger and larger?

The reason is that all flow in nature is on an area or in a volume. It is not
between two discrete points. It is between one point and an infinity of points
(area, volume). To sweep the area, few large movers and many small movers
must flow together, because this is how movement is facilitated the most on
the area.

The movement of goods has evolved into a tapestry of few large roads and
many small streets and few large trucks and many small vehicles, Fig. 13.23.
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V2 M2
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Figure 13.23 (a) Few large and many small in the movement of freight on vehicles
on the landscape. The movement is enhanced when a certain balance is established
between the number of small vehicles allocated to a large vehicle and the balance
(L1∕L2) between the distances (L1,L2) traveled by the few and the many. (b) Few large
and many small in how animal mass is moving on the globe, on land, in water, and in
the air. The natural organization of animal mass flow is the precursor to our own design
as human and machine species (humans and vehicles) sweeping the globe.
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The few large and many small is also the design of all animal mass flow on the
landscape. In biology and common language this is better known as the food
chain, the fast catches the small, and the big fish eats the small fish (which is
correct, because the larger animals are faster on land, in water, and in the air,
cf. Section 13.4.4).

Few large and many small are all the streams that sweep the globe. They are
hierarchical, like the blood circulatory system of air mass transit on the globe,
with one heart with two chambers, Europe and North America. Fuel consump-
tion, economic activity, and wealth are other names for this natural design.

13.6 GROWTH, SPREADING, AND COLLECTING

The flows that bathe and connect the live landscape are united not only by the
tapestry of tree-shaped flows but also by the unsteady (nonmonotonic) manner
in which these flow architectures spread. When the covered territory is plotted
versus time, its history is always an S-shaped curve [26]. In the beginning the
covered territory grows slowly, but the rate of territory coverage increases in
time. The growth rate is maximum at the point where the S curve is the steepest.
Later, the growth rate decreases monotonically and the covered territory tends
to a plateau, which is the upper end of the S (see the examples of Fig. 13.24).
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Figure 13.24 Examples of S-curve phenomena: the growth of brewer’s yeast, the
spreading of radios and TVs, and the growth of the readership of scientific publica-
tions [26].
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To see how to predict the S-curve phenomenon, consider the operation of a
heat pump coupled to the ground for the extraction or rejection of heat. First,
the heat must be spread by fluid flow, through tree-shaped pipes, throughout the
territory. During this initial “invasion” phase, the volume of the heated soil is
small (Fig. 13.25, upper left), but it increases at a growing rate. Second, after the
hot fluid has invaded all the channels on the territory, the heat is transmitted from
the channels perpendicularly to the neighboring soil. This is the “consolidation”
phase, where the theme “solid” in the word consolidation suggests the reality of
the heat current filling the soil interstices held between neighboring channels.

The history of the volume of heated soil versus time is an S-shaped curve that
is entirely deterministic, i.e. predictable. Everything about this S curve is known
because both phases, the invasion and the consolidation, are known. During
invasion the covered area increases as t3∕2, not as “exponential growth.” This
initial phase is not “explosive.” During consolidation the covered area increases
as t1∕2. When the invading channels are tree shaped, as opposed to single chan-
nels, then in accord with the constructal law the entire flow from the point to
the volume occurs faster, more easily, along a steeper S curve [71].

In summary and in accord with the constructal law, the S curves of nature are
manifestations (history records) of tree-shaped invasion (not line invasion) on
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Figure 13.25 Line-shaped invasion, followed by consolidation by transversal diffusion.
The predicted history of the area swept by diffusion reveals the S-shaped curve [26].
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areas and volumes that are eventually filled during consolidation by transversal
diffusion. This discovery of the S curve is important for two reasons. First, the
S curve was predicted from the constructal law before there was any reason to
look outside to see many diverse S curves and try to predict them in order to
unite them. This first part of the story is about the meaning of pure theory. It is
images in the mind in that imaginary movie theater of evolution.

The second part is about the practical value of this power to predict. When
anything spreads on a territory, the curve of territory size versus time is S
shaped: Slow initial growth is followed by much faster growth and finally by
slow growth again. The corresponding curve of the rate of spreading versus time
is bell shaped. The S-curve phenomenon is so common that it has generated
entire fields of research that seem unrelated: the spreading of biological pop-
ulations, cancer tumors, chemical reactions, contaminants, languages, news,
information, innovations, technologies, infrastructure, and economic activity.

The spreading of ideas exhibits the same S-curve phenomenon. This is illus-
trated by the history of citations registered by every scientific publication and
by the total number of citations of a single author during his or her career [27].
We showed that as a consequence of this history the h index of every author
also traces an S-shaped curve during the author’s life of creative work.

Collecting flows such as oil extraction and mining cover their available areas
and volumes while exhibiting S-curve histories. In the field of oil extraction,
the steepest portion of the S curve is known as the Hubbert peak. In accord
with the progress from line invasion (Fig. 13.25) to tree-shaped invasion, oil
extraction and mining are evolving toward dendritic wells and mine galleries,
because trees offer the steeper S curves than straight shafts [71].

The natural tendency that drives all the S-shaped histories of invasion and
retreat on the landscape also governs the spreading of news, ideas, and cita-
tions of scientific publications [27]. It also covers the spreading of people and
animals. For example, it showed [72–74] that the evacuation of pedestrians from
public places can be made to occur faster by properly sizing and shaping the
floor areas and bifurcations of walkways.

13.7 ASYMMETRY AND VASCULARIZATION

The flows of nature are vascular. They fill and bathe areas and volumes. They
connect discrete points (sources or sinks) with areas and volumes (sinks and
sources, respectively). They do not connect two points—that flow architecture
(the straight line) may be simple to draw, as in the fields of networks and frac-
tals, but that is not part of nature.

In Refs. 75–79 we pursued in great detail the morphing and generating
of progressively better tree-shaped flow networks. We did this by focus-
ing on trees that connect a circle with its center. Examine one more time
Fig. 13.5. This aspect of the evolutionary flow architecture—the finite, modest
complexity—is a manifestation of the constructal law tendency.
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We had discovered asymmetry earlier during the completely-free search
for a tree layout that consists of triangular and hexagonal area elements
(Fig. 13.26). The fact that some branches appear unlike the others (e.g.,
single branch attached laterally to a stem) is a statement of morphing toward
perfection, not imperfection. And, so, now we understand why Mauroy et al.
[81] wrote that optimal bronchial trees may be “dangerous” (these authors
found that the human lung is not built exactly like the “optimal” one). The
explanation is that what Mauroy et al. took as optimal is a symmetrically
bifurcated structure, as in the upper-left frame of Fig. 13.25. The natural tree
does not look and perform in exactly the same way because it is more free to
morph (i.e., because it is better). What appears to be a slight deviation from the
constructal law is a loud and finely tuned endorsement of the constructal law.

Freedom is good for the performance and survival of a flow structure, be that
natural or engineered, animate or inanimate, human or animal society, and so
on. Design improvement without freedom to change the structure is nonsense.
Rigid flow structures are brittle: Dictatorial schemes and straight river channels
are destined to be short lived.

Vascularization itself is a manifestation of the constructal law tendency
throughout nature. The constructal law predicts that vascular designs must
occur and that they must be stepwise more complex as they become larger.
We demonstrated this tendency toward vascularization by solving the funda-
mental problem posed in Fig. 13.27. A large number of identical elemental
volumes (n) must be bathed uniformly with one fluid stream (ṁ) [82, 83]. The
search is for configurations that offer the stream greater access to the finite
volume of size nDyH. Here, greater access means a lower overall pressure
difference between the point inlet and the point outlet. To bathe the volume
uniformly, the stream must first invade the volume as a point volume flow archi-
tecture (like the lung air flow during inhaling), after which it must reconstitute
itself as a single stream in volume point flow (like the air flow during exhaling).
The flow architecture must consist of two trees matched canopy to canopy [8].

Figure 13.26 Emergence of asymmetry in the layot of trees consisting of triangular and
hexagonal area elements [76].
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Figure 13.27 A volume is bathed by a single stream that flow as two trees matched
canopy to canopy: (1) Elemental volumes stacked as a deck of cards; (2) Trees with two
branching levels; (3) Trees with three branching levels [82].

Next, we found that if we cut the deck of cards into p identical pieces and
stack these pieces in the third direction, Fig. 13.27(2), the pressure difference
ΔP2 increases considerably less rapidly (as n9∕5). In the search for greater
access, then, the transition should be from the first construct (1) to the second
construct (2), and it occurs in the direction toward larger volumes.
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We also discovered that this is not the only transition on the path to greater
access through larger vascularized volumes. We cut the second construct (2)
into r identical volumes and lined up the r pieces in the next available direc-
tion. The resulting tree–tree architecture is the third construct, Fig. 13.27(3).
Its overall pressure difference increases even less rapidly (only as n27∕19), and
the transition from the second construct to the third is located after the transi-
tion from the first construct to the second construct. This stepwise evolutionary
design is summarized in Fig. 13.28, and its outlook does not change if the flow
regime is turbulent instead of laminar [83].

The fundamental discovery made with the constructal law is that the tree–tree
architecture must emerge and change abruptly as the volume size increases. This
is not known before hand, i.e., at the start of the search for the flow configura-
tion. To predict the emergence of vascular design and its stepwise evolution is
fundamentally different than the traditional approach, which is to observe and
to model (i.e., to assume a vascular structure) and to analyze the model. This is
the difference between theory and empiricism.

The route to better and better flow access is the emergence of the vascular
design of one type and one level of complexity for a given volume size. In every
case, the complexity is finite, i.e., modest. Complexity is one of the features of
the emerging design. It is not a design feature to be maximized as a rule for
achieving better flow performance.

The importance of the evolution phenomenon unveiled in Figs. 13.27 and
13.28 is twofold. First, it shows that natural vascular designs emerge as ani-
mate systems (e.g., lungs, vascular tissues) and inanimate systems (river basins,
deltas) in order to facilitate the movement of mass volumetrically (point vol-
ume, volume point, point area, area point). Second, it shows the one-to-one
relationship between size and vascular complexity. The larger vascular bodies
must be more complex in order to facilitate the flow access. This second contri-
bution is the key to unlocking the riddle of scaling up and scaling down a design.

1

10–1

Fig. 1

Fig. 5

Fig. 8

Turbulent

10–2

10–3

10–4

1 10 102 103
n

ΔP1

ΔP

ΔPstring

ΔPtree

Figure 13.28 The stepwise evolution of the vascular architecture as the volume size (n)
increases and d = y in Fig. 13.27 [83].
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To envision a larger (life-size) design correctly is not to magnify (to blow up)
a smaller design. The natural design is not a fractal object. The larger design
must have its own characteristic architecture, e.g., Fig. 13.28. Even though the
large and the small look like trees, they are not the same tree.

13.8 HUMAN PREFERENCES FOR SHAPES

Science is about us. All science is useful. This is why this chapter ends on the
constructal law with answers to “What about us?” as an invitation to reading
The Physics of Life.†

The evolution of the human and machine species is in accord with the the-
oretical coverage outlined for animate systems (Section 13.4) and spreading
and collecting flow architectures (Section 13.6). The most interesting features
to add to this tableau are the things humans do “unwittingly.” We all share cer-
tain preferences because they are good for our evolutionary design, our survival.
They have been helping our species for such a long time that we do not question
why we prefer certain things. Here, we illustrate this aspect of human evolution
by means of a few simple shapes that we prefer without thinking.

Start with the wisdom of avoiding the “hurry up and wait.” The design
of modern airports is evolving toward the rectangular shape heralded many
decades ago by the Atlanta airport. The longer axis of the rectangular area is
for the faster travel, which is by riding on the train that cuts across the six
concourses. The shorter dimension is for the slower movement (walking) on
the concourses.

The urge of all the individuals moving on the area is to have access to
anywhere on the area. An airplane discharges its passengers at one gate—any
gate—and the small crowd of 100 or 200 flows on the area to all the gates,
including the exit, the terminal. We discovered [4] that this common urge for
access is satisfied the most when the H × L area is shaped such that it is roughly
50% longer in the fast direction (the train) than in the transversal, slower
direction (concourses). This shape, L∕H ∼ 3∕2, is the shape of the Atlanta
airport, which emerged from the wishes of an untold crowd of designers,
business people, fire department, police, and politicians.

This is also the shape of the smallest city block, the small street (alley) with
houses and lawns on either side. The long and fast move on the street. The short
and slow move perpendicularly, across the lawn. When the shape of the block
is the theoretical shape, the time to ride long and fast (on a vehicle) is the same
as the time to walk short and slow. Now we know the physics basis for why
“hurry up and wait” is a bad idea for people on the move.

The flow of people in the Atlanta airport is an icon of the flow of the city.
Both the airport and the city are natural flow architectures, constantly emerging
and morphing—Why natural, because from the days of the Roman Empire to

†A. Bejan, The Physics of Life: The Evolution of Everything, St. Martin’s Press, New York, 2016.
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today the cities have been evolving to look the same (while disconnected), and
the modern airports of the world are evolving (unwittingly) to look like the
Atlanta airport.

Two ways to flow are better than one. The long and fast and the short and
slow represent the natural flow organization that sweeps the available space effi-
ciently. This is the construction rule for the world, bio and nonbio, not just for
airport and urban design. In scientific terms, the “two ways to flow” is the pre-
cious balance between convection (fast) and diffusion (slow), which has been
discovered over and over again by invoking the constructal law. This is the
secret of the flow organization on an area (or volume), from point to area, or
from area to point. The secret formula is on display in Table 13.4.

The bigger story, the kitchen, not the shop window, is how this human urge
manifests itself as form and design everywhere. The bigger story is emerging
from answers to the hardest questions—the questions that nobody asks. The
more common the phenomenon, the less likely it is that it will be observed and
questioned.

One question was why people of all ages prefer unwittingly images that are
shaped like the computer screen and the business card, roughly 50% longer on
the horizontal than on the vertical. The fact that the shape L∕H ∼ 3∕2 resembles
an irrational number (the golden ratio 1.608) has spun a long tale and lots of
mysticism. Well, the physics explanation for the human preference for such
images is much simpler and is naked on the table [85]. The image shaped as
a golden-ratio rectangle is the one that the two human eyes scan the fastest.

TABLE 13.4 The Balancing of High-Resistivity Flow with Low-Resistivity Flow in a
Wide Diversity of Flow Systems

How

Application What
Interstices High Resistance
at the Smallest Scale

Channels Low Resistance
at Larger Scales

Electronics
packages

Heat Low-conductivity substrate High-conductivity inserts
(blades, needles)

River basins Water Darcy flow through a
porous medium

Rivulets and rivers

Lungs Air Diffusion in alveoli, tissues Bronchial passages
Circulatory

systems
Blood Diffusion in capillaries,

tissues
Blood vessels, capillaries,

arteries, veins
Turbulent flow Momentum Laminar, viscous diffusion Streams, eddies
Urban traffic People Walking in urban structure Street traffic
Economics Goods Hand delivery and

collection
Freight, rail, truck, air,

ship

Note: Courtesy of Stéphen Périn.
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The constructal law calls for this preference—Why, because the world is flat
(the two eyes are aligned on the horizontal), and the animal must perceive and
understand his environment to run to safety.

Another common shape is the pyramid, which has puzzled many commen-
tators because it is essentially the same shape in Egypt and Central America.
These civilizations were never in contact, separated by ocean and millennia,
yet, how to construct a pile of stones is knowledge that we all share. In the
third edition of this book we showed [86] that people of all eras preferred the
common shape of the pyramid because this shape, with a particular angle at
the base, is a consequence of human economic sense—the tendency to build
things with minimum effort. Dry-stone construction involves two efforts, slid-
ing each stone horizontally on the floor of the construction site and lifting the
stone step by step on the incline of the pile. The first movement is the long
and easy, and the second is the short and difficult. As in all the flows summa-
rized in Table 13.4, the collaboration (the balance) between these two ways to
move stone is recorded in the special shape of the pyramid. We also showed
that as the technology of tall buildings and lifting material improved over the
centuries—from dry-stone piles to steel-reinforced concrete—the shape of the
built structure should become more slender and taller. From the pyramids of
antiquity to the skyscrapers today, the urge to build things with less effort is the
action of the constructal law in the evolution of the human and machine species.

Even more common is the shape of the pile of wood or charcoal that we
make to light a fire [87]. The pile is as tall as it is wide at the base. The reason is
that this particular shape is such that the temperature of the burning pile is the
highest. Conversely, if the required fire temperature is specified (for example,
for cooking meat or heat treating a sword), this is the particular shape in which
the required amount of burning material is minimum. We prefer this fire shape
because it is “good,” the hottest or the least expensive. The fact that we select
the shape unwittingly speaks of our own origins as civilized people. This fire
shape was discovered as good a long time ago and it was kept.

All evolution—rivers, animals, technology—is this way: What works is kept.
How do we know that the common fire shape is older than recorded history?
Because of language: pyra is the ancient Greek word for the pile of fire wood
(pyre, in English today). Later, during the Golden Age (ca. 500 BC) and the
birth of science (geometry, mechanics) and the Greek conquest of Egypt, the
name for the piles of stones in Egypt was about their shape, “pyramid,” because
they all look like the common shape of the fire.

13.9 THE ARROW OF TIME

Why must the future be different than the past?
Evolution, the morphing flow organization of everything, indicates the arrow

of time throughout nature, as physics [1]. This may come as a surprise at the end
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of a treatise on thermodynamics, because the phenomenon of irreversibility (the
second law) is well known, and many associate it with the arrow of time, the
difference between the present and the past. Heat flows from high temperature
to low temperature, not the other way around—like water under a bridge. We
see it in Fig. 13.29a, where the thermodynamic system is defined by the solid
line and the heat flow QH (watts) proceeds from high temperature (TH) to low
temperature (TL).

Overlooked has been the time arrow of the phenomenon of evolution,
which means design change, over time. Figure 13.29 shows the more general

TH

QH

(a) (b)

(c)

TL QH

QH

QH

QH

QH – W

W

Fuel & food

Engines
Work

W

Heat
(QH – W)

Heat
( =W)

Heat to environment

Brakes:

Bodies moving
on the world map

engine

Figure 13.29 Closed system in steady state, with heat flow in and out: (a) without flow
organization (design); (b) with flow organization; (c) every moving body, animate or
inanimate, functions as an engine that dissipates its power entirely into a brake during
movement. The natural tendency of evolving design is the same as the tendency toward
more power (the engine design, animal, or machine) and toward more dissipation (mix-
ing the moved with the ambient).
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(not isolated) system that underpins this entire mental viewing. With design,
the system generates power (W), or exergy per unit time. With design,
the system of Fig. 13.29b generates less entropy, as the generated entropy
[namely, (QH − W)∕TL − QH∕TH] is less than in Fig. 13.29a (namely,
QH∕TL − QH∕TH). Less entropy out makes it appear that more of the inflowing
entropy (QH ∕TH) is kept inside the system.

The evolution of design (organization) is a universal tendency of flow
systems in nature, and it happens throughout animate and geophysical systems
in accord with the constructal law. In Fig. 13.29, this means that the time
arrow points from (a) to (b) or to (c). This tendency is also recognized as
self-organization, self-optimization, increasing complexity, order, networks,
and scaling. It is also the basis for the many disconnected (ad hoc) contra-
dictory statements of optimality, which were reviewed at the start of this
chapter. All these ad hoc statements are covered by the constructal law.
These phenomena represent one phenomenon, which is the time arrow of
design change.

Consider what happens to the produced power (W), which is the physical
measure of the design. The power is destroyed in the process of moving mass
horizontally on the world map, on land, on water, and in the air (Fig. 13.29c).
Everything that flows and moves does so because it is being pushed. The push
comes from the power generated because of design. The dissipation resides in
the environment that is displaced (penetrated) by the moving mass.

The physical effect of evolving design is more movement and greater access
for all movers. This is what the “demons” achieve [1]. This is the complete
design of all animate or inanimate flow systems, from water flowing in river
basins to animal locomotion and urban traffic and atmospheric and oceanic
circulation.

New configurations and rhythms emerge so that they offer greater access
to what flows—greater access to the available space, areas and volumes, and
persistence in time. As a special class of evolving designs, humanity today is
kept moving (with “sustainability”) by the power produced in animal design
and engines. The designs morph along with us, and our movement is facilitated
over time.

The spreading of design change on the human landscape is known as better
science, knowledge, security, automobile technology, health care, and many
more. Knowledge means flow design change that is useful and the ability to
make it happen. Knowledge spreads on a territory naturally (Fig. 13.30). The
boundary between those who know more and those who know less is advancing
in time. The high is penetrating the low. In the high are the knowledgeable who
move more than those in the low.

Evolving designs are happening naturally, and their physical effect is more
movement on Earth over time, animate and inanimate alike.
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Design is present: more movement

Preexisting
channel for spreading

Plague is present: less movement
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Time,
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Time,
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Figure 13.30 Knowledge is the spreading of the ability to effect design changes that
facilitate greater and more lasting movement over the covered territory.
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PROBLEMS

13.1 One tube of length L0 and diameter D0 splits symmetrically into two
tubes of length L1 and diameter D1. The free ends of the three tubes
define an isosceles triangle with the base B and side R (Fig. P13.1).
The aspect ratio B∕R is a known parameter. An incompressible
Newtonian fluid flows from the L0 tube into the L1 tubes or in the
opposite direction. The flow is laminar and fully developed, and
the pressure drop due to the Y junction is negligible. According to
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Figure P13.1

the Hess–Murray rule, the global flow resistance is minimum when
D0∕D1 = 21∕3. Minimize the global flow resistance further by selecting
the tube lengths. Report the optimal L0∕R and L1∕R as functions of
B/R. Show that the optimal bifurcation angle 𝛽 formed between the L1
tubes is 74.94∘, which is independent of the triangle aspect ratio B /R.

13.2 The corners of a cube are the outlets of a tree flow that originates from
the center of the cube. There are four central tubes connected to the
center, and each undergoes a symmetric bifurcation (Fig. P13.2). The

Figure P13.2
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flow is laminar and fully developed with negligible junction losses.
Determine the optimal tube lengths L0 and L1 in relation to the cube side
B, so that you may draw to scale the optimal tree network. Note that this
is a special case of the more general solution described in Problem 13.1.

13.3 The minimization of global flow resistance in Problem 13.2 leads to
the conclusion that L0∕R = 0.0632 and L1∕R = 0.949. Calculate the
overall flow resistance of this design. Next, note that the optimal L0
is so small that perhaps this complication may be omitted. The sim-
pler design is to have eight straight tubes of length R connecting the
center of the cube with its corners. Calculate the flow resistance of this
simpler design and make sure that the total tube volume is the same
as in the design with bifurcations. How much better is the design with
bifurcations relative to the design with eight radial tubes?

13.4 A vertical slender structure of variable cross-sectional area A(z) must
be shaped such that the compressive stress at every level is the same.
The base area A0 and the height H are specified. Assume that the
structure is solid with the density 𝜌. Determine the shape A(z), the top
cross-sectional area AH , the volume of the structure, and the weight of
the superstructure that is supported by AH .

13.5 Consider the idea to replace the two-dimensional design of an airplane
wing with a three-dimensional design that has bulbous features on the
front of the wing (Fig. P13.5). If the frontal portion of the wing is
approximated by a long cylinder of diameter Dc, the proposal is qual-
itatively the same as replacing this material with several equidistant
spheres of diameter Ds and spacing S. The approach air velocity is V. In
the Reynolds number range 103 < VDc,s∕v < 105, the sphere and cylin-
der drag coefficients are CS ≅ 0.4 and CC ≅ 1. Evaluate the merit of this
proposal by comparing the drag forces experienced by the sphere and
cylinder segment, alone (i.e., by neglecting the rest of the wing).

13.6 A tree can be described approximately as a body of revolution with
two main regions, a canopy of diameter Dc(x) and a trunk of diameter
Dt(x) (Fig. P13.6). The canopy feels the drag force exerted by a hori-
zontal wind of speed V. Expressed per unit length along the trunk, this
force is F′ = CDDc (1∕2) 𝜌V2, where CD ≅ 1. Assume that the canopy
shape is Dc = 𝛼xn, where 𝛼 is constant and the shape parameter n is
unknown. Determine the corresponding shape of the trunk Dt(x) such
that the maximum bending stress along the trunk is independent of x.
Show that when the canopy is conical (n = 1) the trunk is also conical.

13.7 The temperature of gas turbine blades is controlled by circulating
cool air through channels made longitudinally in the body of the
blade. Figure P13.7 shows a two-dimensional model of the technique.
The heat input received from the hot gases of combustion can be
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Figure P13.5

Figure P13.6
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Figure P13.7

modeled as a curtain of uniform heat flux q′′. The channels are
round with diameter D and center-to-center spacing S. The blade is a
two-dimensional conducting slab of thickness H (fixed) and thermal
conductivity k. The hole centers are on the axis of symmetry of the slab
cross section. The hole surface is isothermal at temperature Tmin. The
hot spots (Tmax) occur on the external surface at the points situated the
farthest from the holes. The objective is to minimize Tmax by selecting
the best flow configurations (S, D) subject to the constraint that the
volume fraction (𝜙) occupied by all the channels is fixed. Assume that
to minimize Tmax–Tmin is approximately the same as minimizing the
length L of the straight path from Tmax to Tmin. Determine analytically
the optimal channel diameter and spacing in the range ϕ << 1.

13.8 The hot-spot temperature of the configuration determined in Problem
13.7 can be reduced further by installing two smaller D2 channels
halfway between two of the original D1 channels. The new config-
uration is shown in Fig. P13.8. In every elemental volume of cross
section H × S there are two D2 channels and one D1 channel. The
volume fraction (𝜙) occupied by all the channels is fixed. The new
hot spots occur at a distance x from the transversal plane in which
the D2 centers are located. The heat flux that enters the hot spot splits
into two equal currents as it flows toward the two heat sinks, D1 and
D2. Approximate the respective flow paths as the straight segments
L1 and L2: Consequently, the equipartition of the heat flux means
that L1 = L2 (= L). The minimization of Tmax–Tmin is the same as
minimizing L. Nondimensionalize all the dimensions with respect
to H (fixed) and determine numerically the optimal configuration in
dimensionless terms (D1∕H,D2∕H, S∕H, x∕H, y∕H).
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13.9 Near-optimal fluid flow trees can be constructed by minimizing the
length of every tube on its allocated area [17]. The rectangular area
A shown in Fig. P13.9 is crossed by a round tube of diameter D. The
tube connects one corner with the middle of the opposing side. The tube
volume V is fixed. The area A is constant, but its shape (x∕y) may vary.

(a) Assume fully developed laminar flow and show that the flow
resistance of the tube is governed by the geometric group R =
L∕D4, where L is the tube length. Find the rectangle shape for
which R is minimal.

Figure P13.9
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(b) Show that if the flow is turbulent in the fully rough regime (f =
const), the flow resistance is proportional to R = L∕D5. Find the
rectangle shape for which R is minimal.

13.10 The rectangular territory shown in Fig. P13.10 has the size fixed
(S = AB), but its shape A∕B may vary. The rectangular area S houses a
Y-shaped construct of three round ducts, one of length L1 and diameter
D1 and two of length L2 and diameter D2. The Y connects one corner
of the rectangle with two points on the side B. The distance between
the two points is B∕2, and the distance between one of these points
and the nearest corner is B∕4. The junction between the L2 ducts and
the L1 duct is located at the distance H from the side B. The total tube
volume is fixed.

The objective is to determine the Y configuration for minimum flow
resistance. The flow through each pipe is laminar and fully developed.
Junction pressure drops are assumed negligible. Use results from the
text and earlier problems. For example, the optimal ratio of diameters is
D2∕D1 = 2–1∕3, and the minimization of global flow resistance is equiv-
alent to minimizing the expression L1 + 21∕3L2. Use S1∕2 as the length
scale in the nondimensionalization of all the lengths. Determine the
optimal Y geometry and report L1, L2, H, A∕B, and angles 𝛼1 and 𝛼2.
Draw the optimal configuration.

13.11 In this problem we learn that by optimizing a simpler configuration
we can come close to the performance of the theoretical (equilibrium)

Figure P13.10
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flow structure. The equilibrium structure is the one found in Problem
13.10. A simple version of the original morphing Y is when we assume
that L1 and L2 are always collinear (𝛼1 = 𝛼2 = 𝛼). In this case, the only
degree of freedom is the aspect ratio of the area S or the angle 𝛼. As in
Problem 13.10, begin with the observation that for Hagen–Poiseuille
flow through round tubes the optimal ratio of successive tube diame-
ters is 2–1∕3, and the global flow resistance of the Y-shaped construct
is proportional to R = L1 + 21∕3L2. Show that the optimal geometry is
such that 𝛼 = 45∘, and the minimized global flow resistance is R =
1.331S1∕2. The performance of this nonequilibrium flow structure is
only 0.5% inferior relative to the performance of the optimized struc-
ture that was the most free to morph.

13.12 Did you notice that the time required to inflate a tire or a basketball
is shorter than the time needed by the compressed air to leak out if the
valve is left open? Think about this as you model the inhaling–exhaling
cycle executed by the lungs and try to explain why the exhaling time
is longer than the inhaling time even though the two times are on the
same order of magnitude. A simple one-dimensional model is shown in
Fig. P13.12. The lung volume expands and contracts as its contact sur-
face with the thorax travels the distance L. The thorax muscles pull this
surface with the force F. The pressure inside the lung is P, and outside
the pressure is Patm. The flow of air into and out of the lung is impeded
by the flow resistance r such that Patm − P = rṁn

in during inhaling and
P − Patm = rṁn

out during exhaling. The exponent n is a number between
n ≅ 2 (turbulent flow) and n = 1 (laminar flow). For simplicity, assume
that the density of air is constant and that the volume expression rate
during inhaling (dx∕dt) is constant. The lung tissue is elastic and can be
modeled as a linear spring that places the restraining force kx on sur-
face A. Detemine analytically the inhaling time (t1) and the exhaling
time (t2) and show that t2∕t1 ≥ 2.

13.13 The modern impulse turbine developed based on the Pelton wheel
invention has buckets in which water jets are forced to make 180∘

Figure P13.12



Trim Size: 6.125in x 9.25in Bejan c13.tex V2 - 08/08/2016 6:39pm Page 714�

� �

�

714 THE CONSTRUCTAL LAW

m, Vout

m, Vin

A

W

Vr

Vm/2

m

m/2

A, viewed in the radial direction

•

•

•

Figure P13.13

turns. According to the simple model shown in Fig. P13.13, nozzles
bring to the wheel a stream of water of mass flow rate ṁ, room
temperature, room pressure, and inlet velocity Vin (fixed). The bucket
peripheral speed is V. The relative water velocity parallel to V in the
frame attached to the bucket is Vr. The outlet stream velocity in the
stationary frame is Vout. Determine the optimal wheel speed V such
that the shaft power generated by the wheel is maximum.

13.14 The side of a container is heated by a ring-shaped electrical resistance
or radius Rm. The ring is embedded in a concentric disk-shaped “heat
spreader” of radius R and conductivity k. The disk is attached with very
good thermal contact to the container wall. The objective is to deter-
mine the ring radius Rm so that the temperature distribution over the
disk is the least nonuniform distribution possible. This is a constructal
problem of deriving geometry from the optimal distribution of imper-
fection. To solve the problem analytically, analyze the two-dimensional
model shown in Fig. P13.14, which represents a disk of unit thickness.
The heat generation effect is represented by a ring that generates the
heat flux q′′(W∕m2). The heat transmission from the disk to the con-
tainer wall is represented by the heat sink effect q′′′(W∕m3) that is
distributed uniformly over the disk. Determine the temperature distri-
bution over the disk, where Rm may vary. If Tm, Tc, and Tp are, in order,
the temperature of the hot spot (the ring), the temperature in the disk
center, and the temperature on the disk perimeter, determine the optimal
ring radius such that the larger of Tm − Tc and Tm − Tp is the smallest
possible. Show that in this configuration Tc is equal to Tp.
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Figure P13.14

13.15 Show that the order of magnitude of the residence time of water in a
river basin is proportional to the scale of the flow path length divided
by the gradient (slope) of the flow path. A simple and effective way
to demonstrate this is to rely on constructal theory, according to
which “optimal distribution of imperfection” in river basins means a
balance between the high-resistance seepage along the hill slope and
the low-resistance channel flow. Consequently, the global scales of the
river basin are comparable with the scales of Darcy flow seepage along
the hill slope of length L, slope z∕L, and water travel time t. Show
that the proportionality between t and L∕(z∕L) is t ∼ (v∕gK)L∕(z∕L),
where v is the water kinematic viscosity and g is the gravitational
acceleration. The permeability of soil K has values in the range
2.9 × 10–9 − 1.4 × 10–7 cm2.

13.16 Two Newtonian liquids flow coaxially in the Poiseuille regime through
a tube of radius R. The liquids have the same density 𝜌, and the
longitudinal pressure gradient (–dP∕dx) is specified. The liquids have
different viscosities, 𝜇1 > 𝜇2. One liquid flows through a central core
of radius Ri, and the other flows through an annular cross section
extending from r = Ri to the wall (r = R). Show that the total flow
rate is greater when the 𝜇2 liquid coats the wall. This phenomenon
of self-lubrication is observed in nature and is demanded by the
constructal law. Self-lubrication is achieved through the generation of
flow configuration, in accordance with the constructal law.

13.17 The constructal theory of all forms of locomotion showed that in all ani-
mals there must be a proportionality between animal motor force and



Trim Size: 6.125in x 9.25in Bejan c13.tex V2 - 08/08/2016 6:39pm Page 716�

� �

�

716 THE CONSTRUCTAL LAW

Figure P13.17

body weight. This problem is about predicting the force–mass propor-
tionality for an engineered motor such as a car engine and an electric
motor. The shaft turns while exerting the torque T on the external sys-
tem that receives the power produced by the motor (see Fig. P13.17).
The weight of the motor is Mg. The motor force F is T∕a, where the arm
a is the same as the motor length scale. From the rotational equilibrium
of the motor body with respect to the edge as pivot, derive the propor-
tionality F∕M ∼ g, where g is the gravitational acceleration. Note that
this is the same scaling law as for animal motors.

13.18 The T-shaped construct of tubes has already been configured such that
its global flow resistance is minimum subject to fixed total flow vol-
ume (V) and fixed rectangular area (A) occupied by the T (Fig. P13.18).
The flow regime is laminar and fully developed (Poiseuille) and all the
tubes are sufficiently slender such that the junction pressure drop is
negligible.

(a) What are the aspect ratios D1∕D2 and L1∕L2?
(b) In addition to the above aspect ratios, assume that L1 = 1 m and

D1 = 1 cm. Calculate A and V and report the slenderness of the
drawing, Sv = A1∕2∕V1∕3.

(c) If L1 remains the same and D1 decreases, will Sv increase or
decrease? Will the overall flow resistance of the T construct
increase or decrease? Explain why.

13.19 Here is a model with which to predict the time when a beltway around
the city should happen. First, the city is a circular area the diameter
of which increases in time as D = D0 (1 + at), where a is a positive
empirical (measured) constant and D0 is the size of the city at t = 0.
See Fig. P13.19.
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Second, the speed of traversing the city from A to B is V0, and it is
lower than the speed Vb on the beltway around the city. Modern urban
design, with pedestrian malls, one-way streets, and street lights, is the
reason why V0 is lower than Vb. On the other hand, vehicle and highway
technology is the reason why Vb increases relative to V0. To account for
this feature of the evolutionary design of city traffic, assume that V0 is
constant and Vb = V0 (1 + bt), where b is a positive empirical constant.

The construction of the beltway (b) increases the access when the
travel from A to B via (b) takes a shorter time than the travel from A to B
straight across the city. Determine the time tb when this opportunity for
faster access arises. Determine also the beltway diameter Db = D(tb)
and the vehicle speed on the beltway Vb = V(tb).

After t = tb, the city size continues to grow and so does the highway
speed technology. Imagine the time tc when the city size has grown
to Dc = D0(1 + atc) and the highway speed to Vc = V0(1 + btc). At this
time, a new and larger beltway (c) may be even more attractive than the
first. This will be the case when the time of travel on the route CcD is
shorter than on the route CAbBD. Determine the time tc when the new
beltway (c) provides faster access. Compare tc with tb or Dc with Db
and conclude under what conditions the second beltway will happen.
Will a third and larger beltway recommend itself in the future?

13.20 In Section 13.4.4, you learned how to predict the scale (the order of
magnitude) of the speed V of a land animal. Think of the muscula-
ture that contracts in order to create the force F that propels the body
upward. Think of the leg muscles. Lump them into one vertical cylin-
der of height L and diameter D. The height L is the same as the body
length scale, (M∕𝜌)1∕3. The lifting force F must be of the same order
as 𝜎D2, where 𝜎 is a constant representing the tensile strength of mus-
cular tissue and D2 is the scale of the cross-sectional area of the lifting
organ.

(a) Derive the order of magnitude of the slenderness L∕D of the
lifting organ as a function of M, g, 𝜌, and 𝜎. According to your
result, should the L∕D ratio of a small-legged animal be larger
or smaller than the L∕D of a larger animal?

(b) Consider the fraction of mass or volume (𝜙) occupied by the
lifting organ in the overall body mass M, or total volume. The
volume of the lifting organ is proportional to LD2, while the total
volume is L3. Derive the order-of-magnitude expression for 𝜙
as a function of M, g, 𝜌, and 𝜎. According to your result, how
should the 𝜙 of a small animal be when compared with the 𝜙 of
a larger animal?

(c) Estimate the order of magnitude of the ratio 𝜎∕g for an
animal design such as man: Assume that M = 100 kg and
D = 0.2 m. Calculate the value of 𝜙 for humans by noting that
𝜌 ≅ 103 kg∕m3. If the body mass of the dog is one-tenth of the
human body mass, what is the 𝜙 value for the dog?
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13.21 How accurate is the method of intersecting the asymptotes? Answer this
question by considering a general representation of the performance
measures encountered in many of the phenomena of design in nature,
namely the form (Fig. P13.21):

F = axn + b
xm

Assume that the factors (a, b) and the exponents (m, n) are known con-
stants, which are features of the model that captures the phenomenon.
Further assume that these constants are positive. In this case, F exhibits
a minimum with respect to x, which is the lone degree of freedom of
the morphing design.

Determine the x value for which F = Fmin in two ways:

• Approximately, xapprox, Fmin,approx.

• Exactly, xexact, Fmin,exact

Express analytically the factors by which the approximate results
deviate from the exact results,

fx =
xapprox

xexact
, fF =

Fmin,approx

Fmin,exact

Show the following:

• fx and fF depend only on m and n.
• The approximate solution matches the exact solution (fx = 1 and

fF = 1) when m = n.
• On a two-dimensional field of m versus n, in the range

0 < (m, n) < 3, plot numerically the curves for fx = 2∕3, 1, 3∕2.
• On a similar m–n field, plot the curves for fF = 2∕3, 1, 3∕2

0 X

Fmin
   exact

Fmin
   approx

Xapprox Xexact

F

Figure P13.21
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What conclusion do you draw regarding the extent of the (m, n) range
in which the approximate solution for x approaches the exact solution
within less than 50%? Report the values of fF when m = n and m = 2n.

13.22 Consider a large building of height H and floor area A = L × W that
is the same for all the floors. See Fig. P13.22. The movement to and
from A is by riding on an elevator (or climbing on a staircase) located
in the center of A and by walking on A along corridors the lengths of
which are L∕2 and W∕2. The volume of the building is fixed, B = AH;
however, the shape is not. There are two speeds of movement, walking
at speed V0 horizontally on A and riding vertically at speed V1 on the
elevator.

B

A
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V1

V1

V0

V0

Exit

L

W

H

L

W H

Figure P13.22
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Determine the building shape for which the evacuation time is
minimum. The dimensions H, L, and W vary subject to the B volume
constraint. Consequently, the shape of the building is represented by
two degrees of freedom, the shape of the building elevation† H∕A1∕2

and the shape of the building plan‡ W∕L. Explore the two shaping
opportunities independently:

1. Fix H∕A1∕2 and vary W/L subject to fixed A and B (which also
means that H is fixed, because H = B∕A).

2. Fix the floor shape W∕L and vary the shape seen from the side,
H∕A1∕2, subject to constant volume. First, fix W∕L = 1. Later,
assume that W∕L has the value determined in part 1.

The analysis consists of calculating the evacuation time needed by all
the occupants and minimizing it by varying the floor shape. Assume
that the occupants are distributed uniformly over the two floors. The
total evacuation time is ruled by the time needed by the person who is
located the farthest from one of the exits. The farthest location is one
of the corners of the upper floor.

13.23 An amount of freight (M) is distributed over the rectangular area
A = L1L2 by one large vehicle (M1) and n smaller vehicles (M2). As
shown in Fig. 13.23, the large vehicle travels in the longer direction
(L1) and the small vehicles travel along L2. We seek the configuration
(L1∕L2,M1∕M2) that allows M to be distributed over A with minimum
consumption of fuel. Larger motors are more efficient than smaller
motors: The motor efficiency varies in proportion with M𝛼

m, where
Mm (kg) is the motor size and the exponent 𝛼 is smaller than 1, for
example, 2/3 or 3/4. Furthermore, the most fuel-efficient vehicle is
the one in which the motor mass is proportional to the total vehicle
mass (M1, or M2 above). The amount of fuel (mf 1) required to move
one vehicle (M1) to the distance L1 is proportional to M1L1 divided by
the motor efficiency; therefore mf 1 = CM1−𝛼

1 L1, where C is a constant.
The fuel required to move M2 to the distance L2 is mf 2 = CM1−𝛼

2 L2.

(a) Minimize the total fuel requirement (mf = mf 1 + nmf 2) subject
to a constraint and report the optimal shape of the area, L1∕L2,
and the minimized fuel requirement mf ,min.

(b) Minimize mf ,min further with respect to M1 and M2 subject to the
total freight constraint M = M1 + nM2. Report the ratio M1∕M2
and the corresponding fuel requirement (mf ,min)min.

†Elevation is the image of the object above ground, seen from the front. The image seen from the
side is called profile.
‡Plan is the image seen from above.
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ṁ 2

ṁ 2

ṁ 1

ΔP

L

L

L2, D2

L2, D2

L1, D1

Figure P13.24

13.24 The Y-shaped construct of three round tubes shown in Fig. P13.24
stretches on a square of side L. The trunk touches the midpoint of the
left side, and the branches touch the opposite two corners. Variable is
the location of the branching point, or the trunk length L1. The flow in
every tube is in the Poiseuille regime, and the pressure drops are due
to fully developed laminar flow distributed along the tubes. The total
volume (V) occupied by the three tubes is fixed. The ratio D1∕D2 has
already been optimized in accord with the Hess–Murray rule for lami-
nar flow. Minimize the overall flow resistance ΔP∕ṁ1 by selecting the
position of the branching point (L1∕L) and show that in the resulting
design the angle between the two branches is close to 75∘.

13.25 On a rectangle of area A = HL traveled on a lane down the middle
(along L) with the speed V1 and along H with the speed V0, the
area-averaged travel time is

t 0,1 = H
4V0

+ L
2V1

(See Fig. P13.25.) This time is minimal when H∕L = 2V0∕V1 and has
the value

t 0,1,min =
(

A
2V0V1

) 1∕2

Assume next that A is shaped as a disc of radius R, where the travel
is with only one speed (the lower speed, V0). The travel is from all the
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V0

V0

V1

M

A A

L

H

R

Figure P13.25

points of the disc to the center. The area is the same as before, 𝜋R2 = A.
Find the expression for the area-averaged travel time t0 from all the
points of 𝜋R2 to the center. Determine the ratio between the average
times t0,1,min and t0. How large must V1∕V0 be such that t0,1,min is shorter
than t0?

13.26 Here we explore the trade-off between two bars made of different mate-
rials for the purpose of facilitating thermal contact between two ends at
different temperatures. Heat conduction is in the axial direction along
each bar. The length, cross sectional area, thermal conductivity and
volume of the two bars are (L,A, k,V)1 and (L,A, k,V)2. The overall
end-to-end distance is fixed, L1 + L2 = L. The objective is to find the
ratio L1∕L2, or A1∕A2, such that the end-to-end thermal resistance is
minimal. Show that this design solution is ruled by the dissimilarity
ratio k1V1∕(k2V2). Show further that the bar with the higher thermal
conductivity should be thinner and longer than the bar with lower ther-
mal conductivity.

13.27 Water is pumped in at one location along the beach, and it is delivered to
users at the two ends of the beach by two pipes of lengths L1 and L2, and
diameters D1 and D2. The water flow rates through each pipe (ṁ1, ṁ2)
depend on the pipe dimensions, which are free to vary. The objective is
to determine the complete configuration in which the pumping power
requirement is minimal: the location of the water inlet, and the relative

A1, k1, V1

L1

A2, k2, V2

L2

Figure P13.26
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D2

L2

D1

L1
ṁ 2

ṁ 

ṁ 1

Figure P13.27

dimensions of the two pipes. The total volume occupied by the pipes is
fixed, and so is the total length of the beach, L = L1 + L2. For analytical
ease, introduce the dimensionless fractions x = L1∕L and y = ṁ1∕ṁ,
and determine analytically the desired configuration (x, y,D1∕D2).
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CONSTANTS

Ideal gas (universal) constant R = 8314.3 J∕kmol ⋅ K
= 1.9872 cal∕mol ⋅ K
= 1.9872 Btu∕lbmol-R
= 1545.33 ft lbf∕lbmol-R

Boltzmann’s constant k = 1.38054 × 10–23 J∕K
Planck’s constant h = 6.6256 × 10–34 J ⋅ s
Speed of light c = 2.998 × 108 m∕s
Avogadro’s constant N = 6.02252 × 1023 mol–1

Stefan–Boltzmann constant 𝜎 = 5.6693 × 10–12W∕cm2 ⋅ K4

= 0.1712 × 10–8Btu∕hr-ft2-R4

Atmospheric pressure Patm = 0.101325 MPa
= 1.01325 × 105N∕m2

Gravitational acceleration g = 9.80665 m∕s2
Calorie 1 cal = 4.184 J
Mole 1 mol = sample containing 6.02252 × 1023

elementary entities (e.g., molecules);
abbreviated also as 1 gmol, or

1 mol = 10−3 kmol
= 10−3 kgmol

= 1
453.6

lbmol

725
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
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MATHEMATICAL FORMULAS

Relations involving partial derivatives:

d f =
(
𝜕f

𝜕x

)

y

dx +
(
𝜕f

𝜕y

)

x

dy
[total differential of
function f (x, y)]

(
𝜕f

𝜕x

)

y

= 1
(
𝜕x
𝜕f

)

y

(reciprocal relation)

(
𝜕f

𝜕x

)

y

=
(
𝜕f

𝜕z

)

y

(
𝜕z
𝜕x

)

y
(chain rule)

(
𝜕f

𝜕x

)

y

=
(
𝜕f

𝜕z

)

y

(
𝜕z
𝜕w

)

y

(
𝜕w
𝜕x

)

y

(
𝜕x
𝜕y

)

z

(
𝜕y

𝜕z

)

x

(
𝜕z
𝜕x

)

y
= −1 (cyclical relation)

(
𝜕x
𝜕y

)

z

=
(
𝜕x
𝜕y

)

w

+
(
𝜕x
𝜕w

)

y

(
𝜕w
𝜕y

)

z

Jacobians, or functional determinants:

𝜕(x, y,… , z)
𝜕(𝛼, 𝛽,… , 𝛾)

=

|
|
|
|
|
|
|
|
|
|
|

𝜕x
𝜕𝛼

𝜕x
𝜕𝛽

· · · 𝜕x
𝜕𝛾

𝜕y

𝜕𝛼

𝜕y

𝜕𝛽
· · ·

𝜕y

𝜕𝛾
𝜕z
𝜕𝛼

𝜕z
𝜕𝛽

· · · 𝜕z
𝜕𝛾

|
|
|
|
|
|
|
|
|
|
|

(definition)

𝜕(x, y,… , z)
𝜕(𝛼, 𝛽,… , 𝛾)

= −
𝜕(y, x,… , z)
𝜕(𝛼, 𝛽,… , 𝛾)

(interchanging the positions of x
and y)

𝜕(x, y,… , z)
𝜕(𝛼, 𝛽,… , 𝛾)

=
[
𝜕(𝛼, 𝛽,… , 𝛾)
𝜕(x, y,… , z)

]−1

(reciprocal relation)

𝜕(x, y,… , z)
𝜕(𝛼, 𝛽,… , 𝛾)

=
𝜕(x, y,… , z)
𝜕(A,B,… ,C)

𝜕(A,B,… ,C)
𝜕(𝛼, 𝛽,… , 𝛾)

(chain rule)

(
𝜕x
𝜕𝛼

)

𝛽,…,𝛾
= 𝜕(x, 𝛽,… , 𝛾)
𝜕(𝛼, 𝛽,… , 𝛾)

= 𝜕(x, 𝛽,… , 𝛾)
𝜕(A,B,… ,C)

/
𝜕(𝛼, 𝛽,… , 𝛾)
𝜕(A,B,… ,C)
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Linear differential forms (Pfaffians) and conditions of integrability:

𝛿F = P(x, y, z) dx + Q(x, y, z) dy + R(x, y, z) dz
(
𝜕P
𝜕y

)

x,z

=
(
𝜕Q
𝜕x

)

y,z
(
𝜕P
𝜕z

)

x,y

=
(
𝜕R
𝜕x

)

y,z

(
𝜕Q
𝜕z

)

x,y

=
(
𝜕R
𝜕y

)

x,z

VARIATIONAL CALCULUS

The basic problem in variational calculus consists of determining, from among
functions possessing certain properties, that function for which a given integral
(functional) assumes its maximum or minimum value. The integrand of the
integral in question depends on the function and its derivatives. Consider the
many values of the integral

I = ∫
b

a
F(x, y, y′) dx

where y(x) is unknown and y′ = dy∕dx. The special function y for which
I reaches an extremum satisfies the Euler equation:

𝜕F
𝜕y

− d
dx

(
𝜕F
𝜕y′

)

= 0

If, in addition to minimizing or maximizing I, the wanted function y(x) sat-
isfies an integral constraint of the type

C = ∫
b

a
G(x, y, y′) dx

then y(x, 𝜆) satisfies the new Euler equation:

𝜕H
𝜕y

− d
dx

(
𝜕H
𝜕y′

)

= 0

where
H = F + 𝜆G
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Constant 𝜆 is a Lagrange multiplier; its value is determined by substituting the
y(x, 𝜆) solution into the integral constraint C.

In general, the integral may depend on the first n derivatives of the unknown
function y(x):

I = ∫
b

a
F(x, y, y′, y′′,… , y(n)) dx

In this case, the condition for I to reach an extremum is

𝜕F
𝜕y

− d
dx

(
𝜕F
𝜕y′

)

+ d2

dx2

(
𝜕F
𝜕y′′

)

− · · · + (−1)n dn

dxn

[
𝜕F
𝜕y(n)

]

= 0

The differential equation for y(x) above is called the Euler–Poisson equation.
If the integral depends not on one but on k unknown functions yi (i = 1,… , k)
and their derivatives, y′1,

I = ∫
b

a
F(x, y1,… , yk, y

′
1,… , y′k) dx

the k functions yi(x) that minimize or maximize I satisfy the system of Euler
equations:

𝜕F
𝜕yi

− d
dx

(
𝜕F
𝜕y′i

)

= 0 (i = 1,… , k)

PROPERTIES OF MODERATELY COMPRESSED LIQUID STATES

The thermodynamic properties of pure substances in compressed (or subcooled)
liquid form are usually tabulated in pressure–temperature matrices attached to
themore refined tabulations of the properties of saturated states and superheated
vapor states. One difficulty that is often encountered in the analysis of power
and refrigeration cycles is that the P–T tabulation of compressed liquid states
starts with pressures well in excess of the highest pressure that occurs in the
cycle analysis. In other words, the highest compressed liquid pressure in the
cycle analysis is too “moderate,” and consequently, the properties associated
with this pressure are not tabulated.

Themoderate-pressure domain is situated very close to the two-phase region.
The analytical technique proposed here consists of expressing the wanted com-
pressed liquid properties in terms of the neighboring saturated liquid properties
associated with the same temperature. For example, for the enthalpy of the com-
pressed liquid state (T, P), we write [1]

h(T ,P) = hf (T) + (correction term)
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The correction term is easily identified by treating the compressed liquid as
essentially incompressible (𝜈 = 𝜈f = constant)—hence, the approximate for-
mula for enthalpy:

h(T ,P) ≅ hf (T) + [P − Psat(T)]vf (T)

where P > Psat(T). The corresponding approximate formulas for internal
energy and entropy are

u(T ,P) ≅ uf (T)
s(T ,P) ≅ sf (T)

PROPERTIES OF SLIGHTLY SUPERHEATED VAPOR STATES

The properties of a pure substance that is in a superheated vapor state situated
sufficiently close to the two-phase dome can be approximated in terms of the
properties of the saturated vapor state that has the same temperature. This time,
the connection between the slightly superheated vapor state (T, P) and the g
state of temperature T is made through the ideal gas model [1]:

h(T ,P) ≅ hg(T)
u(T ,P) ≅ ug(T)

s(T ,P) ≅ sg(T) + Rg ln
Psat(T)

P

where it is worth noting that Psat(T) > P. The constant Rg is the ideal gas con-
stant of saturated and slightly superheated vaporwhen viewed locally as an ideal
gas—that is, for sufficiently small departures from the saturated vapor state of
temperature T:

Rg =
Psat(T)vg(T)

T

For saturated and slightly superheated steam, the local ideal gas model is partic-
ularly effective when the pressure is subatmospheric. For this reason, it is used
routinely in air-conditioning calculations involving air–water vapor mixtures.

PROPERTIES OF COLD WATER NEAR THE DENSITY MAXIMUM

An approximate analytical model for the two equations of state of cold liq-
uid water in the 1–100-atm pressure range was constructed by Thomsen and
Hartka [2]:

v = v0[1 + 𝜆(T − T0 + aP)2 − 𝜅0P]



Trim Size: 6.125in x 9.25in Bejan bapp01.tex V2 - 08/19/2016 3:49pm Page 730�

� �

�

730 APPENDIX

where

v0 = 1.00008 × 10–3 m3∕kg
𝜆 = 8 × 10–6 K–2

T0 = 277 K

a = 2 × 10–7 m ⋅ s ⋅ K∕kg
k0 = 5 × 10–10 m ⋅ s2∕kg

and
(cP)P=1 atm = c0 − b(T − T0)

where

c0 = 4.2057 × 103 J∕kg ⋅ K
b = 2.6 J∕kg ⋅ K2

Other useful relations are

cP(T ,P) = c0 − b(T − T0) − 2𝜆v0TP

𝛽 = 1
v

(
𝜕v
dT

)

P
=

2𝜆(T − T0 + aP)
1 + 𝜆(T − T0 + aP)2 − 𝜅0P

≅ 2𝜆(T − T0 + aP)

𝜅 = 1
v

(
𝜕v
𝜕P

)

T
=

𝜅0 − 2𝜆a(T − T0 + aP)
1 + 𝜆(T − T0 + aP)2 − 𝜅0P

≅ 𝜅0 − 2𝜆a(T − T0 + aP)

The approximate expressions listed for 𝛽 and k (and denoted by ≅) are valid in
the limit |T − T0| << T0. In the same limit, we have

cv ≅ c0 − b(T − T0) − 2𝜆v0TP − (4𝜆2v0T ∕𝜅0)(T − T0 + aP)2
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Ability, 702
Absolute entropy, 305
Acentric factors, 250
Adiabatic, 15, 209, 404
Adiabatic demagnetization, 513
Adiabatic flame temperature,

303
Advanced, xviii
Affinity, 274
Air conditioning, 203
Air, 203, 210
Airplanes, 683, 684, 689
Analogy, 10, 92–94, 579
Analytical thermodynamics, 62
Andrews diagram, 225
Animal design, 480, 508, 584, 658,

673, 676, 681, 688, 701, 718, see
Locomotion

Anisotropic, 625
Arrow, xxii, xxvii, 697–702
Asymmetry, 693
Athletics, 688
Atlanta airport, 697
Atmospheric circulation, 449, 458
Augmentation, 536, 571
Availability, 109, 113, 308
Available work, 96
Axioms, xvii, 62–77
Azeotropic, 243

Bacteria, 666, 691–693
Balanced, 543
Basketball, 713
Bénard convection, 443, 639, 655, 671
Bioheat transfer, 479, 480
Blackbody, 413
Blade, 708–710
Body heat loss, 673
Boil-off, 501
Boundary, 1
Boundary layer, 667
Brake, 120
Branches, 678
Brayton cycle, 366, 384, 471, 544
Breathing, 680
Bridgeman’s table, 175
Buckling flow, 667, 668
Building design, 720, 721

Cables, 490
Cancer, 693
Canopy, 585, 678, 694, 695, 708
Carnot cycle, 41–45, 404
Chemical exergy, 197, 200, 317
Chemical potential, 144, 186
Chemical reactions, 693
Chemically reactive systems, 271–328
Citations, 691–693
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City design, 697, 716–718, see Atlanta
airport

Clapeyron relation, 235
Claude refrigerator, 471
Climate, 438, 671
Closed, 3–7, 39
Coalescence, 667, 668
Coefficient of performance, 106, 108
Cognition, xxxiv
Collecting, 691–693, 702, 721
Collector, 424, 431
Combustion, 295
Compactness, 652
Complexity, 187, 585, 651, 696
Compressed liquid, 728
Compressibility factor, 248, 260
Compression, 136, 403
Compressor, 193, 521
Concentrated heat source, 631
Concentrator, 427
Condenser, 352
Configuration, xxvi
Conjugate fluxes and forces, 602
Conservative, 10
Consolidation, 691–693
Constitutive relations, 11
Constraints, 58, 61, 328, 548–551,

564
Constructal law, xxvi, 583–586,

646–725
Contaminants, 693
Continuity of states, 224
Control volume, 3
Convective heat transfer, 541
Cooler, 346
Cooling, 208, 431, 564, 597–599
Cooling, intermeadiate, 477
Corals, 666
Corresponding states, 247
Counterflow, 312, 466, 477, 543, 675
Coupled, 16
Cracks, 666, 669
Cross section, 657
Curie’s law, 516
Current leads, 490

Cycle, 4, 39, 102
Cylinder, 88

Dead state, xxxiv, 110, 197, 200
Death, see Life span
Deformation parameters, 59
Defrosting, 505
Delta, 647
Demagnetization, 513
Dendritic, 263, 585, 594, 666, 693, see

Tree
Design change, 702
Diameters, 678
Diatermal, 15
Dictatorial schemes, 694
Diffusion, 635–640
Discrete cooling, 487
Displacements, 10
Dissociation, 303
Drag, 123
Duct cross sections, 654
Dynamics, xviii

Economic activity, 693
Economics, 648
Economies of scale, 689
Efficiency, 40, 104, 108, 210, 498, 555
Efficiency, 689
EGM method, 95–139
Electrical machines, 581
Electronics, 597–599
Emergence, 694–696, see Transition
Energy change, 16–18, 397
Energy minimum, 213
Enthalpy, 22, 155
Enthalpy minimum, 215
Enthalpy of combustion, 299
Enthalpy of formation, 293, 298
Entropy, 2, 52, 400, 518
Entropy generation, 2, 95–139, 648
Entropy generation minimization, EGM,

531–600
Entropy generation number, 130, 487,

535, 539, 545, 558
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Entropy maximum, 57–60
Entropy minimum, 57–60
Entropy transfer, 2
Environment, 1
Equal-area rule, 233
Equations of state, 27, 57, 253
Equilibrium, 12, 56, 141, 165, 271
Equilibrium constant, 281
Euler equation, 150, 727
Evacuation, 693, 721
Evaporative cooling, 208
Evolution, xxii, xxvii, xxxiii, 40, 583,

646, 685–702
Exergy, 100, 109, 113, 195–212, 556
Exergy destruction, 95–139
Exergy wheel diagram, 115, 117
Expander, 346, 480
Expansion, 403
Expansion coefficient, 168
Expansive operation, 33
Extensive, 4, 149
Extraterrestrial, 436

Feed heating, 355, 362
Few large and many small, see

Hierarchy
Filling, 55
Fire, 697, 699
First law, 1–38, 297, 321
Flame temperature, 309
Floating object, 665
Flow systems, 198, 654
Fluid flow, 531, 538, 577, 654
Flying, 681–687
Forces, 10
Fourier heat conduction, 608
Fractal-like, 676
Free expansion, 58
Freedom, 23, 365, 653, 655, 659, 694,

713
Freight, 721
Friction, 122
Fuels, 317
Fugacity, 187
Fundamental, xxi

Fundamental relation, 146–149, 511
Fur, 677

Gas turbine, 366, 376
Gibbs free energy, 155
Gibbs free energy of formation, 292
Gibbs free-energy minimum, 217
Gibbs phase rule, 236
Gibbs-Dalton law, 184
Gibbs-Duhem relation, 151
Global circulation, 671
Golden ratio, 698
Good, 694, 697, 699
Gouy-Stodola theorem, 98
Growth, 691–693

Hair, 677
Heart beating, 680
Heat conduction, 625
Heat engine cycle, 103
Heat exchanger, 371
Heat leak, 502
Heat pump cycle, 107
Heat transfer, 12–16, 119, 531, 538
Heat transfer augmentation, 536, 571
Heater, 344
Heating value, 299, 300
Heating, 564
Helmholtz free energy, 155
Helmholtz free-energy minimum, 216
Hess-Murray rule, 130
Heylandt refrigerator, 471, 494
Hierarchy, 585, 646, 721
History, xxiii, 23–31, 40, 77, 78, 329,

330, 465, 471, 472, 480, 510,
583–586

Humans, 697–701
Humid air, 203, 204, 205

Ice, 240, 505
Iceberg, 665
Ideal gas, 110, 118, 122, 153, 183, 280
Ideas, 693
Imbalance, 552
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Incompressible substance, 110, 118,
123

Inflating, 713
Information, 693
Infrastructure, 693
Innovations, 693
Instability, 213
Insulation, 484, 675
Intensive, 4, 149
Intercooler, 371
Intermediate cooling, 477
Intermittent operation, 505
Intersection of asymptotes, 671, 719,

see Trade-off
Invasion, 691–693
Irreversibility, 287, 338, 344, 348, 366,

404
Irreversibility distribution ratio, 532
Irreversibility versus speed, 91
Irreversible thermodynamics, 601–645
Isentropic expansion, 169
Isothermal expansion, 172

Jacobians, 176
Joule-Thomson expansion, 172, 256,

461

Kirchhoff’s law, 412
Knowledge, xxxiv, 699–702

Languages, 693
Latent heat, 567
Law, xxvi
Le Chatelier-Braun principle, 277
Leads, 490
Legendre transforms, 154–163
Lengths, 678
Life, xxxv
Life span, 687
Life travel, 687
Linearized relations, 606
Liquefaction, 492
Live state, xxxiv
Locomotion, 685–688, 701, 715

Macroscopic, xxiii
Magnetic refrigeration, 509
Mass diffusion, 635–640
Mathematical, see Analytical
Mathematical formulas, 726
Maximum power, 328, 332, 424
Maxwell’s demons, xxxi, 594, 701, 702
Maxwell’s relations, 163, 511
Mechanical power, 579
Mechanical supports, 485
Mechanisms, 119
Membrane, 143
Metastable, 261
Minimum entropy generation rate,

573
Mixing, 124
Mixtures, 183, 186, 203, 239, 280,

637
Model, xxi, xxvii
Morphing, 655
Multiphase systems, 213–270

Natural convection, 449
Nelson-Obert chart, 249
Nernst’s theorem, 518
News, 693
Nomenclature, 202, 731; see Symbols
Nonflow system, 109, 195

Ocean thermal energy conversion,
OTEC, 388

Onsager’s reciprocity relations, 609
Open, 3, 18–23, 54, 142
Optimality, 648, 672, see

Self-optimization
Optimization, xxi
Organ, 586
Organization, xxvi
Organized, naturally, xxi
Orthorombic, 634

Paramagnetic thermometry, 514
Partial molal properties, 179
Pedestrian evacuation, 705, 706, 718
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Peltier effect, 613
Permeability, 660
Perpetual motion, 383
Persistence, see Life, Survival
Pfaffian, 71
Phase diagrams, 236
Photons, 395
Physics, xxxv
Plagiarism, 693
Populations, 693
Porous medium, 660
Power generation, 40, 328–393, 618
Power, maximum, 307, 570
Preferences, 697–701
Principal directions, 628
Process, 4, 51
Properties, 3, 163–179, 394, 649, 729,

730
Psychrometry, 204
Pump, 348
Pumping, 713
Pure substance, 141
Purpose, xxiii
Pyramids, 699

Quality, 232
Questioning, 136

Radiation, 394, 408
Radiation shields, 485–489, 522
Radios, 691–693
Rankine cycle, 115, 338
Real gas, 186
Reciprocity relations, 607
Refrigerants, 463
Refrigeration, 104, 461–530, 623
Regenerative, 355, 371
Regnault diagram, 241, 251
Reheater, 352, 362, 371
Remanent irreversibility, 552
Removal, 561
Reservoir, 39
Resistance, 648
Reversible, 8, 10, 41, 144, 403

Reynolds number, local, 666, 667
Rivers, 655, 657, 715
Running, 681–687

S curve, 691–693
Saturated, 259
Scale analysis, 1
Scattering, 407
Science, xxxiv
Second law, 39–94, 304, 323
Second-law efficiency, 500
Seebeck effect, 615
Self-lubrication, 656, 715
Self-optimization, 701
Self-organization, xxii, 701
Self-pumping, 449
Shapes, 697–701
Shields, radiation, 485–489, 522
Simple system, 140
Single-phase systems, 140–194
Size, 558, 586, 689
Snowflakes, 655, 669, 671
Social dynamics, 648
Solar power, 394–460
Solidification, 669, 671
Specific heat, 166, 257
Speed and irreversibility, 91
Speed of sound, 192
Splashes, 669
Splats, 669
Spreading, 691–693, 721
Spring, 37–38
Stability, 219–224
Stable equilibrium, 58
Star diagram, 218
State, 3
Steady flow, 113, 198, 295
Steam turbine, 352, 374, 376
Stoichiometry, 273
Storage, 11, 555
Stresses, 648
Structure of irreversibility, 553
Structures, flow, 497
Superheated vapor, 729
Superheater, 352
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Supports, 484
Surroundings, 1
Survival, 652, 653
Sustainability, xxx, 555, 701, 703
Svelteness, 650, 652, 653
Swimming, 681–687
Symbols, 731
System, 1

Technologies, 693
Temperature, 13, 47, 396
Terminology, 1; see Nomenclature and

Symbols
Territory, 652
Theory, xxvi
Thermal radiation, 394
Thermodynamics, xviii, xxiv
Thermoelectric phenomena, 610
Thermomechanical exergy, 198, 201
Thermomechanical power, 579
Thermometry, 13–15, 514
Third law, 60, 517
Thomson effect, 616
Time, 697–702
Time arrow, see Arrow
Time-dependent operation, 505
Tire, 713
T-Q graphic method, 48, 103, 105
Trade-off, 590, 670, 688, 723
Transition, 447, 666, 667, 695, 696
Travel, 648
Tree, 127, 263, 659, 660, 691, 694, 696,

697

Turbine, 352, 374, 376, 599, 600, 713,
714

Turbulent flow, 664
TV sets, 691–693
Two ways to flow, 698

Uncoupled, 16
Unwittingly, 697–699

Valve, 88
van der Waals equation, 226
van’t Hoff relation, 283
Vapor compression refrigerator,

462
Variational calculus, 727
Vascularized, xxvi, 693–698

Wall, 2
Water, 240
Water, cold, 729
Wedge of minimum-Q diagram, 47;

see T-Q graphic method
Whale flipper, 708; see Wing
Wing, 682, 685, 708
Work transfer, 7–11
Work, maximum, 324
Work-producing expansion, 468

z figure of merit, 623
Z group, 622
Zeroth law, 13, 56
Zero-work surfaces, 74
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a radiation constant [eq. (9.7)]
a radiative loss parameter [eq. (9.126)]
a rotatory conductivity coefficient
a, A specific nonflow availability [J/kg ⋅ J]
aij principal conductivity coefficients [eqs. (12.115)–(12.116)]
a1 area constraint [eq. (11.62)]
A surface [m2]
Ai chemical symbols [eq. (7.4′)]
b convective loss parameter [eq. (9.127)]
b exponent [eq. (7.39)]
b, b, B, flow availability [J/kg, J/mol, J]
Bp flow availability inventory of the products [J/mol fuel]
Br flow availability inventory of the reactants [J/mol fuel]
B0 dimensionless group [eq. (11.19)]
B1 dimensionless group [eq. (11.32)]
Be Bejan number [eq. (11.6)]
c specific heat of incompressible substance [J/kg ⋅ K]
c speed of light
cP, cP specific heat at constant pressure [J/kg ⋅ K, J/mol ⋅ K]
cv, cv specific heat at constant volume [J/kg ⋅ K, J/mol ⋅ K]
C capacitance [F]
C coefficient [eq. (8.57)]
Ci concentration [kg of constituent i∕m3, eq. (12.176)]
Ci internal conductance
CC Curie’s constant
CD drag coefficient
Cℋ heat capacity at constant ℋ
CP isobaric heat capacity
Cℳ heat capacity at constant ℳ

731
Advanced Engineering Thermodynamics, Fourth Edition, Adrian Bejan
© 2016 by John Wiley & Sons. All rights reserved. Published by John Wiley & Sons, Inc.
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CV isochoric heat capacity
C* constant [eq. (11.108)]
C∗
i dimensionless internal conductance [eq. (10.82)]

COP coefficient of performance
d depth [m]
D diameter [m]
Dh hydraulic diameter [m]
Dij thermal diffusivities [eqs. (12.186)–(12.187)]
D′

ij coefficients [eqs. (12.173)–(12.174)]
e electric charge of one electron
e sand grain size [m]
e, E energy [J/kg, J]
EGM the method of entropy generation minimization
EQ exergy associated with heat transfer Q [J]
EW exergy associated with work transfer W (note: EW = W) [J]
ech molal chemical exergy [J/mol]
et, et, Et total flow exergy [J/kg, J/mol, J]
ex, ex,

Ex

flow exergy [J/kg, J/mol, J]

f friction factor
f fugacity [Pa]
f , F functions
f , f , F Helmholtz free energy [J/kg, J/mol, J]
F radiation view factor
F force [N]
FD drag force [N]
FHs,FH∞ view factors [eq. (9.129)]
F𝜇 grand canonical potential, F𝜇(T ,V , 𝜇)
F* magnetic Helmholtz free energy
g dimensionless mass velocity [eq. (11.59)]
g gravitational acceleration [m∕s2]
g, g, G Gibbs free energy [J/kg, J/mol, J]
g∘f Gibbs free energy of formation [eq. (7.67)]
G mass velocity [eq. (11.9)]
Gp Gibbs free-energy inventory of the product mixture [J/mol fuel]
Gr Gibbs free-energy inventory of the reactant mixture [J/mol fuel]
G𝜇 total Legendre transform, G𝜇(T ,P, 𝜇) ≡ 0
G* magnetic Gibbs free energy
h Planck’s constant [eq. (9.2)]
h heat transfer coefficient [W∕m2 ⋅ K]
h, h, H enthalpy [J/kg, J/mol, J]
H height [m]
h∘, H∘ methalpy [J/kg, J]
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HHV higher heating value [eq. (7.93)]

h
∘
f enthalpy of formation [eq. (7.89)]
Hp enthalpy inventory of the product mixture [J/mol fuel]
Hr enthalpy inventory of the reactant mixture [J/mol fuel]
H𝜇 thermodynamic potential, H𝜇(S,P, 𝜇)
(HHH)v higher heating value at constant volume
H* magnetic enthalpy
ℋ magnetic field intensity
i electric current [A]
i′b total intensity of blackbody radiation
i′vb spectral intensity of blackbody radiation [W∕m2 ⋅ s solid angle]
I electric current [A]
J moment of inertia [kg ⋅ m2]
Ji flux [eqs. (12.17)–(12.18)]
Jmi mass flux [kg∕m2 ⋅ s, eq. (12.175)]
JNi molal flux [mol∕m2 ⋅ s]
JU energy flux [W∕m2]
k Boltzmann’s constant [eq. (9.4)]
k constant of translational spring [kg/s2]
k isentropic expansion coefficient [eq. (4.66)]; equal to cP∕cv only

in the ideal gas limit
k thermal conductivity [W/m ⋅ K]
ke electrical conductivity
kij thermal conductivity coefficients
kT isothermal expansion coefficient [eq. (4.74)]; equal to 1 only in

the ideal gas limit
k0, kn mass flow rate ratios [eqs. (8.75)]
k1, k2, k3 principal thermal conductivities
K constant
K constant of rotational spring [N m]
K constant associated with the product flow rate [eq. (7.119)]
K permeability [m2]
KP equilibrium constant [eq. (7.36) and Table 7.1]
l dimensionless linear size, 1∕NS,1
L inductance [H]
L length [m]
Lik Onsager coefficient associated with Ji and Xk (several other sets

of such coefficients are listed as lik and L′ik)
L0 constant [eq. (10.59)]
LHV lower heating value [eq. (7.93)]
(LHV)v lower heating value at constant volume
L′vb spectral entropy flux of blackbody radiation [W∕K ⋅m2 s solid

angle]
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m fin conduction parameter [eq. (11.31)]
m number of reactants
m parameter [eq. (12.134)]
m, M mass [kg]
.m mass flow rate [kg/s]
ṁ′ mass flow rate per unit length [kg/s ⋅ m]
ṁ′′′ mass flow rate per unit volume [kg/s ⋅ m3]
ṁr mass flow rate during the exergy removal phase
M dimensionless group [(k∕𝜆)1∕2 Pr −1∕6]
M molecular weight [kg/kmol]
Mb body mass [kg]
ℳ magnetization (total magnetic moment)
n number of components in a system
n number of feed-heating stages
n number of photons per unit volume [m−3]
n number of products
ṅ′′ density of travelers [people∕m2 ⋅ s]
N number of moles [mol]
N total number of particles
Nm total coolant mass ratio [eq. (11.110)]
Ntu number of heat transfer units [eq. (8.16)]
NS entropy generation number [eq. (10.51)]
NS,a augmentation entropy generation number
.n N molal flow rate [mol/s]
Nu Nusselt number [eq. (11.15)]
P number of phases in a system
P photon momentum
P shorthand notation [eqs. (3.76)–(3.77)]
P perimeter [eq. (11.11)]
P pressure [Pa]
Po Poiseuille factor [eq. (13.2)]
Pr Prandtl number (𝜈∕𝛼)
Pi intermediate pressure [Pa]
Pi partial pressure [Pa]
P* reference pressure [Pa]
q electric charge [C]
q metabolic rate [W]
q′ heat transfer rate per unit length [W/m]
q′′ heat flux [W∕m2]
q′′′ heat generation rate per unit volume [W∕m3]
q heat flux vector [W∕m2]
.q heat transfer rate [W]
Q heat transfer [J]
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Q heat transfer per mole of fuel [J/mol fuel]
.Q heat transfer rate [W]
Q† heat transfer intercepted by collector
r pressure ratio, PH∕PL; also, constant in eq. (8.65)
r position vector [m]
ri feedwater enthalpy rise [eq. (8.62)]
rij thermal resistivity coefficients [eqs. (12.99)–(12.100)]
R electric resistance [Ω]
R external/internal conductance ratio [eq. (9.122)]
R ideal gas constant [J/kg ⋅ K]
Re Reynolds number
R universal ideal gas constant (8.314 J/mol ⋅ K]
s, s, S entropy [J/kg ⋅ K, J/mol ⋅ K, J/K]
s∘ absolute entropy at reference pressure [eq. (7.105) and Fig. 7.11]
s′′′gen volumetric rate of entropy generation [W∕m3 ⋅ K]
Sgen entropy generation [J∕K]
Sgen entropy generation per mole of fuel [J∕K mol fuel]
Ṡgen entropy generation rate [W∕K]
Sp entropy inventory of the product mixture [J∕mol fuel]
Sr entropy inventory of the reactant mixture [J∕mol fuel]
St Stanton number
t shorthand notation [eqs. (3.76)–(3.77)]
t thickness [m]
t time [s]
tc cooldown time
T thermodynamic temperature [K]
T torque [N m]
Taf adiabatic flame temperature [K]
Tafd adiabatic flame temperature after dissociation [K]
Tf effective flame temperature of the combustion chamber when

viewed as a source of exergy [eq. (7.116)] [K]
Tsp liquid spinodal temperature [K]
T* magnetic temperature
T⊗ magnetic temperature measured with spherical paramagnetic

salt sample
u volumetric specific internal energy [J∕m3]
u, u U internal energy [J/kg, J/mol, J]
U overall heat transfer coefficient [W∕m2 ⋅ K]
UA heat transfer conductance [W∕K]
(UA)i internal conductance [W∕K]
Up internal energy inventory of the product mixture [J/mol fuel]
Ur internal energy inventory of the reactant mixture [J/mol fuel]
U𝜇 thermodynamic potential, U𝜇(S,V , 𝜇)
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U∞ free stream velocity [m∕s]
U* magnetic internal energy
v velocity vector [m/s]
v, v V volume [m3∕kg,m3∕mol,m3]
v1 volume constraint [eq. (11.68)]
vr′ pseudoreduced volume [eq. (6.90)]
V velocity [m∕s]
V voltage [V]
V region in space [m3]
Vi partial volume [eq. (4.125)]
w′′′ work transfer rate per unit volume [W∕m3]
Wlost lost or destroyed work [J]
Ẇlost rate of work destruction [W]; the same as (ĖW)lost
W* magnetic work
W width [m]
W work transfer [J/mol fuel]
.W work transfer rate, or power [W]
x quality
x longitudinal coordinate [m]
x mass fraction [eq. (3.73)]
x mass fraction of the vapor phase [eq. (6.56)]
x, y, z area or conductance allocation fractions
x, y, z Cartesian coordinates
X ratio of slenderness ratios [eq. (12.82)]
X relative enthalpy rise experienced by the feedwater [eq. (8.72)]
xe mass flow rate fraction passing through the expander
xi mole fraction [eq. (4.94)]
xl mass flow rate fraction transformed into liquid
Xi driving force, conjugate with the flux Ji
Xi generalized deformation coordinates
XNi driving force, the conjugate of JNi
XU driving force, the conjugate of JU
x proper molal property [eq. (4.96)]
xi partial molal property [eq. (4.90)]
y dimensionless parameter [eqs. (11.92) and (11.130)]
Y affinity function [eq. (7.9)]
Y theoretical gain [eq. (8.71)]
Yi generalized forces
z elevation [m]
z figure of merit [eq. (12.91)]
Z compressibility factor [eq. (6.87)]
Z dimensionless group [eq. (12.88)]
Z(0), Z(1) components of the compressibility factor [eq. (6.93)]
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𝛼 absorptivity
𝛼 angle of rotation (Fig. 12.10)
𝛼 number of atoms of carbon in C𝛼H𝛽

𝛼 thermal diffusivity
𝛼c slope of the reduced saturation pressure curve at the critical

point
𝛽 constant [eq. (8.67)]
𝛽 number of atoms of hydrogen in C𝛼H𝛽

𝛽 volumetric coefficient of thermal expansion [K−1]
𝛽i enthalpy drop experienced by the steam bled from the turbine

[eq. (8.63)]
𝛿 thickness [m]
𝛿Q infinitesimal heat transfer [J]
𝛿T, ΔT temperature difference [K]
𝛿W infinitesimal work transfer [J]
ΔG Gibbs free-energy increase in the direction of the reaction [eqs.

(7.61) and (7.134)]
Δh enthalpy temperature correction function [eq. (7.95) and Fig.

7.7]
ΔP pressure drop [Pa]
Δs pressure correction function for absolute entropy [eq. (7.106)]
ΔT temperature difference [K]
Δ(⋅) difference
𝜖 absolute thermoelectric power or Seebeck coefficient

[eq. (12.51)]
𝜖 emissivity
𝜖 heat exchanger effectiveness
𝜖 photon energy
𝜁 extent of the reaction, degree of advancement
𝜁e equilibrium extent of the reaction
𝜂(𝜁 ) Legendre transform
𝜂, 𝜂I first-law efficiency
𝜂II second-law efficiency
𝜂c compressor isentropic efficiency
𝜂collector collector efficiency
𝜂p pump isentropic efficiency
𝜂t turbine isentropic efficiency
𝜂A dimensionless power per unit area [eq. (9.98)]
𝜂C Carnot efficiency
𝜂J Jeter’s efficiency
𝜂P Petela’s efficiency
𝜂S Spanner’s efficiency
𝜂(1) first-order Legendre transform
𝜂(2) second-order Legendre transform
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𝜃 absolute temperature ratio (T∕T0)
𝜃 angular position [rad]
𝜃 dimensionless time [eq. (11.99)]
𝜃 empirical temperature
k isothermal compressibility [Pa−1]
𝜆 fluid thermal conductivity in fin analysis
𝜆 Lagrange multiplier
𝜆 wavelength [m]
𝜆, Λ coefficients, numbers
𝜇 chemical potential [J/mol]
𝜇 viscosity [kg/s ⋅ m]
𝜇J Joule–Thomson expansion coefficient [K∕Pa]
𝜈 frequency [s−1]
𝜈 function [eq. (10.36)]
𝜈 kinematic viscosity [m2∕s]
𝜈i stoichiometric coefficients [eq. (7.4′)]
𝜈0 cutoff frequency [s−1]
𝜉, Ξ nonflow exergy [J/kg, J]
𝜉1, 𝜉2, 𝜉3 Cartesian system of principal directions
𝜉ch,Ξch chemical exergy [J/mol, J]
Ξt total nonflow exergy [J]
𝜋 dimensionless pressure [eq. (3.38)]
𝜋 empirical pressure
𝜋 Peltier coefficient [eq. (12.54)]
𝜋𝛼𝛽 Peltier coefficient of the 𝛼|𝛽 junction [eq. (12.78)]
𝜌 density [kg/m3]
𝜌e electrical resistivity
𝜎 empirical entropy
𝜎 function [eq. (3.76)]
𝜎 Stefan–Boltzmann constant [eq. (9.51)]
𝜏 dimensionless temperature; dimensionless temperature

difference; temperature ratio
𝜏 Thomson coefficient [eq. (12.73)]
𝜏af dimensionless adiabatic flame temperature (Taf∕T0)
𝜙 electrostatic potential
𝜙 irreversibility distribution ratio [eq. (11.5)]
𝜙, Φ functions
𝜙 porosity, ratio of areas
Φ viscous dissipation function [eqs. (11.42)–(11.43)]
𝜒m isothermal magnetic susceptibility
𝜓 function
𝜔 angular speed [rad/s]
𝜔 capacity rate ratio [(ṁcP)1∕(ṁcP)2 > 1]
𝜔 empirical volume
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𝜔 humidity ratio, specific humidity [eq. (5.33)]
𝜔 Pitzer acentric factor [eq. (6.91)]
�̃� mole fraction ratio [eq. (5.34)]
Ω solid angle
(⋅)a air, augmented
(⋅)avg average
(⋅)A associated with surface A
(⋅)A property of system A
(⋅)b batch of storage material, body, breathing
(⋅)b blackbody radiation
(⋅)B boiler, Brayton cycle, buckling
(⋅)c critical-point properties, collector, compressor
(⋅)C Carnot; also condenser
(⋅)e enclosure, expander, external
(⋅)env environment
(⋅)f final state, frontal, saturated liquid
(⋅)fg indicates a difference between saturated vapor and saturated

liquid properties shorthand for (⋅)g − (⋅)f
(⋅)g saturated vapor
(⋅)H high
(⋅)i internal
(⋅)i pertaining to the ith feed heater
(⋅)i property of the ith constituent
(⋅)in inlet
(⋅)irrev irreversible
(⋅)L low
(⋅)m maximized once
(⋅)m melting
(⋅)max maximum
(⋅)min minimum
(⋅)mm maximized twice
(⋅)o outer
(⋅)opt optimum
(⋅)out outlet
(⋅)p products, path
(⋅)r reactants, reduced properties, removal phase of storage cycle
(⋅)rev reversible
(⋅)R regenerator, reheater
(⋅)s shield
(⋅)s solid
(⋅)s sun
(⋅)sat saturation
(⋅)sh shaft, shear
(⋅)t property at the triple point
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(⋅)v vapor, constant volume
(⋅)w wall, water
(⋅)* property associated with the low-pressure limit
(⋅)* reference state
(⋅)* thermomechanical equilibrium with the ambient (restricted dead

state)
(⋅)0 environment, dead state
(⋅)0 reference quantity
(⋅⋅) per unit time
(⋅)𝛼 property of material 𝛼
(⋅)𝛽 property of material 𝛽
(⋅)ΔP due to fluid flow ΔP
(⋅)ΔT due to heat transfer ΔT
(⋅)∞ properties of the fluid reservoir
(⋅)𝜈 per-unit-frequency interval
(⋅)Σ property of system (Σ)
(⋅) molal quantity


